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Introduction

• Find B-H solutions that allow the presence of a 
Scalar Field (which naturally emerge in Super 
Gravity(SUGRA) ).

• Holography. 

• Asymptotic symmetries.

• Enhanced symmetry group.
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• Henneaux-Teitelboim[1985]

𝐴𝑑𝑆4 𝑠𝑜(3,2)

𝑆𝑐ℎ𝑤 − 𝐴𝑑𝑆4 ℝ × 𝑠𝑜(3)

𝑆𝑐ℎ𝑤 𝐴𝑑𝑆4 𝜖 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝐴𝑑𝑆4 𝑚𝑒𝑡𝑟𝑖𝑐𝑠 − 𝑠𝑜(3,2)

• D=3 Brown-Henneaux[1986] 

𝐴𝑑𝑆3 𝑠𝑜 2,2

𝑠𝑡𝑎𝑡𝑖𝑐 𝐵𝑇𝑍 ℝ × 𝑆1

𝑠𝑡𝑎𝑡𝑖𝑐 𝐵𝑇𝑍 𝜖 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝐴𝑑𝑆3 𝑚𝑒𝑡𝑟𝑖𝑐𝑠
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The AdS story

𝐿𝑛, 𝐿𝑚 = 𝑚 − 𝑛 𝐿𝑚+𝑛

𝑄𝑚, 𝑄𝑛 = 𝑚 − 𝑛 𝑄𝑚+𝑛 +
𝑐

12
𝑚 𝑚2 − 1 𝛿𝑚+𝑛,0

𝑐 =
3𝑙

2𝐺



Constructing a 
new flat story : 
Gravity coupled to
a Scalar Field

With the objective of finding a realization
of flat spacetime holography, we consider
the E-H action with Λ=0 and a scalar
matter field.

Potential of this form naturally appear in 
Supergravity and String Theory [Colgáin-
Samtleben,2011][Freedman-
Schwarz,1978]

𝑆 = ∫ 𝑑𝐷𝑥 −𝑔 𝑅 −
1

2
∇𝜇Φ∇

𝜇Φ− 𝑉 Φ

𝑉 Φ = 𝜒𝑒− 2𝛼Φ

Φ 𝑟 = 2𝛼 𝑙𝑛
𝑟

𝐿
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We will focus on solutions with a flat base manifold.

𝑑𝑠2 = −𝑓 𝑟 𝑑𝑡2 +
1

𝑔 𝑟
𝑑𝑟2 + 𝑟2𝑑Ω𝐷−2

2

We obtained solutions in D=2+1 and in D=3+1.

D=2+1

D=3+1

𝑑𝑠2 = −
𝜒

2 − 𝛼
𝑟2 − 𝜇𝑟𝛼 𝑑𝑡2 +

𝑟

𝐿

2𝛼 1
𝜒

2 − 𝛼
𝑟2 − 𝜇𝑟𝛼

𝑑𝑟2 + 𝑟2𝑑𝜑2

𝑑𝑠2 = −
𝜒

6 − 4𝛼
𝑟2 − 𝜇𝑟2𝛼−1 𝑑𝑡2 +

𝑟

𝐿

4𝛼 𝑑𝑟2

𝜒
6 − 4𝛼

𝑟2 − 𝜇𝑟2𝛼−1
+ 2𝑟2𝑑𝑧𝑑 ҧ𝑧
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Φ 𝑟 = 2𝛼 𝑙𝑛
𝑟

𝐿



But what are we looking for? We are interested in solutions that are Asymptotically 
locally flat which is 𝑅 𝜌𝜎

𝜇𝜈
→ 0 as 𝑟 → ∞. Indeed, the Riemman tensor behaves like 

D=2+1 

𝑅 𝜌𝜎
𝜇𝜈

~ 𝐶1 𝜒 𝑟−2𝛼 − 𝐶2 𝜒 𝑟−2−𝛼

D=3+1

𝑅 𝜌𝜎
𝜇𝜈

~ 𝐶1 𝜒 𝑟−4𝛼 − 𝐶2 𝑟−3−2𝛼
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In order to compute conserved charges, we’ll use the covariant phase space [Compère,2019]

Which lead to the surface integrals

In particular, our surface charge receives contributions both from the gravity and matter 
sectors.

𝑘𝐺 = 2 −𝑔 𝜉[𝜇∇𝛼ℎ
𝜈]𝛼 − 𝜉 [𝜇∇𝜈]ℎ −

1

2
ℎ ∇[𝜇𝜉𝜈] − 𝜉𝛼∇

[𝜇ℎ𝜈]𝛼 + ℎ𝛼[𝜇∇𝛼𝜉
𝜈]

𝑘Φ = −2 −𝑔(𝜉[𝜇∇𝜈]Φ 𝛿Φ)

𝐾 = 𝑘𝐺 + 𝑘Φ
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We found that for the static solutions the conserved charges are  

D=2+1 D=3+1

𝑀 = 2𝜋𝜇
2

2−𝛼 𝑀 = 2𝜋
1

3

6−4𝛼 𝜇

6−4𝛼 𝜇

𝜒

−
4𝛼

3−2𝛼

Like in BTZ, in D=2+1 we apply a boost

𝑑𝑡 →
𝑑𝑡 + 𝜔𝑙𝑑𝜙

1 − 𝜔2

𝑑𝜙 →
𝑑𝜙 +

𝜔
𝑙
𝑑𝑡

1 − 𝜔2
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This way we found a new rotating solution

𝑑𝑠2 = −
𝑟2

𝑙2
− 𝐴 𝑟𝛼 𝑑𝑡2 +

𝑟

𝐿

2𝛼
𝑑𝑟2

𝑟2

𝑙2
−𝐴 1−

𝐵2

𝑙2
𝑟𝛼

+ 𝑟2 + 𝐴𝐵2𝑟𝛼 𝑑𝜑2 + 2 𝐴𝐵𝑟𝛼𝑑𝜑𝑑𝑡

Where 𝐴 =
𝜇

1−𝜔2 and 𝐵 = 𝜔𝑙, 𝜔 is the rotating parameter. Here, the finiteness behaves

the same as Henneaux[2004] for scalars with slow fall-offs

𝑀 = −
𝛼 − 2 𝑙2 − 𝐵2

𝛼
2−𝛼 𝑙2 + 𝐵2 𝐴

2
2−𝛼

16𝐺𝑙2

𝐽 =
2−𝛼 𝐴𝐵

8𝐺 𝐴 𝑙2−𝐵2
𝛼

𝛼−2
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Thermodynamics

It is necessary to study the thermodynamic of these solutions, in particular we’ll see that 
the most interesting quantities are the entrophy, that it is calculated by the Ward 

formula, 𝑆 =
𝐴

4𝐺
and the temperature, which in the future will be useful to see the first law 

𝑑𝑀 = 𝑇 𝑑𝑆.

D=2+1

D=3+1

𝑻 =
𝒓𝟎𝝌

𝟒𝝅

𝑻 =
𝒓𝟎𝝌

𝟖𝝅

→ 𝑺 =
𝟐𝝅𝒓𝟎
𝟒𝑮

→ 𝑺 =
𝒓𝟎
𝟐

𝟒𝑮
𝒍𝒙𝒍𝒚

𝒅 = 𝟐 𝑺 ~ 𝑻

𝒅 = 𝟑 𝑺 ~ 𝑻𝟐

𝒅 = 𝒏 𝑺 ~ 𝑻𝒏−𝟏
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CFT



Asymptotic symmetries

Now, our objective is to find the Killing vector in the Asymptotic region L𝜉g𝜇𝜈 = O(r𝜎)

We found that particular asymptotic Killing vector is [Detournay,2018]

Ԧ𝜉 = {𝑓 𝑢 ,−𝑟𝜕𝜙𝑌 𝑢, 𝜙 , 𝑌(𝑢, 𝜙)}

Where the fall-offs conditions with 𝛼 = 1 are  

ℎ𝑢𝑢 = 𝑂 𝑟2 ℎ𝑢𝑟 = 𝑂 𝑟
ℎ𝑢𝜙 = 𝑂 𝑟2 ℎ𝑟𝑟 = 𝑂 1
ℎ𝑟𝜙 = 𝑂 1 ℎ𝜙𝜙 = 𝑂(𝑟)

Φ 𝑢, 𝑟, 𝜙 = 2𝛼 𝑙𝑛
𝑟

𝐿
+ 𝑓𝑠 𝑢, 𝜙
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Solutions with 𝑽 𝚽 = 𝝌𝒆− 𝟐𝚽

The solutions found in D= 2+1 are 

𝑔𝑢𝑢 = 𝑓𝑢𝑢
2

𝑢, 𝜙 𝑟2 + 𝑓𝑢𝑢
1
𝑢, 𝜙 𝑟 𝑔𝑢𝑟 = 𝑓𝑢𝑟

1
𝑢, 𝜙 𝑟

𝑔𝑢𝜙 = 𝑓𝑢𝜙
2

𝑢, 𝜙 𝑟2 + 𝑤 𝑢, 𝜙 𝑟 𝑔𝜙𝜙 = 𝑟2 + 𝑓𝜙𝜙
1
𝑢, 𝜙 𝑟

And thanks to the Einstein equations, the following relations are obtained

𝑓𝑆 𝑢, 𝜙 = 𝜃 𝜙 𝑓𝑢𝑢
2
𝑢, 𝜙 = 𝐶2𝑒

2𝜃(𝜙)

𝑓𝑢𝑟
1
𝑢, 𝜙 = 2𝑒 2 𝜃(𝜙) 𝑓𝑢𝜙

2
𝑢, 𝜙 = −4

𝐿

𝑙

2

𝜕𝜙𝑒
2𝜃(𝜙)
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Solutions with 𝑽 𝚽 = 𝝌𝒆− 𝟐𝚽

With this, we can now calculate the conserved charge

𝑄[𝑌(𝑢, 𝜙)] = න
0

2𝜋

𝑑𝜙(−𝑒− 2𝜃 𝜙 𝑤 𝜙 𝑌 𝑢, 𝜙 )

And with this result, we can use the relation 𝛿1𝑄2 = {𝑄1, 𝑄2}

𝑄 𝑌1 , 𝑄 𝑌2 = 𝑄([𝑌2, 𝑌1])

And if we choose the rotation base 𝑌 = ∑ 𝑌𝑛𝑒
𝑖𝑛𝜙 we also find Virasoro without central 

charge.

𝑌𝑛, 𝑌𝑚 = 𝑖 𝑛 −𝑚 𝑌𝑛+𝑚
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Conclusion

• Holography is well understood for 
asymptotically AdS spaces.

• Realization of Asymptotically flat holography.

• Entropy behaves the same as some 
conformal theories.

• Asymptotic behavior leads to Witt algebra 
that connects with the possible conformal 
symmetry.

• We are trying to extend these results for 

arbitrary values of 𝑉 Φ = 𝑒− 2𝛼Φ
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¡Thanks!
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