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Hadron Spectral Functions (SPF)

by courtesy of Hai-Tao Shu

Dissociation of hadrons in the hot medium, diffusion of charges/quarks, 
symmetry restoration, electrical conductivity, thermal photon/dilepton rates…
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Temporal correlation and spectral functions
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Inverse problem
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• A typical ill-posed inverse problem: infinite number of  solutions exist!
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• Maximum Entropy Method

• Stochastic optimization method
Y.Burnier & A.Rothkopf, PRL 111,182003 (2013) 

M. Asakawa, T. Hatsuda & Y. Nakahara, 
Progress in Particle and Nuclear Physics 46 (2001) 459 

• New Bayesian Method 
H.-T. Ding et al., PRD 97, 094503 (2018) 

• Backus Gilbert method  

• Tikhonov regularization 

• …

G. Backus and F. Gilbert, Geophysical Journal International 16, 169(1968)

A. N. Tikhonov, Soviet Math. Dokl. 4, 1035 (1963)

Common in LQCD analyses:
Spectral function
Hadronic tensor

Parton distribution function
…
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Maximum Entropy Method (MEM)
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[Asakawa, Hatsuda & Nakahara, ’01]
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Continuous
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Extract spectral function (spf) without ansatz

 Successful in condensed matter physics, astrophysics, image processing...

 A method to obtain the most probable image from insufficient data 
 A unique solution exists 

MEM
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Introduction to MEM
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• Based on the Bayesian theorem P [X|Y ] =
P [Y |X]P [X]

P [Y ]
, : Probability of  X given YP[X |Y ]

• Maximize the probability of P [⇢|GH] /P [G|⇢H] P [⇢|H]

: likelihood functionP [G|⇢H] / exp(��
2
/2)

: prior probability

ρ: spectral function 
G: lattice data
H: prior information on ρ

Information entropy: S =

Z 1

0

d!
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✓
⇢(!)

m(!)

◆�

Default Model (DM):  , includes the prior information on ρ, e.g. ρ is positive-definitem(ω)
 only input parameter in the MEM analysis

[Asakawa, Hatsuda & Nakahara, ’01]

: controls the relative weight between the likelihood and entropyα

<latexit sha1_base64="o4lUkDp4spvnjGSqwQhWl0EZfr0="></latexit>

P [⇢|H] / exp(↵S)
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Default model dependence in MEM analyses 
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Nτ = 96

HTD, A. Francis, O. Kaczmarek, F. Karsch, H. Satz and W. Soeldner, Phys.Rev.D 86 (2012) 014509 

Nτ = 48 Nτ = 32 Nτ = 24
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Inverse problem in machine learning
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infinite number of  solutions exist!

Kades et al., s, Phys. Rev. D 102, 096001 (2020),
Offler et al., PoS LATTICE2019, 076 (2019),
Zhou et al., Phys. Rev. D 104, 076011 (2021),
Horak et al., arXiv:2107.13464

A few studies have been carried out in reconstructing spectral functions using 
machine learning techniques

 However, in most cases:  

     1) the likelihood or simple difference in  and  are used in the loss function;  
     2) the training inputs and wanted outputs have the same form

G ρ

Goal in our study:

Design a neural network that can learn to balance the prior & likelihood
Train the neural network using a general input
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Variational auto-encoders (VAE)
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Encoder qϕ(z |x)

Data x

Latent variable z

Decoder pθ(x |z)

Data x

Latent variable z

The Encoder compresses data into a latent space Z
The Decoder reconstructs the data given the hidden representation

Kingma, Welling, 
arXiv: 1312.6114

Recognition/Inference  
model

Generative  
Model

Encoder + Decoder +  Loss function

D. Kingma, M. Welling, 
arXiv: 1906.02691
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D. Kingma, M. Welling, arXiv: 1906.02691

Loss function in VAE

Minimize the loss function 
Loss function = - ELBO

, q(z |x) = q(x, z)
q(x)   ∫ q(x, z)dz = q(x)

!q(z|x) [f(x)] = ∫ dz q(z |x) f(x)

≥ 0
Kullback Leibler divergence 

between the model and data distributions 

Maximize the ELBO  Minimize the KL divergence⟷
Evidence Lower Bound
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D. Kingma, M. Welling, arXiv: 1906.02691

Computation flow in VAE

Encoder Decoder

= - Loss function
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Jensen’s inequality & the concave 
nature of the logarithm function

Define the loss function = - Evidence lower bound 

KL divergence:
Distance between 2 probabilities

A newly proposed SVAE
Conditional  
Probability

P[ρ |G] = P[ρ, G]
P[G] =

∫ dzP(ρ, z, G)
P(G) =

∫ dzP(ρ |z, G)P(z |G)P(G)
P(G)

Evidence lower bound

Chen, HTD, Liu, Papp & Yang, 
arXiv:2110.13521

Encoder 1 Encoder 2Decoder

https://arxiv.org/abs/2110.13521
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V.s.  in MEM:  
<latexit sha1_base64="BIgeDeCPcOXNPKjBv0JumwatPZM="></latexit>
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◆◆

: ground truth value of the spectral function, best prior info of  !ρgt(ω) ρ(ω)

Loss function in SVAE

<latexit sha1_base64="LzNWPWS0Y/7FG6eNKcB4/S7hztY="></latexit>

P (⇢|z,G)=P (⇢|z) P (G|⇢, z)/P (G|z)

<latexit sha1_base64="9jBvj0zKV8uHI1ATuxp+H3qJokM="></latexit>

L = �EQ(z|Ggt,⇢gt)
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Prior 
information Likelihood Evidence

<latexit sha1_base64="Davo9P2NSmUHxrEkRi1/XdAEl9Q="></latexit>
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Entropy term S + VAE  SVAE ⟶
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Loss function in SVAE
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<latexit sha1_base64="pFbORlNyezUB3w6VI/zPrgYcx+U="></latexit>

P (G|z, ⇢) = 1

ZL
e�L ,

: controls the relative weight of the entropy (having  close to the prior) and 
the likelihood (having  close to the data G)

αj(z) ρ
ρ

G: correlator data
: computed from  Ĝ ρ(z)
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Loss function in SVAE
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G: correlator data
: computed from  Ĝ ρ(z)
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topology of  the SVAE for training
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<latexit sha1_base64="9jBvj0zKV8uHI1ATuxp+H3qJokM="></latexit>
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◆Encoder 1 Encoder 2Decoder

Chen, HTD, Liu, Papp & Yang,  arXiv:2110.13521

https://arxiv.org/abs/2110.13521
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Encoders and decoder
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Q and P(z|G):  parameterized based on the Gauss mixture model 
with  the Gauss function, outputs from Encoder 1 and 2&

ρ(z), α(z)

: outputs from Decoderρ(z), α(z)
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Loss function of  the SVAE
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Prior Likelihood

KL divergence

Minimize   to obtain , , , , ,ℒSVAE α π μ ̂π ̂μ σ
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Reconstruction of  SPF in SVAE

: a certain epoch, Nc: # of configurations, Ns: # of samples in zΘ

Prior included!

Two dimensional bootstrap sampling (in configuration and epoch spaces) 
to obtain final results of  SPF and its uncertainty

,
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A general spectral function used for the training
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: smeared step functions 
=50: # of Gauss peaks

: fixed uniformly
: fixed 

̂θ
̂Ng
Mi

γ
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Training strategy in details
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1. feed  and  obtained from  and corresponding corerlator to Encoder 1 

2. feed  generated stochastically to Encoder2; Gaussian noise for  sample from 
                         with  and  

3. Perform the feeding in steps 1 and 2 simultaneously    
4. For each  repeat steps 1, 2 & 3.

ρgt Ggt ρtrain

G G
&(Ggt, σ) σ = b(τ) × Ggt(τ) b(τ) = σ(τ)/Glat(τ)

Nτ
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Test strategy
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SPF used for tests

I:

II:

III:

{

Construct mock data, i.e. noisy correlators using the above test spectral functions 

 Noise models?
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Mock data tests: I
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Two extreme cases with Nτ = 96
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Mock data tests: II
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Input spf obtained from the Non-Relativistic QCD Y. Burnier et al., 
JHEP 11 (2017) 206
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Mock data tests: III
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Nτ = 96
One resonance peak + continuum 

Dependences on the peak 
location  and width  of  

input spectral functions
Mres Γ

 Reconstruction quantity depends 
more on  rather than Γ Mres
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Mock data tests: III
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Nτ = 48
One resonance peak + continuum 

Dependences on the peak 
location  and width  of  

input spectral functions
Mres Γ

 Reconstruction quantity depends 
more on  rather than Γ Mres
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Marginal dependence on  
noise models

27

wo and with covariance matrix (cov) 
in the noise model of test correlators 
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Training Test

Gaussian Gaussian

Gaussian Log normal

Log normal Gaussian

Log normal Log normal

Marginal dependence on  
noise models
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Application to Lattice QCD data: 
 charmonium correlator in the pseudo-scalar channel

29

Clover-improved Wilson fermions on quenched lattices 
 and  with a fixed scale approach1283 × 96 (0.75Tc) 1283 × 48 (1.5Tc)
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Reconstruct correlator with spf fixed at 
:  to T′ = 0.75Tc N′ τ = 96 Nτ = 48

Caution:  dependenceNτ
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Caution:  dependenceNτ

31
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Summary plot on the SPF
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 Hard to tell the fate of   at 1.5 Tc with 
Nt=48 data

ηc

 =98: peak location agree within error from 
sVAE and MEM

Nτ

=48:  SVAE is consistent with MEM using a 
featureless DM at both 0.75 Tc and 1.5Tc

Nτ
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Summary & Outlook
 We proposed a novel neural network, SVAE, which can be trained to obtain the 

most probable image of  the spectral function

33

 The loss function of  SVAE includes an entropy and a likelihood term which are 
balanced by a weight α(z)
Training:  A general  is used with corresponding correlator having the error of  

correlators mimic to  LQCD
ρ

Reconstruction:  
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Summary & Outlook
 Mock tests shows that SVAE is comparable to MEM and even outperforms 

MEM in certain cases

34

 Application to lattice QCD data of  charmonium correlator in the pseudo-
scalar channel

Trial with a different kernel  or  
Application to other physical problems

ω2/(ω2 + p2) e−τω

 SVAE is consistent with MEM results using a featureless DM 
 Fate of   at 1.5 Tc is difficult to resolve with  ηc Nτ = 48
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Backup

35
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Noise 
dependences

36

Nτ = 48
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Mild dependence 
on hyperparameters
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Hyper-parameters


