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Outline
Thermodynamics 
● What is…? 

○ Entropy 
○ Density matrices 
○ Renormalization group 

Phase transitions and Information theory 
● Renormalization 
● Entropy 
● Entanglement 

Quantum information 
● Entanglement renormalization 

○ Entanglement renormalisation DMRjulia



Introduction paper



Thermodynamics
Energy equivalence 
● Is energy different depending on how it is used? 

● Energy is energy (First Law of Thermodynamics):

ΔU = Q + W

APSNews December 18, 11 (2009)



Thermodynamics
Ideal engine efficiency:

V

P



Thermodynamics
Legendre transformation (Maxwell relations):

T

S

dU = TdS − pdV



Thermodynamics
What is S? 
● “En” like energy 
● Verwandlungsinhalt - German for transformation-content 

● en + “transform” = entropy 

● But what is it? Admittedly… 

dS = ( dQ
T )

V

ΔS ≥ 0



Thermodynamics
Other form 
● Boltzmann entropy 

● Density matrices 

○ Reduces when all probabilities are equal 

S = − kb ∑
i

ρi ln ρi

S = kB ln Ω

https://en.wikipedia.org/wiki/
Ludwig_Boltzmann

⟨O⟩ = Tr(ρO)



Part 2a.  
Phase transitions



Coherence Lengths



Coherence lengths
Mandelbrot noted: 
● Measure the coastline 

○ Satellite vs. Ant 

● Different answers but both valid 
● Depends on what measurement was 

used 



Kadanoff: Spin Blocking



Kadanoff: Spin Blocking



● Less terms 
● Better near a critical 

point 
● Same energy 

○ Different J

Kadanoff: Spin Blocking

H = − J∑
i,j

Sz
i ⋅ Sz

j



Keep the most relevant degrees of freedom

Low pass filter



● Quantum field theory 
● Condensed matter too: 

○ Debye frequency 
○ Cutoff to regularize integrals 
○ In condensed matter: lattice cutoff 

● Also made the numerical renormalization group (NRG)

Wilson: renormalization group

V
2π2c3

s ∫
ωD

0
ω2dω = N



Part 3. Classical algorithms for quantum problems



● Large Hamiltonian operators 
○ Scales as  

■  local Fock space size 
■  sites 

● Realistically 5-20 
○ Record as of 2018: 50 sites 

● Too expensive for large systems! 
○ Especially fermions

dN

d
N

Algorithms to solve problems: Exact Diagonalization

A. Wietek and A.M. Laüchli. Phys. Rev. E, 98, 033309 (2018)

σz
i = I ⊗ I ⊗ σz ⊗ I ⊗ … ⊗ I



Renormalize what?
● Decompose wavefunction? 

● But how?



2-site Spin-1/2 State

1 2

21

1 2



● Right way: grouping basis functions on the left and on the 
right

How to split left and right?

1

2

3

4

1 2

3 41 2

22

Right states

1

1

Left states



Reshaping: 4-sites



Reshaping: 4-sites



Reshaping: 4-sites



Part 2b.  
Information theory



Information Theory

Sender Receiver

F A D EC
Sending…

…Receiving1. Is it A? 
2. Is it B? 
3. Is it C? 

…
1. Is it A?

1. Is it A? 
2. Is it B? 
3. Is it C? 

…

1. Is it A? 
2. Is it B? 
3. Is it C? 

…



● Monotonically increasing function 
● Adds like a logarithm 
● Grouping Axiom 
● Continuous

How many questions do I have to ask?

Sender Receiver

Shannon entropy 
(After quantization: von Neumann entropy or entanglement entropy)

Density matrix elements!



● Density matrix of a subsystem

The Density Matrix

• Need U and V in one expression

or

ψ = UDV†



Easy to Read Diagrams

Contraction



● Reshape (2 x 32)

Matrix Product State: 
6-sites

 

• Singular Value Decomposition

32
D VU

2



● Reshape (2 x 2 x 16)

Matrix Product State: 
6-sites

• Singular Value Decomposition

D V D V
Left

On-site

Right

Dimension 4

Dimension 16
Dimension 2 (each)

D VUD*V



● Reshape

Matrix Product State: 
6-sites



● Reshape

Matrix Product State: 
6-sites



● Reshape

Matrix Product State: 
6-sites



● Reshape

Matrix Product State: 
6-sites

Dimension 2

Dimension 2

Dimension 4

Dimension 8

(Physical Indices)

(Link Indices)



● Density matrix of a subsystem

Truncation

• Truncation of small weights

• Quantum Chemistry: weights of the 
natural orbitals from the 1-particle 
reduced density matrix


• Control size of wavefunctions


• Truncation error



Density matrix renormalization group

T.E. Baker and M.P. Thompson, arxiv: 2019.03120



Density matrix renormalization group

1. 2.

3.

4.

T.E. Baker and M.P. Thompson, arxiv: 2019.03120
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Density matrix renormalization group
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● Area law 

● Kohn’s principle of nearsightedness

When does DMRG work well?

T.E. Baker, et. al., Can. J. Phys. 99, 4 (2021)

ibid, arxiv: 1911.11566 

{exp(−x /ξ) gapped
1/xγ gapless

Hilbert space

Local



Conclusion
● Entanglement renormalization 

● Use of entanglement 
● Custom library 

○ Well documented 
○ Near the v1.0 release 
○ New algorithms 
○ Highly efficient

DMRjulia




