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Introduction

@ There has been a renewed interest in non-relativistic (NR) theories due
to their utilities to approach strongly coupled condensed matter systems
as well as NR effective field theories.

@ A NR theory can be obtained by a suitable limiting process from a
relativistic theory.

@ In particular, through this talk, the NR limit corresponds to the limit
in which ¢ — oo.

NR limit
AdS ) |Newton-Hooke

= 1

Poincaré — Galilean
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Introduction

@ In the limit ¢ — oo there might appear infinities in the contraction of
the original Lagrangian.

@ In D =2+1, the Chern-Simons (CS) formalism allows us to construct
NR gravity actions whose underlying symmetry can be obtained as a
NR limit of a relativistic algebra. The infinities and degeneracy can be
avoided by considering additional u (1) generators.

NR fimit Extended Newton-
AdS & U(1)2 — Hooke

b

Poincaré @ U(1)? | e | Extended Bargmann
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Introduction

@ The formulation of a NR gravity theory in presence of supersymmetry,
higher-spin or in higher spacetime dimensions remains as a challen-
ging task.

@ A limiting process to obtain a NR supergravity, a NR higher-spin gravity
or a four-dimensional NR gravity is not trivial.

Poincaré CS ,? Extended Bargmann

4
supergravity ﬁ CS supergravity

@ One way to circumvent the difficulty to establish a well-defined NR
limit in the presence of supersymmetry or higher-spin is through the
Lie algebra expansion methods. [J. de Azcarraga, D. Gitiez, J. M. Izquierdo (2019)], [P.

Concha, M. Ipinza, L. Ravera, E. Rodriguez (2020)], [P. Concha, C. Henriquez-Baez, E. Rodriguez (2022)],
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© Non-relativistic algebras and the expansion method
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Semigroup expansion method

The Semigroup expansion (S-expansion) procedure consists in obtaining a
new Lie algebra &, by combining the elements of a semigroup S with the
structure constants of a Lie algebra g.

b=Sxg

Advantages of the S-expansion procedure

@ It not only provides us with the commutation relations of the ex-
panded algebra, but also allows us to compute the non-vanishing
components of the invariant tensor of the expanded algebra in
terms of the original ones.

@ It can reproduce the Maurer-Cartan forms power series expan-
sion for a particular choice of the semigroup S.

\.

[F. lzaurieta, E. Rodriguez, P. Salgado (2006)]
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Non-relativistic expansion

A NR algebra can be obtained by expanding its relativistic counterpart with a
particular semigroup. To this end, we require to consider a Z,-graded subspace
decomposition

[Vo, Vo] € Vo [Vo, W] C W4 Vi, il c W

Then, the NR version of the Lie original algebra g is obtained by considering a
resonant Sg)—expansion of the relativistic algebra g.

S(EI) semigroup

Resonant decomposition

XX A X So-S0 C Sy

AL AL A2 A )
M | do AL Ao 50 S55CcS

‘ )\0 )\1 )\2 S]_ . 51 C 50

where Sp = {Ag, A2} and S; = {A1, A2}. . Gomis, A. Kieinschmidt, J. Palmkvist, P. Salgado-Rebolledo

(2020)] [P. Concha, C. Henriquez-Baez, E. Rodriguez (2022)]
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Non-relativistic expansion of the so (3, 2) algebra

Let us consider the so(3,2) algebra:

[jABa ch] = TMA[C J D]B]
DAB, ﬁC] =Tic[s I5A]
PN 1
[Pa, Ps] = 75
Before applying a NR expansion we first decompose the relativistic A index in terms of
space and time components A = (0, a) with a=1,2 3.

:]AB

I:Jab7 3cdj| S 6[a[c J d]b] I:Aab, Ac} = 6c[b Ja]
[:]37 -I]b] = jab [jaby 'bc} = 5c[b Isa]
[jag Ib] = 'ba [Aay Ab} = 6abﬁ
A A 1A A A 1A
[Pa7 b] - é_ZJab [P7 Pa} = £_2Ja
where we have relabelled the AdS generators as,
-Ala:AOa Aab:jab :‘5:/50 Isa:Aa
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Non-relativistic expansion of the so (3, 2) algebra

One can see that the subspace decomposition Vo = {J.s, P} and Vi = {J,, P,} satisfies
[Vo, Vo] C Vo [Vo, il C Vi [Vi,i] € Vo

On the other hand, let us consider the subset decomposition S(El) = So U S1, where
So = {Xo, A2} and S1 = {1, A2} is said to be resonant. One finds a NR algebra after
applying a resonant expansion,

Gr=5Sx VWP S xW (1)

and considering the Os-reduction conduction 0s T4 = 0. The expanded generators are
related to the relativistic so0 (3,2) ones through the semigroup elements as

Resonant expansion

A2
AL Ga, P,
Ao | Jab, H

Jab, P | Ja, Ps
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Non-relativistic expansion of the so (3, 2) algebra

Let us consider for instance [H, P.]:

Thus the expanded generators satisfy the Newton-Hooke algebra:

Newton-Hooke algebra

[Jabv JCd] = 6[a[c Jd]b] [Jabv PC] = 6c[b Pa] [Jab7 GC] = 5c[b Ga]

1
[Gs, Hl = Ps [H, P:] = £—2Ga

Vanishing cosmological constant limit £ — co = Galilean algebra
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Non-relativistic expansions

Newton-Hooke

Extended Newton-
Hooke

AdS

Newton-Hooke
version of Newtonian

Infinite-dimensional
Newton-Hooke
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What happen if we consider a bigger semigroup?

Galilean

Extended Bargmann

Newtonian
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e Four-dimensional non-relativistic gravity theory a la
MacDowell-Mansouri
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Relativistic MacDowell-Mansouri gravity

A four-dimensional action for gravity can be written considering the MacDowell-Mansouri
formalism. Such unified geometric approach is based on the relativistic so(3,2) algebra.
The gauge connection one-form A = A7, T, ® dx" for the so0(3,2) algebra is given by

1 ~ a
A= > W*BJap + E* P4

where W*B is the spin-connection one-form and E* is the vierbein one-form. The corres-
ponding curvature two-form F = dA + 1 [A, A] reads

F= %RABJAB + TP,

with R*E and T* being the respective AdS curvature and torsion,

RAB — dWAB + WAC WCB + Z%EAEB

T = dE + WHE®
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Relativistic MacDowell-Mansouri gravity

The MacDowell-Mansouri gravity action reads

Ium = 2/M4(FF)

where (- --) denotes the bilineal invariant trace for the so (3,1) algebra.

(JasJcp) = deascp
it is possible to construct a gravity action:
g AB.15CD
Imm = 5/ €apcoRR
My

which can be written considering the explicit components of the curvature two-form as

I = 2 aBch (RABRCD n ERABECED n lEAEBECED)
2 ), 2 &

where R = dWA8 + W/ WE is the usual Lorentz curvature two-form.
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Newtonian gravity a la MacDowell-Mansouri

The minimal algebraic structure allowing us to construct a non-relativistic gravity action
with cosmological constant considering the MacDowell-Mansouri approach is

Newton-Hooke version of the Newtonian algebra

(o, Jea] = Ofalc J o) [Jab, Pe] = Scip P [Ga, Gb] = Sap
[obs Sea] = Opate Sy~ [Sabs Ge] = 0e By [Ga, Ps] = 8aoM
UGl =basGa [GH=P (PP s
[Job, Be] = dcp6 B [Go, M] = T, [H, Pl = 7+ G
[av, Te] = bep T [B., H] = T, [H,T.] = %Z B,
[Sab, Pe] = 0cpp T 4) M, P.] = %Ba

{ — co = Newtonian algebra

[P. Concha, E. Rodriguez, G. Rubio (work in progress)]
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Newtonian gravity a la MacDowell-Mansouri

The gauge connection one-form A for the Newton-Hooke-Newtonian algebra is given by
1 1
A= EwabJab +7H + w?G, + 2P, + asabsab + mM+ b?B, + 7T,

where w??, w2, 7 and e? are the time and spatial components of the spin-connection and vierbein,

respectively. The corresponding curvature two-form F = FAT, reads
1
F =§Rab (W) Jap + R(7) H+ R* (w) G2 + R?(e) P,

1
+ 5R-’b (5) Sap + R(m) M 4+ R? (b) B, + R (t)

where
-
a a a, .c 1 a ab ab a  .cb
R? (w) = dw? + w?w +Z—27'e R* (w) = dw?® 4+ wiw
1
R (5) = ds? 4 2w s + wiwP + e—zeaeb R(t)=dr
1 1

R?(b) = db® + w?.b® + 57w  + Z_2Tta + Z—zmea R?(e) = de? + w? e + wiT

R (t) = dt? + w?.t° + s%.e + w?m + b7 R (m) = dm+ wie,
.
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Newtonian gravity a la MacDowell-Mansouri

The Newton-Hooke-Newtonian algebra admits the following non-vanishing components
of the invariant tensor

<Jab Gc>: Q€apc
<JabBc>: Beéabe
<5ab Gc>: /jfabc

where « and 8 are arbitrary constants related to the so0 (3, 1) constant through the semi-
group elements:

a = Ao ﬁ:A3U

Let us note that the invariant tensor breaks the symmetry to an extended Nappi-Witten
subalgebra spanned by {Js, Ga, Sab, Ba}. A four-dimensional non-relativistic gravity action
is obtained considering the invariant tensor and the curvature two-forms of the Newton-
Hooke-Newtonian algebra in the general expression of the MacDowell-Mansouri action,

I = 2/ a€abe R (w) RS (w) + Beane [R™ (w) RS (b) + R (s) R (w)]
My

Patrick Concha (UCSC) Cosmology and Particles, UBB September 2022 19 /25



Newtonian gravity a la MacDowell-Mansouri

e =2 / O e R () e
My
f;eabc [Ra( )e’e” + f—e e’ ref + R (s) e + R (w) 7t + R* (w) me®
where we have omitted the boundary terms and considered the redefinition
R (w) = dw® + wew®
R (s) = ds™ + 2ws? + ww®

Considering the variation of the action under an arbitrary spatial spin-connection w? re-
produces the w? field equation:

S INR = € R® (e)e“=0

Then, demanding invariance of the action for arbitrary dw? yields R? (e) = 0 allowing to

express the spatial and time spin-connection in terms of the spatial and time vierbein.
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Comments and further developments

The expansion procedure considering Sg as the relevant semigroup is a powerful tool
which, under certain conditions, allows us to obtain the corresponding NR counterpart of
a (super)gravity theory.

Three-dimensional CS NRexpansion [Three dimensional NR
(super)gravity v CS (super)gravity
Three-dimensional NR expansion Three-dimensional NR
spin3 gravity > spin-3 gravity

These results along with those presented here could be used to approach several issues

and open questions.
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Comments and further developments

@ It would be interesting to explore the physical implications of larger NR Newtonian
symmetries and analyze its relations to post-Newtonian theory.

@ It would be worth it to study the NR expansion of known asymptotic symmetries.
Our procedure could be useful to elucidate the corresponding NR versions of the
asymptotic symmetries of three-dimensional AdS Chern-Simons gravity and its
Poincaré limit.

NR expansion
Poincaré gravity ;, EXtendgsa\a?;gmann

Asymptotic ¢ Asymptotic
symmetry symmetry
analysis analysis?

@ Another aspect that deserve to be explored is the study of three-dimensional NR
gravity coupled to spin higher than 3/2 by analyzing the NR expansion of
hypersymmetric extension of gravity. A NR hypergravity is unknown and would
probably requires the presence of spin-4 generators.
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Comments and further developments

An ultra-relativisic or Carrollian expansion can be obtained by considering a diverse decom-
position of the original (super)algebra. It would be interesting to explore how a semigroup
expansion can be seen as a physical limit. Our objective is to elucidate the relation bet-

ween the semigroup expansion method and the cube summarizing the sequential limits
starting from the AdS algebra.

Para-Poincaré

Carroll

Poincaré

c— oo
Par:_\
Galilei D
Newton-
Hooke
Stati:\
J
Galilean
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Thank you!
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