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Milestones

Asymmetric binaries as natural (golden) laboratories to 
test fundamental physics

top-notch to study the (generic) environment in 
which binaries evolve

How do we build a relativistic BH solutions embedded 
within a core of matter? 

Are astrophysical observables affected by the non-
vacuum background?

Which are the best observables to capture the 
properties of the environment?



Why asymmetric binaries? 

LVK GWTC 3 2111.03605

90+ events observed so far from LVK, spanning a relatively small interval of 
mass ratios 

3G detectors are expected to beat down such 
value by several orders of magnitudes

A discovery potential in 3 moves

Slow inspiral phase which could allow to continuously observe AB for very long periods, 
from months to years 

dynamical evolutions with an uncommon richness, with resonances, large eccentricities 
and off-equatorial orbits, etc.

astro-fundamental physics setups
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q ⇠ 10�6 � 10�7

dynamics mostly dictated by q, with the 
duration of the inspiral & number of cycles 
growing as q decreases 
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Extreme Mass Ratio Inspirals
Binary systems with a stellar-mass body inspiralling into a massive black 
hole 

Primary with
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M ⇠ (104 � 108)M�

Secondary such that the mass ratio

Key point of theoretical description

Emit GWs in the mHz band, golden 
targets for LISA

Baker +, Astro2020 1907.06482 (2019)



Complete                             cycles before the plunge

EMRI in nuce 
EMRIs provide a rich phenomenology, due to their orbital features

Berry +, Astro2020 1903.03686 (2019)

Non equatorial orbits

Eccentric motion

Resonances

Precise space-time map and accurate binary parameters 

Very appealing to test fundamental & astro-physics

bless and disguise

Tracking EMRIs for O(year) requires 

accurate templates
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what are the features of the astrophysical environments in 

which binary systems evolve? 



Dirty & asymmetric BBHs

V. Springel et al., Mon. Not. Roy. Astron. 391 (2008)
G. Bertone et al., Nature 562, 7725 (2008)

MBH and inspirals evolve in DM-
rich environment, within galaxies

GW sources evolve embedded in a variety of gas/matter contents/fields,  
which may leave detectable imprints on GW 

Can we infer properties on the environment in which binaries evolve?

Are vacuum waveform models safe?

particle physics 

laboratoriesIMIR/EMRI can assemble in 

accretion disks
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Why EMRIs? 
 
V. Cardoso & A. M., A&A 644, A147 (2020)

Constraints on the environment’s density from different effects/sources/
detectors 

3

density of 
medium 

normalised to 
H20

Useful (extrapolated) lessons from comparable mass binaries 

environmental effects typically contribute at low frequencies

smallest value 

different from 


vacuum



Why EMRIs? 
 
V. Cardoso & A. M., A&A 644, A147 (2020)

Constraints on the environment’s density from different effects/sources/
detectors 

EMRI IMRI

IBBH

MBBH

Asymmetric binaries work (really) well 3

density of 
medium 

normalised to 
H20

Useful (extrapolated) lessons from comparable mass binaries 

environmental effects typically contribute at low frequencies
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(106-5⇥ 105)M�

<latexit sha1_base64="viU6ExmuJkLqVmaQ/ZovNow+smo=">AAACEHicbVC7SgNBFJ31GeMramkzGMRYGHY1UcugjY0QwTwgG8PsZGKGzM4sM3fFsOQTbPwVGwtFbC3t/Bsnj0KjBy4czrmXe+8JIsENuO6XMzM7N7+wmFpKL6+srq1nNjarRsWasgpVQul6QAwTXLIKcBCsHmlGwkCwWtA7H/q1O6YNV/Ia+hFrhuRW8g6nBKzUyuzlPPem4AO7B6l0SERyMCj6wENmsHWO9i9bvmoraGWybt4dAf8l3oRk0QTlVubTbysah0wCFcSYhudG0EyIBk4FG6T92LCI0B65ZQ1LJbEbm8nooQHetUobd5S2JQGP1J8TCQmN6YeB7QwJdM20NxT/8xoxdE6bCZdRDEzS8aJOLDAoPEwHt7lmFETfEkI1t7di2iWaULAZpm0I3vTLf0n1MO8d54tXhWzpbBJHCm2jHZRDHjpBJXSByqiCKHpAT+gFvTqPzrPz5ryPW2ecycwW+gXn4xvGHJvR</latexit>

(104-5⇥ 103)M�

<latexit sha1_base64="2/9+Lk9BGNLU1CGkDRd4wX6b5OE=">AAACBnicbVDLSgNBEJyNrxhfqx5FWAxCPBh2JT6OQS9ehAjmAdkYZieTZMjszDLTK4YlJy/+ihcPinj1G7z5N06SPWi0oKGo6qa7K4g40+C6X1Zmbn5hcSm7nFtZXVvfsDe3alrGitAqkVyqRoA15UzQKjDgtBEpisOA03owuBj79TuqNJPiBoYRbYW4J1iXEQxGatu7Bc+9LflA70FIFWKeHI489+Cq7cuOhLadd4vuBM5f4qUkj1JU2van35EkDqkAwrHWTc+NoJVgBYxwOsr5saYRJgPco01DBQ6pbiWTN0bOvlE6TlcqUwKcifpzIsGh1sMwMJ0hhr6e9cbif14zhu5ZK2EiioEKMl3UjbkD0hln4nSYogT40BBMFDO3OqSPFSZgksuZELzZl/+S2lHROykeX5fy5fM0jizaQXuogDx0isroElVQFRH0gJ7QC3q1Hq1n6816n7ZmrHRmG/2C9fENtsSYCQ==</latexit>

(104-10)M�<latexit sha1_base64="WvZ0xQ5a5bqggumKGh7mQQB9Kqg=">AAACBnicbVA9SwNBEN2LXzF+nVqKcBiEWBjuxKhl0MZGiGA+IBfD3maTLNnbPXbnxHCksvGv2FgoYutvsPPfuEmu0OiDgcd7M8zMCyLONLjul5WZm19YXMou51ZW19Y37M2tmpaxIrRKJJeqEWBNORO0Cgw4bUSK4jDgtB4MLsZ+/Y4qzaS4gWFEWyHuCdZlBIOR2vZuwXNvSz7QexBShZgnhyPPPbhq+7IjoW3n3aI7gfOXeCnJoxSVtv3pdySJQyqAcKx103MjaCVYASOcjnJ+rGmEyQD3aNNQgUOqW8nkjZGzb5SO05XKlABnov6cSHCo9TAMTGeIoa9nvbH4n9eMoXvWSpiIYqCCTBd1Y+6AdMaZOB2mKAE+NAQTxcytDuljhQmY5HImBG/25b+kdlT0Toql6+N8+TyNI4t20B4qIA+dojK6RBVURQQ9oCf0gl6tR+vZerPep60ZK53ZRr9gfXwDuGCYCg==</latexit>

(105-10)M�

smallest value 

different from 


vacuum



What goes into an EMRI? 
Using EMRI observations for precision astrophysics is a complex task

The Self-Force program in (vacuum GR) is @ 
work for more than two decades for second order 
waveforms

Barack & Pound, Rep. Prog. Phys. 82 016904 (2018)

Complexity of calculations beyond standard 
vacuum BBH grows very (very fast)

Even the background solutions are poorly 
characterised (spin?)

accurate 

waveforms

source 

modelling

data 

analysis

Couplings with extra fields 
A.M. et al. Nature Astronomy 6, 4 464-470 (2022)  
V. Cardoso et al., Phys. Rev. D 105, L061501 (2022)

Generation of (fast) waveform models 
 Katz +, PRD 104 064047 (2021)



EMRI in vacuum 
How do we study EMRI in vacuum (GR)?

The asymmetric character introduces a natural parameter to study the 
problem in perturbation theory q = mp /M ≪ 1

leading

adiabatic

first post-adiabaticadiabatic

The solution determines the phase evolution 

ϕ(t) = ϕdiss−1 + …

Regge-Wheleer-Zerilli 

(Schwarzschild 

background)

Teukolsky

(Kerr 


background)
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⌧ 1 radian

error

Regge-Wheleer-Zerilli 

(Schwarzschild 

background)

Teukolsky

(Kerr 


background)
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The perturbation scheme

7 polar components + 3 axial harmonics

For the gravitational sector

For a spherically symmetric background the 2 families decouple

Regge & Wheeler, PRD 108, 1063 (1957) 
Zerilli, PRD 2, 2141 (1970)

In vacuum GR using the Regge-Wheeler-Zerilli gauge the components reduce to 1 
axial and 1 polar functions



The wave equations
2 master equations for 2 perturbations

Regge-Wheeler

Zerilli

… which drive the orbital evolution

Perturbations are need to compute the GW fluxes…

orbital phase

orbital 

radius

info on the 
orbital setup
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How do we move on?
The landscape of calculations for asymmetric binaries is relatively virgin

L. Sberna +, PRD 106, 064056 (2022) 
L. Speri + 2207.10086 
A. Toubiana +, PRL 126, 101105 (2021)  
A. Coogan + PRD 105, 043009  (2022)  
N. Speeney+  PRD 106, 044027 (2022) 
…

larger waveform dephasings

accurate 

waveforms

source 

modelling

data 

analysis

Analyses within comparable-mass, adding Newtonian 
terms to the orbital energy or the GW fluxes of the vacuum 
BBH baseline

Inclusion of relativistic corrections to leading Newtonian 
terms show relevance of a fully relativistic descriptions 

lack of fully relativistic solutions able to describe BHs 
within a medium 

need of background geometry to do our perturbative job

allows to study couplings between grav/fluid perturbations

impact on on QNMs, GW fluxes, particle motion



The Background 
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hTµ⌫i = n

mp
hPµP ⌫i  ! Tµ

⌫ = diag(�⇢, 0, pt, pt)
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m(r) = MBH +
Mr2

(a0 + r)2

✓
1� 2MBH

r

◆2

Reduces matter distribution to average anisotropic stress energy tensor

Spherical symmetry
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ds2 = �a(r) dt2 +
dr2

1� 2m(r)/r
+ r2d⌦2

Choose mass profile: we focused on DM rich environments

Hernquist

profile

The Einstein cluster prescription

A. Einstein, Annals Math. 40 (1939)

L. Hernquist, The Astrroph. Journal 356 (1990)

Generalized to any density profiles with radial dependence

V. Cardoso +, PRD Lett.  105, L061501, (2022) 
V. Cardoso +, PRL 129, 241103, (2022)

E. Figueiredo, A.M. V. Cardoso, 2303.08183

Jusufi, arXiv:2202.00010


Igata et al, arXiv:2202.00202

Konoplyaet al., The Astrroph. Journal 933 (2020)



The Background 
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a(r) =

✓
1� 2MBH

r

◆
e�
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� = �⇡

s
M

⇠
+ 2

s
M

⇠
arctan

r + a0 �Mp
M⇠
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⇠ = 2a0 �M + 4MBH

Solve the Einstein’s fields equations sourced by the halo stress-energy tensor
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⇢(r) =
2M(a0 + 2MBH)(1� 2MBH/r)

4⇡r(r + a0)3

To mimic galaxy observations
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a0 & 104M

Asymptotically flat

Horizon at 
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r = 2MBH

<latexit sha1_base64="jVlw36SOKXL1AIo4O5vI2vg65J8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKeqy1E03hQr2AZ1hyKRpG5pkhiQjlLELf8WNC0Xc+hvu/Bsz7Sy09cC9HM65l9ycMGZUacf5tgpr6xubW8Xt0s7u3v6BfXjUUVEiMWnjiEWyFyJFGBWkralmpBdLgnjISDec3GZ+94FIRSNxr6cx8TkaCTqkGGkjBfZJM0g9yWG9MfMYg82socAJ7LJTceaAq8TNSRnkaAX2lzeIcMKJ0JghpfquE2s/RVJTzMis5CWKxAhP0Ij0DRWIE+Wn8/tn8NwoAziMpCmh4Vz9vZEirtSUh2aSIz1Wy14m/uf1Ez288VMq4kQTgRcPDRMGdQSzMOCASoI1mxqCsKTmVojHSCKsTWQlE4K7/OVV0rmsuFeV6l21XKvncRTBKTgDF8AF16AGGqAF2gCDR/AMXsGb9WS9WO/Wx2K0YOU7x+APrM8fSQaU/g==</latexit>
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The Background 

<latexit sha1_base64="xLe2f9UzYKm2sOY5hNm37mtfz3A="></latexit>

a(r) =

✓
1� 2MBH

r

◆
e�

<latexit sha1_base64="FJyUolM34jBD0dQz62qRVeXY5Kk="></latexit>

� = �⇡

s
M

⇠
+ 2

s
M

⇠
arctan

r + a0 �Mp
M⇠

<latexit sha1_base64="vh/paPtf23s6t7CbQqSxRW1Ianw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBLEkpagbodRNN4UK9gFNCJPppB06mYSZiVhiF/6KGxeKuPU33Pk3TtsstHrgwuGce7n3Hj9mVCrL+jJyS8srq2v59cLG5tb2jrm715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP7qe+p07IiSN+K0ax8QN0YDTgGKktOSZB849vSojzzprnFYaXuqIENbqE88sWiVrBviX2BkpggxNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzMik4iSQxwiM0ID1NOQqJdNPZ/RN4rJU+DCKhiys4U39OpCiUchz6ujNEaigXvan4n9dLVHDpppTHiSIczxcFCYMqgtMwYJ8KghUba4KwoPpWiIdIIKx0ZAUdgr348l/SLpfs81LlplKs1rI48uAQHIETYIMLUAV10AQtgMEDeAIv4NV4NJ6NN+N93pozspl98AvGxzeWnZSO</latexit>

⇠ = 2a0 �M + 4MBH

Solve the Einstein’s fields equations sourced by the halo stress-energy tensor
<latexit sha1_base64="UjkRpeONhN86/H8Bve473FVyGUY="></latexit>

⇢(r) =
2M(a0 + 2MBH)(1� 2MBH/r)

4⇡r(r + a0)3

To mimic galaxy observations
<latexit sha1_base64="xqhryULXqy7beDEg8xc61oIEF6M=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmRoi6LbtwIFewD2nHIpGkbmmSGJFMoQ//EjQtF3Pon7vwb03YW2nogcDjnXO7NiRLOtPG8b6ewtr6xuVXcLu3s7u0fuIdHTR2nitAGiXms2hHWlDNJG4YZTtuJolhEnLai0e3Mb42p0iyWj2aS0EDggWR9RrCxUui6OPS6A2MDAvneU/U+dMtexZsDrRI/J2XIUQ/dr24vJqmg0hCOte74XmKCDCvDCKfTUjfVNMFkhAe0Y6nEguogm18+RWdW6aF+rOyTBs3V3xMZFlpPRGSTApuhXvZm4n9eJzX96yBjMkkNlWSxqJ9yZGI0qwH1mKLE8IklmChmb0VkiBUmxpZVsiX4y19eJc2Lin9ZqT5Uy7WbvI4inMApnIMPV1CDO6hDAwiM4Rle4c3JnBfn3flYRAtOPnMMf+B8/gD4aJKW</latexit>

a0 & 104M

<latexit sha1_base64="Po6Qv/vEQkPZGDVkQX6TLILaljY=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BD3qMYB6QrKF30kmGzOyuM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUKwCNgodYN9wIbMUKQQYCm8Hoeuo3n1BpHoX3ZhyjL2EQ8j5nYKzUwofODUgJ3WLJLbsz0GXiZaREMtS6xa9OL2KJxNAwAVq3PTc2fgrKcCZwUugkGmNgIxhg29IQJGo/nd07oSdW6dF+pGyFhs7U3xMpSK3HMrCdEsxQL3pT8T+vnZj+pZ/yME4Mhmy+qJ8IaiI6fZ72uEJmxNgSYIrbWykbggJmbEQFG4K3+PIyaZyVvfNy5a5Sql5lceTJETkmp8QjF6RKbkmN1AkjgjyTV/LmPDovzrvzMW/NOdnMIfkD5/MHz0mP1Q==</latexit>

e�
<latexit sha1_base64="ibi64goA6CoxOvQKaUGg6MOoNfw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi3W3FPVY9OJFqGA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2keDDjmPoRHggWMoKNldreWeXuHPfcXrHklt0Z0DLxMlKCDPVe8avblySJqDCEY607nhsbP8XKMMLppNBNNI0xGeEB7VgqcES1n87unaATq/RRKJUtYdBM/T2R4kjrcRTYzgiboV70puJ/Xicx4ZWfMhEnhgoyXxQmHBmJps+jPlOUGD62BBPF7K2IDLHCxNiICjYEb/HlZdKslL2LcvW+WqpdZ3Hk4QiO4RQ8uIQa3EIdGkCAwzO8wpvz6Lw4787HvDXnZDOH8AfO5w8+Go7P</latexit>

1� 2M/a0<latexit sha1_base64="v6RkcHmhLYhyHJh0wp5VnBc3e1M=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KUoi5L3XQjVLAPaEKYTCft0JlMmJkoJdSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HtPmDCqtON8Wyura+sbm4Wt4vbO7t6+fXDYViKVmLSwYEJ2Q6QIozFpaaoZ6SaSIB4y0glH11O/c0+koiK+0+OE+BwNYhpRjLSRAvtYepIOhhpJKR5g5SbIPMlhvTEJ7JJTdmaAy8TNSQnkaAb2l9cXOOUk1pghpXquk2g/Q1JTzMik6KWKJAiP0ID0DI0RJ8rPZh9M4JlR+jAS0lSs4Uz9PZEhrtSYh6aTIz1Ui95U/M/rpTq68jMaJ6kmMZ4vilIGtYDTOGCfSoI1GxuCsKTmVoiHSCKsTWhFE4K7+PIyaVfK7kW5elst1ep5HAVwAk7BOXDBJaiBBmiCFsDgETyDV/BmPVkv1rv1MW9dsfKZI/AH1ucP+n6Wlg==</latexit>

r ! 2MBH

Redshift factor

Asymptotically flat

Horizon at 
<latexit sha1_base64="oke/Cj7EQsSZsxQ4lKYu57UWy3s=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IpV56ESrYD2iXkk3TNjTJrkm2UJb+Di8eFPHqj/HmvzFt96CtDwYe780wMy+IONPGdb+dzMbm1vZOdje3t39weJQ/PmnqMFaENkjIQ9UOsKacSdowzHDajhTFIuC0FYzv5n5rQpVmoXw004j6Ag8lGzCCjZV8dVu67yVdJVC1NuvlC27RXQCtEy8lBUhR7+W/uv2QxIJKQzjWuuO5kfETrAwjnM5y3VjTCJMxHtKOpRILqv1kcfQMXViljwahsiUNWqi/JxIstJ6KwHYKbEZ61ZuL/3md2Axu/ITJKDZUkuWiQcyRCdE8AdRnihLDp5Zgopi9FZERVpgYm1POhuCtvrxOmqWid1UsP5QLlWoaRxbO4BwuwYNrqEAN6tAAAk/wDK/w5kycF+fd+Vi2Zpx05hT+wPn8AbnSkW8=</latexit>

r = 2MBH

<latexit sha1_base64="jVlw36SOKXL1AIo4O5vI2vg65J8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKeqy1E03hQr2AZ1hyKRpG5pkhiQjlLELf8WNC0Xc+hvu/Bsz7Sy09cC9HM65l9ycMGZUacf5tgpr6xubW8Xt0s7u3v6BfXjUUVEiMWnjiEWyFyJFGBWkralmpBdLgnjISDec3GZ+94FIRSNxr6cx8TkaCTqkGGkjBfZJM0g9yWG9MfMYg82socAJ7LJTceaAq8TNSRnkaAX2lzeIcMKJ0JghpfquE2s/RVJTzMis5CWKxAhP0Ij0DRWIE+Wn8/tn8NwoAziMpCmh4Vz9vZEirtSUh2aSIz1Wy14m/uf1Ez288VMq4kQTgRcPDRMGdQSzMOCASoI1mxqCsKTmVojHSCKsTWQlE4K7/OVV0rmsuFeV6l21XKvncRTBKTgDF8AF16AGGqAF2gCDR/AMXsGb9WS9WO/Wx2K0YOU7x+APrM8fSQaU/g==</latexit>
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BH shadows gets correction of the order                                (light-ring tests are safe)

Geodesics

<latexit sha1_base64="mypWQEerWsaIl7lSl5DA9wX643M="></latexit>

rLR ' 3MBH

✓
1 +

MMBH

a2
0

◆ <latexit sha1_base64="9x9Bu3Q5w6SvMKKLyXcvolM5frk="></latexit>

MBH⌦LR ' 1

3
p
3

✓
1� M

a0
+

M(M + 18MBH)

6a2
0

◆

<latexit sha1_base64="9J77WwSIt15CJbX8kipqNl4OR2I="></latexit>

MBH⌦ISCO ' 1

6
p
6

✓
1� M

a0
+

M(M + 396MBH)

6a20

◆

Generic halo configuration affects the orbital properties of massive and 
massless particles

<latexit sha1_base64="6JtZKoiCaDolaWUSi23KI+W/KIY=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEN9aZUrTLohs3QgX7gHY6ZNJMG5pkhiQjlKG48VfcuFDErV/hzr8xbWeh1QMXDufcy733BDGjSjvOl5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB6Grqt+6JVDQSd3ocE4+jgaAhxUgbybcPbnrlM+Q7vXKXEaUU5dB1eulpdeLbRafkzAD/EjcjRZCh7tuf3X6EE06Exgwp1XGdWHspkppiRiaFbqJIjPAIDUjHUIE4UV46e2ECj43Sh2EkTQkNZ+rPiRRxpcY8MJ0c6aFa9Kbif14n0WHVS6mIE00Eni8KEwZ1BKd5wD6VBGs2NgRhSc2tEA+RRFib1AomBHfx5b+kWS6556XKbaVYu8ziyINDcAROgAsuQA1cgzpoAAwewBN4Aa/Wo/VsvVnv89aclc3sg1+wPr4B2zSV0g==</latexit>

M2/a20 . 10�8

At the leading order the halo only redshifts the dynamics

<latexit sha1_base64="pxyMiq7JKsx+IF8d0GaRMmmmdq4="></latexit>

rISCO ' 6MBH

✓
1� 32MMBH

a20

◆



BH shadows gets correction of the order                                (light-ring tests are safe)

Geodesics

<latexit sha1_base64="mypWQEerWsaIl7lSl5DA9wX643M="></latexit>

rLR ' 3MBH

✓
1 +

MMBH

a2
0

◆ <latexit sha1_base64="9x9Bu3Q5w6SvMKKLyXcvolM5frk="></latexit>

MBH⌦LR ' 1

3
p
3

✓
1� M

a0
+

M(M + 18MBH)

6a2
0

◆

<latexit sha1_base64="9J77WwSIt15CJbX8kipqNl4OR2I="></latexit>

MBH⌦ISCO ' 1

6
p
6

✓
1� M

a0
+

M(M + 396MBH)

6a20

◆

Generic halo configuration affects the orbital properties of massive and 
massless particles

Redshift factor

<latexit sha1_base64="6JtZKoiCaDolaWUSi23KI+W/KIY=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEN9aZUrTLohs3QgX7gHY6ZNJMG5pkhiQjlKG48VfcuFDErV/hzr8xbWeh1QMXDufcy733BDGjSjvOl5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB6Grqt+6JVDQSd3ocE4+jgaAhxUgbybcPbnrlM+Q7vXKXEaUU5dB1eulpdeLbRafkzAD/EjcjRZCh7tuf3X6EE06Exgwp1XGdWHspkppiRiaFbqJIjPAIDUjHUIE4UV46e2ECj43Sh2EkTQkNZ+rPiRRxpcY8MJ0c6aFa9Kbif14n0WHVS6mIE00Eni8KEwZ1BKd5wD6VBGs2NgRhSc2tEA+RRFib1AomBHfx5b+kWS6556XKbaVYu8ziyINDcAROgAsuQA1cgzpoAAwewBN4Aa/Wo/VsvVnv89aclc3sg1+wPr4B2zSV0g==</latexit>

M2/a20 . 10�8

At the leading order the halo only redshifts the dynamics

<latexit sha1_base64="pxyMiq7JKsx+IF8d0GaRMmmmdq4="></latexit>

rISCO ' 6MBH

✓
1� 32MMBH

a20

◆



BH shadows gets correction of the order                                (light-ring tests are safe)

Geodesics

<latexit sha1_base64="mypWQEerWsaIl7lSl5DA9wX643M="></latexit>

rLR ' 3MBH

✓
1 +

MMBH

a2
0

◆ <latexit sha1_base64="9x9Bu3Q5w6SvMKKLyXcvolM5frk="></latexit>

MBH⌦LR ' 1

3
p
3

✓
1� M

a0
+

M(M + 18MBH)

6a2
0
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<latexit sha1_base64="9J77WwSIt15CJbX8kipqNl4OR2I="></latexit>

MBH⌦ISCO ' 1

6
p
6

✓
1� M

a0
+

M(M + 396MBH)

6a20

◆

Generic halo configuration affects the orbital properties of massive and 
massless particles

Redshift factor

non-linear 
corrections

<latexit sha1_base64="6JtZKoiCaDolaWUSi23KI+W/KIY=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEN9aZUrTLohs3QgX7gHY6ZNJMG5pkhiQjlKG48VfcuFDErV/hzr8xbWeh1QMXDufcy733BDGjSjvOl5VbWl5ZXcuvFzY2t7Z37N29pooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB6Grqt+6JVDQSd3ocE4+jgaAhxUgbybcPbnrlM+Q7vXKXEaUU5dB1eulpdeLbRafkzAD/EjcjRZCh7tuf3X6EE06Exgwp1XGdWHspkppiRiaFbqJIjPAIDUjHUIE4UV46e2ECj43Sh2EkTQkNZ+rPiRRxpcY8MJ0c6aFa9Kbif14n0WHVS6mIE00Eni8KEwZ1BKd5wD6VBGs2NgRhSc2tEA+RRFib1AomBHfx5b+kWS6556XKbaVYu8ziyINDcAROgAsuQA1cgzpoAAwewBN4Aa/Wo/VsvVnv89aclc3sg1+wPr4B2zSV0g==</latexit>

M2/a20 . 10�8

At the leading order the halo only redshifts the dynamics

<latexit sha1_base64="pxyMiq7JKsx+IF8d0GaRMmmmdq4="></latexit>

rISCO ' 6MBH

✓
1� 32MMBH

a20

◆



Dirty perturbations
EMRI (and more) evolving within environments 

Consider linear perturbations of a BH+halo background induced by the small 
secondary

grav-sector fluid-sector

Decompose         and                 in tensor, vector, scalar spherical harmonics

e.g. for the pressure field 

Go to the Fourier space, replace into the field’s equation and solve ODEs

<latexit sha1_base64="EB6867o5T2aXXv0yy/upq2nAacM=">AAAB9XicbVDJSgNBEO1xjXGLevTSGIQIIcxIUI9BLx4jmAUyY+jp9CRNehl6UULIf3jxoIhX/8Wbf2MnmYMmPih4vFdFVb04ZVQb3//2VlbX1jc2c1v57Z3dvf3CwWFTS6swaWDJpGrHSBNGBWkYahhpp4ogHjPSioc3U7/1SJSmUtybUUoijvqCJhQj46SHku2G3JbTcqgG8qxbKPoVfwa4TIKMFEGGerfwFfYktpwIgxnSuhP4qYnGSBmKGZnkQ6tJivAQ9UnHUYE40dF4dvUEnjqlBxOpXAkDZ+rviTHiWo947Do5MgO96E3F/7yONclVNKYitYYIPF+UWAaNhNMIYI8qgg0bOYKwou5WiAdIIWxcUHkXQrD48jJpnleCi0r1rlqsXWdx5MAxOAElEIBLUAO3oA4aAAMFnsErePOevBfv3fuYt6542cwR+APv8wd+oZHf</latexit>

(uµ, p, ⇢)

<latexit sha1_base64="ChrMxNxtWalDklB+0DcP/cc6fHg=">AAAB/HicbVBNS8MwGE79nPOruqOX4BAEYbQy1Isw9OJxgvuArZQ0S7ewNClJKpQy/4oXD4p49Yd489+Ydj3o5gPJ+/A870vePEHMqNKO822trK6tb2xWtqrbO7t7+/bBYVeJRGLSwYIJ2Q+QIoxy0tFUM9KPJUFRwEgvmN7mfu+RSEUFf9BpTLwIjTkNKUbaSL5dG8qJuM4v3zmDRXV9u+40nAJwmbglqYMSbd/+Go4ETiLCNWZIqYHrxNrLkNQUMzKrDhNFYoSnaEwGhnIUEeVlxfIzeGKUEQyFNIdrWKi/JzIUKZVGgemMkJ6oRS8X//MGiQ6vvIzyONGE4/lDYcKgFjBPAo6oJFiz1BCEJTW7QjxBEmFt8qqaENzFLy+T7nnDvWg075v11k0ZRwUcgWNwClxwCVrgDrRBB2CQgmfwCt6sJ+vFerc+5q0rVjlTA39gff4Afs2UCA==</latexit>

⇢ = ⇢0 + ⇢1
<latexit sha1_base64="xOjlQcawOPPkMH7Cnz7NQRBC9xI=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIsgCGVGiroRim5cVrAPaKdDJk3b0CQz5CGUoeCvuHGhiFu/w51/Y6adhbYeCPdwzr3cmxMljCrted/O0vLK6tp6YaO4ubW9s+vu7TdUbCQmdRyzWLYipAijgtQ11Yy0EkkQjxhpRqPbzG8+EqloLB70OCEBRwNB+xQjbaXQPTRhh5tr0/Wyema6flZDt+SVvSngIvFzUgI5aqH71enF2HAiNGZIqbbvJTpIkdQUMzIpdowiCcIjNCBtSwXiRAXp9PwJPLFKD/ZjaZ/QcKr+nkgRV2rMI9vJkR6qeS8T//PaRvevgpSKxGgi8GxR3zCoY5hlAXtUEqzZ2BKEJbW3QjxEEmFtEyvaEPz5Ly+SxnnZvyhX7iul6k0eRwEcgWNwCnxwCargDtRAHWCQgmfwCt6cJ+fFeXc+Zq1LTj5zAP7A+fwBlXWVQQ==</latexit>

uµ = u0
µ + u1

µ
<latexit sha1_base64="eEOL695MXqDhORMxRm3uMzL9PTE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSIIQkmkqBuh6MZlBfuANobJdNIOnUzCzEQpsZ/ixoUibv0Sd/6Nk7YLbT1wmcM593LvnCDhTGnH+baWlldW19YLG8XNre2dXbu011RxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLzO/dYDlYrF4k6PEupFuC9YyAjWRvLtUuLrS1P3mTM+yV/Xt8tOxZkALRJ3RsowQ923v7q9mKQRFZpwrFTHdRLtZVhqRjgdF7upogkmQ9ynHUMFjqjyssnpY3RklB4KY2lKaDRRf09kOFJqFAWmM8J6oOa9XPzP66Q6vPAyJpJUU0Gmi8KUIx2jPAfUY5ISzUeGYCKZuRWRAZaYaJNW0YTgzn95kTRPK+5ZpXpbLdeuZnEU4AAO4RhcOIca3EAdGkDgEZ7hFd6sJ+vFerc+pq1L1mxmH/7A+vwBsXOTpA==</latexit>

pt = p0t + p1t
<latexit sha1_base64="VaNmsiRbcueqc4knawGK9ScHLMY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVol6EohePFeyHtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmG73oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuJKs0ieW8mMfUFHkoWMoKNlR7ivrqy9ej1yxW36mZAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zQ6eohOrDFAYKVvSoEz9PZFiofVEBLZTYDPSi95M/M/rJia89FMm48RQSeaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFbfHmZtM6q3nm1dler1K/zOIpwBMdwCh5cQB1uoQFNICDgGV7hzVHOi/PufMxbC04+cwh/4Hz+AGtGkCs=</latexit>

pr = p1r

<latexit sha1_base64="DikAu+ty/6Qevr2qoS+3Dp50w2c="></latexit>

p1t (t, r, ✓,�) =
1X

`=0

X̀

m=�`

�pt,`m(t, r)Y`m(✓,�)
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For BH-halo configurations this ‘simple’ reduction works only partially

We have extra equations for matter quantities
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BH & halo: axial modes
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BH & halo EMRI: axial modes

Relative change in 
the axial flux v.s. 

vacuum 

The halo properties affect the GW emission and hence the EMRI inspiral 
evolution (already) at adiabatic level

The difference with vacuum grows with M

Suppression as M/a0  decreases

Difference << 1% as

V.Cardoso +, PRD Lett.  105, L061501, (2022)
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BH & halo EMRI: axial modes

Relative change in 
the axial flux v.s. 

vacuum 
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BH & halo EMRI: axial modes

Relative change in 
the axial flux v.s. 

vacuum 
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look promising 
but…
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The redshift strikes back
Series expansion for low compactness 
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The redshift strikes back
Series expansion for low compactness 
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with rescaled parameters  
(redshift of the BH mass scale)
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The redshift strikes back

Redshifted quantities drastically reduce the discrepancy for realistic halos

Unless new effects pop up in the polar sector, the halo seems undetectable
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More general than it looks
E. Figueiredo, A. M., V. Cardoso, 2303.08183Approach extended to generic density profiles
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⇢(r)Developed a fully numerical approach to treat any 
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Einasto

applied to new DM models

Hernquist & Navarro-Frenk-White Einasto

Changes with respect to vacuum can be interpreted in terms of a “redshift” scaling

geodesic 
frequency 


@ Light Ring
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More general than it looks
E. Figueiredo, A.M., V. Cardoso, 2303.08183
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BH & halo EMRI: polar modes
Polar sector is more challenging due (more variables &) couplings between 
matter and metric components
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System of 5 coupled differential equations for
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~V = (H1, H0,K,W, �⇢)

The radial/tangential speeds of sound enter the modes
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BH & halo EMRI: polar modes
Polar sector is more challenging due (more variables &) couplings between 
matter and metric components
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~V = (H1, H0,K,W, �⇢)

The radial/tangential speeds of sound enter the modes
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BH & halo EMRI: polar modes

M=10MBH a0=10M
M=MBH a0=100M
M=100MBH a0=100M
M=100MBH a0=1000M

10-2 0.110-4

10-3

10-2

0.1

1

10

100

MBHω22

|1
-
E m

/E
v|

(ℓ,)=(2,2)

(2,2) polar flux emitted by an EMRI on circular motion

generation and propagation affected by deviations due to 
the coupling between polar modes and the fluid

Redshift rescaling not enough to take into account shift in the fluxes

deviations seem “promising” in terms of detectability  
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(2,2) polar flux emitted by an EMRI on circular motion

generation and propagation affected by deviations due to 
the coupling between polar modes and the fluid

Redshift rescaling not enough to take into account shift in the fluxes

new waveform 
models to build

vacuum 
redshifted

deviations seem “promising” in terms of detectability  



EMRI in dirty backgrounds 
First steps towards fully relativistic description

Changes in the emitted gravitational wave fluxes 
due to the environment’s properties

Ab-initio calculation of EMRI evolution with a non-
vacuum BBH background

Rotating background for (more) realistic astrophysical BHs

Waveform generation

Detectability of halo parameters

Degeneracy with beyond-GR modifications

But

accurate 

waveforms

source 

modelling

data 

analysis

GW propagation and generation can be strongly 
affected by coupling between polar modes and the 
the fluid



Back up



Solve for the homogeneous part with suitably boundary conditions

Solving the homogeneous problem allows to study the dirty BH Quasi-
Normal-Mode spectrum

horizon infinity

(outgoing)(ingoing)

Wave equation (homogeneous)

Find the system eigenvalues (the QNM frequencies) which render the two 
solutions dependent 
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Quasi Normal Modes
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Quasi Normal Modes
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!QNM = ⌦LR`� i(n+ 1/2)|�|In the eikonal limit

For small compactness

Both real and imaginary part decrease as M/a0 increases
redshift

effect
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Quasi Normal Modes

The QNMs have a clear light-ring interpretation

QNM behaviour as a function of the halo compactness

Linear and subdominant corrections agree with the analytic scaling of frequencies and 
damping times 



Wave equation (inhomogeneous)

Solve for the homogeneous part with suitably boundary conditions

EMRI evolution by solving the full inhomogeneous problem

horizon infinity

(outgoing)(ingoing)

Integrate over the source term for the full solution 

For circular orbits the integral greatly simplifies because of 
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