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Motivation AdS/CFT Correspondence

AdS/CFT Correspondence

The AdS/CFT correspondence: duality between the short distance regime of
conformal quantum field theory (CFT) and the long distance regime of classical
gravitational theory (AdS)

Realization: a semi-classical relation

ZCFT[ϕ0] ≈ exp{iIgr[ϕ]}|ϕ→ϕ0
.

We can compute expectation values of physical observables

⟨O(x1) · · · O(xn)⟩CFT =
(−1)n+1

√
−g

δnIgr(ϕ)

δϕ0(x1) · · · δϕ0(xn)

∣∣∣∣ϕ→ϕ0

ϕ0=0

,

In particular, the CFT stress tensor

⟨Tij⟩CFT =
2√
−g(0)

δIgr(gµν)

δgij (0)
,

which satisfy Ward identities ∇i ⟨Tij⟩CFT = 0 and ⟨T i
i ⟩CFT = A (Weyl anomaly)

However, Igr(AdS)|on−shell → ∞ =⇒ Holographic Renormalization (Infrared
Renormalization)
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Motivation AdS Gravity

AdS Gravity
In normal coordinates xµ = (z , x i ), ds2 = N2(z)dz2 + hij(z , x

i )dx idx j

The renormalized action of AdS gravity

Iren =
1

κ

∫
M
dd+1x

√
−g (R − 2Λ)− 2

κ

∫
∂M

ddx
√
−h K +

∫
∂M

ddx Lct

with Λ = − d(d−1)

2ℓ2
and K is the trace of extrinsic curvature Kij = − 1

2
nµ∂µhij , and

Counterterms: Lct = Lct(hij ,Ri
jkl ,DmRi

jkl) ⇐= Holographic Renormalization

The action Iren, well posed variational principle for Dirichlet boundary condition
(DBC) for hij , but it is divergent. However, in Fefferman-Graham (FG) coordinates
has (DBC) for g(0)ij and finite

hij =
1

z2
g(0)ij + · · ·

Renormalized stress-tensor: T ij
ren[h] =

2√
−h

δIren
δhij

= πij +
2√
−h

δLct

δhij

Renormalized conserved charge =⇒ Qren[ξ] =

∫
Σ

dd−1x
√
σ ui Tren

i
j ξ

j

Holographic information, in FG coordinates

T ij [g(0)] = lim
z→0

(
1

zd−2
T ij

ren[h]

)
≡ ⟨Tij⟩CFT Holographic stress-tensor
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Motivation Kounterterms in AdS Gravity

Kounterterms in AdS Gravity

No general expression for Lct in any dimension =⇒ need to Explore a different
pathway to renormalization in AdS

A simple observation: in FG coordinates for AAdS

Kij =
1

ℓ

g(0)ij
z2

+ · · ·

Extrinsic renormalization

Ĩren = Ibulk + cd

∫
∂M

ddx
√
−h Bd(f (h),K)

=⇒ Well possed variational principle for Dirichlet boundary conditions only for g(0)ij

δĨren = δĨren(δh, δK) =
1

2

∫
∂M

ddx
√

−g(0)τ
ijδg(0)ij , Action holographically finite !!!

Another observation: in d + 1 = 5

T i
ren j = −

(
Ri

j − K i
j K + K i

kK
k
j +

3

ℓ2
δij

)
+∆i

j ,

which can be truncated as T i
ren j = πi

j +O(K 2) =⇒ Bd non-linear in K .
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Motivation Kounterterms in AdS Gravity

Kounterterms in AdS Gravity

Kounterterm Renormalization: Bd = Bd(Rij
kl ,K

i
j )

In even dimensions d + 1 = 2n

B2n−1 = 2n

∫ 1

0

dt δ
j1···j2n−1

i1···i2n−1
K i1

j1

(
1

2
Ri2 i3

j2 j3
− t2K i2

j2
K i3

j3

)
× · · ·

· · · ×
(
1

2
Ri2n−2 i2n−1

j2n−2 j2n−1
− t2K

i2n−2

j2n−2
K

i2n−1

j2n−1

)
.

In this case, the Kounterterms are proportional to the n-th Chern form.

In odd dimensions d + 1 = 2n + 1

B2n = 2n

∫ 1

0

dt

∫ t

0

ds δ j1···j2n
i1···i2n K

i1
j1
δi2j2

(
1

2
Ri3 i4

j3 j4
− t2K i3

j3
K i4

j4
+

s2

ℓ2
δi3j3δ

i4
j4

)
× · · ·

· · · ×
(
1

2
Ri2n−1 i2n

j2n−1 j2n
− t2K

i2n−1

j2n−1
K i2n

j2n
+

s2

ℓ2
δ
i2n−1

j2n−1
δi2nj2n

)
.
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B2n = 2n

∫ 1

0

dt

∫ t

0

ds δ j1···j2n
i1···i2n K

i1
j1
δi2j2

(
1

2
Ri3 i4

j3 j4
− t2K i3

j3
K i4

j4
+

s2

ℓ2
δi3j3δ

i4
j4

)
× · · ·

· · · ×
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1

2
Ri2n−1 i2n

j2n−1 j2n
− t2K

i2n−1

j2n−1
K i2n

j2n
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s2

ℓ2
δ
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j2n−1
δi2nj2n

)
.
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Quadratic Curvature Gravity Quadratic Curvature Gravity Action

Quadratic Curvature Gravity
The Quadratic Curvature Gravity (QCG) action is

IQCG =

∫
M
dd+1x

√
−g

[
1

κ
(R − 2Λ0) + αRµνR

µν + βR2 + γ GB

]
Gauss-Bonnet term: GB = RµναβR

µναβ − 4RµνR
µν + R2.

Equations of motion

δIQCG =

∫
M

dd+1x
√
−g Eµνδg

µν +

∫
M

dd+1x
√
−g ∇αΘ

α ,

where

Eµν =
1

κ
Gµν + γHµν + Pµν = 0 .

Here
Einstein’s Tensor: Gµν = Rµν − 1

2
gµν R + Λ0 gµν

Lanczos tensor: Hµν = −1

8
gµλ δλµ1···µ4

νν1···ν4 R
ν1ν2
µ1µ2

Rν3ν4
µ3µ4

.

Quadratic terms: Pµν = 2βR

(
Rµν − 1

4
gµνR

)
+ (α+ 2β) (gµν□−∇µ∇ν)R

+α□Gµν + 2α

(
Rµσνλ − 1

4
gµνRσλ

)
Rσλ
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Quadratic Curvature Gravity Quadratic Curvature Gravity Action

Effective cosmological constant

Quadratic terms in the action =⇒ Λ0 → Λeff .

Vacuum state: Maximally symmetric space

Rµν
αβ =

2Λeff

d(d − 1)
δµναβ

(e.o.m.) =⇒ Λeff = Λeff(Λ0, α, β, γ)

1

Λ±
eff

=
1

2Λ0

[
1±

√
1 + 8κΛ0

d − 3

d − 1

(
α+ (d + 1)β

d − 1
+ γ

d − 2

d

)]
,

Einstein branch: Λ+
eff , non-Einstein branch: Λ−

eff

Asymptoticaly anti-de Sitter (AAdS) spacetimes: Λeff = − d(d−1)

2ℓ2
eff

,

1

ℓ20
=

1

ℓ2eff
− κd (d − 3)

ℓ4eff

(
α+ (d + 1)β

d − 1
+ γ

d − 2

d

)
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Quadratic Curvature Gravity Renormalized Action

Renormalized Action

Renormalized QCG
I renQCG = IQCG + cd

∫
∂M

ddx
√
−h Bd

where, Bd = Bd (K ,R, ℓeff) .

In order to determine cd , we use normal coordinates xµ = (z , x i ), the bulk boundary
term becomes∫

M
dd+1x

√
−g ∇αΘ

α =

∫
∂M

ddx
√
−h nµΘ

µ(δg , δΓ) =

∫
∂M

ddx N
√
−hΘz

The variation of renormalized action

δI renQCG =

∫
∂M

ddx
(√

−hNΘz + cdδ(
√
−hBd)

)
For AAdS spaces, the boundary term vanished =⇒ specific coupling cd . In odd
dimensions d + 1 = 2n + 1

c2n =
(−1)nℓ2n−2

eff

22n−2κn(n − 1)!2

[
1− 4nκ

ℓ2eff

(
α+ (2n + 1)β + γ

(2n − 1) (2n − 2)

2n

)]
Renormalized action =⇒ Finite conserved charge.
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Quadratic Curvature Gravity Renormalized Action

Renormalized conserved charge
Invariant action under x ′µ = xµ + ξµ

=⇒ Noether current: Jµ = Θµ + Lξµ

Conserved Noether Current ∇µJ
µ = 0 =⇒ Jµ = ∇νQ

µν

Prepotential Qµν =⇒ Conserved Charge

Q[ξ] =

∫
Σ

dΣµνQ
µν ,

In our case, the Noether current is modified

Jµ
ren = Θµ(δh, δK) + Lξµ +

cd n
µ

√
−h

∂i

(√
−h ξiBd

)
The prepotential Jµ

ren = ∇νQ
µν
ren is also modifies

Qµν → Qµν + cdξ
[µB

ν]
d = Qµν

ren ,

where Bd = nµB
µ
d .

The Kounterterm charge nνQ
iν
ren = qi

j ξ
j ,

Q[ξ] =

∫
Σ

dd−1x
√
σui q

i
j ξ

j ,

where uiu
i = −1 and ξ = ξi∂i are asymptotics isometries.
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Quadratic Curvature Gravity Renormalized Action

Renormalized conserved charge in odd dimensions
In the odd dimensional case

Q[ξ] =

∫
Σ

dd−1x
√
σui ( q

i
j + qi

(0)j) ξ
j = q[ξ] + q(0)[ξ]︸ ︷︷ ︸

∼AdS vacuum energy

For the QCG case

qj
i =

1

2n−2
δ
jj1···j2n−1

ki1···i2n−1
K k

i δ
i1
j1

nc2n 1∫
0

du

(
R i2 i3
j2j3

+
u2

ℓ2eff
δi2 i3j2j3

)
· · ·

(
R

i2n−2 i2n−1

j2n−2j2n−1
+

u2

ℓ2eff
δ
i2n−2 i2n−1

j2n−2j2n−1

)

− 1

(2n − 1)!

(
1

κ
δi2 i3j2j3

+ αRz
z δ

i2 i3
j2j3

+ 2β Rδi2 i3j2j3
+ 2(2n − 1)(2n − 2)γR i2 i3

j2j3

)
δi4 i5j4j5

· · · δi2n−2 i2n−1

j2n−2j2n−1


−2N

[
α
(
∇zR j

i −∇jRz
i +∇zRz

z δ
j
i +∇kRz

k δ
j
i

)
+ 2β∇zR δji

]
− 2αK j

kR
k
i

− N

[
α
(
∇kRz

k δ
j
i −∇jRz

i

)
+ 4γ

(
∇jRz

i − δji∇
kRz

k +∇kR jz
ik

)]
,

qi
(0)j = nc2n δ

ii1···i2n−1

kj1···j2n−1

1∫
0

du u
(
K k

j δ
j1
i1
+ K k

i1δ
j1
j

)(
1

2
Rj2j3

i2 i3
− u2K j2

i2
K j3

i3
+

u2

ℓ2eff
δj2i2 δ

j3
i3

)
×

· · · ×
(
1

2
Rj2n−2 j2n−1

i2n−2 i2n−1
− u2K

j2n−2

i2n−2
K

j2n−1

i2n−1
+

u2

ℓ2eff
δ
j2n−2

i2n−2
δ
j2n−1

i2n−1

)
.
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Quadratic Curvature Gravity Energy for Static Black Holes

Topological Black Holes

Static ansatz, in coordinates xµ = (t, r , φn),

ds2 = −f 2(r)dt2 + f −2(r)dr 2 + r 2γmn(φ) dφ
mdφn , φm ∈ Σd−1 ,

Here, γmn(φ) is the metric of a (d − 1)-dimensional Riemann space Σd−1 with
constant curvature k,

Rmn
pq (γ) = k δmn

pq , where k ∈ {−1, 0, 1} =⇒ Topological BH (TBH)

In AAdS in QCG, one can assume an asymptotic behavior of the form

f 2(r) ≈ k −
( r0
r

)d−2

+
r 2

ℓ2eff
+ · · · ,

where the constant rd−2
0 is related with the mass of the TBH.
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Quadratic Curvature Gravity Energy for Static Black Holes

Energy for Static Black Holes

Energy ∼ asymptotic time translation isometries =⇒ ξ = ∂t

Putting κ = 2Vol(Sd−1)G . The energy/mass corresponds to q[∂t ] = E ,

E =

[
1 +

4κΛeff

(2n − 1)

(
α+ β(2n + 1) + γ

(2n − 2)(2n − 3)

2n

)]
Vol(Σ2n−1)

Vol(S2n−1)

(2n − 1)r 2n−2
0

4G

And the vacuum energy q(0)[∂t ] = Evac ,

Evac = kn (2n − 1)! c2n Vol(Σ
2n−1)

= (−k)n
2(2n − 1)!!2

(2n)!

Vol(Σ2n−1)

κ
ℓ2n−2
eff

[
1− 4nκ

ℓ2eff

(
α+ (2n + 1)β + γ

(2n − 1)(2n − 2)

2n

)]
.
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Discussions

Discussions
Kounterterms renormalization scheme allows us to define a finite action and, in
consecuence, a finite conserved charges for QCG in AAdS, for any dimension

I renQCG = IQCG + cd

∫
∂M

ddx
√
−h Bd(R,K) ,

=⇒ Q[ξ] =

∫
Σ

dd−1x
√
σ ui q

i
j ξ

j .

In general, qi
j contains higher order curvatures terms. However, if we expand to first

order

Q[ξ] = − ℓeffΞd

8πG(d − 2)

∫
Σ

dd−1x
√
σui E i

j ξ
j ,

where E i
j = W iµ

jν n
νnµ =⇒ AMD charge/Conformal Mass

In the other hand, in the Lovelock case, the above also applies

QLovelock[ξ] = − ℓeff∆
′

8πG(d − 2)

∫
Σ

dd−1x
√
σui E i

j ξ
j ,

where ∆′ = 0 give us the degenerate vacuum condition.
Unlike Lovelock, in QCG case, Ξd = 0 is not the degenerate vacuum condition, then
we can have a well-defined charge, even in the degenerate case

Ξd −∆′ = −4κd
α+ (d + 1)β

(d − 1)ℓ2eff
.
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