[SOME COMMENTS ON]

THE MOTION OF TEST BODIES IN KERR SPACETIME

Adrien Druart

{Physique Théorique et Mathématique, ULB}

October 14, 2022
Belgian-Dutch Gravitational Wave Meeting 2022

Inrs UNIVERSITE LIBRE DE BRUXELLESM

LA LIBERTE DE CHERCHER




CONTEXT: THE TWO-BODY PROBLEM IN GR

@ Several methods to solve the 2BP in
GR

Separation —»

post-Newtonian &
post-Minkowskian methods

Perturbation theory,
self-force

Numerical Relativity

Mass ratio —» ©
[arXiv:1805.10385]

Adrien Druart (ULB) —

October 1



CONTEXT: THE TWO-BODY PROBLEM IN GR

post-Newtonian &
post-Minkowskian methods

/—\
=X
S
w
o
Separation —»
-

@ Several methods to solve the 2BP in

= Perturbation theory,
GR Numerical Relativity

self-force

fLa A
@ Large mass ratio: € = 37 < 1 1 Mass ratio 00
[arXiv:1805.10385]

Adrien Druart (ULB) — adrien.dru: .be S 3 October 14,



CONTEXT: THE TWO-BODY PROBLEM IN GR

@ Several methods to solve the 2BP in
GR
@ Large mass ratio: € £ ﬁ <1

o EMRIs: 107° < e < 1074

Separation —»

post-Newtonian &
post-Minkowskian methods

Perturbation theory,
self-force

Numerical Relativity

Mass ratio —» ©
[arXiv:1805.10385]

Adrien Druart (ULB) — adrien.d

Test bodies in Ker

October 14, 2022



CONTEXT: THE TWO-BODY PROBLEM IN GR

@ Several methods to solve the 2BP in
GR
@ Large mass ratio: € £ ﬁ <1
o EMRIs: 107 < e < 1074
o IMRIs: 1074 < e < 1072

Separation —»

post-Newtonian &
post-Minkowskian methods

Perturbation theory,
self-force

Numerical Relativity

Mass ratio —» ©
[arXiv:1805.10385]

Adrien Druart (ULB) — adrien.dru

Test bodies



SETUP AND CHALLENGE(S)

[e3

i’:’) —

2
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to some required precision (e.g. LISA:
Ap ~0O(1))
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@ Motion of a small object in a (Kerr)
background g,,v: find a pair (v, guv)
describing the resultant spacetime up
to some required precision (e.g. LISA:
Ap ~0O(1))

@ More pragmatic question: what are the gravitational waveforms detectable from
the Earth ?

@ At the level of EOMSs, several corrections arise at O(¢€):

[Dd_z: = ef”[gaﬁ,z“,T“ﬁ]]

h 4
(f“ =0: geodésic motion] [f“ = fgp: self-force correcﬁons) [f = f},p: finite-size effects]
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TEST BODIES: SKELETONIZATION AND MPD EQUATIONS
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o Test body = finite size structure (spin...) without backreaction
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@ Motion of spinning test bodies in curved spacetime: MPD equations
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o Test body = finite size structure (spin...) without backreaction
@ Motion of spinning test bodies in curved spacetime: MPD equations

DSHY
dA

E — 71R“

= 3N vapV S P T,

_ Zp“‘v"] 4 LRy

o Astrophysical objects: perturbative treatment in S? £ 173 «pS o

@ Here: only spin-induced quadrupole

Jrveo _ 3(1+6k)
W

v[“SV])‘S?\[pv‘ﬂ =0 (82)

bk = 0 for a Kerr BH and 6k # 0 otherwise = nature of the object matters!
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Geodesics
@ Symmetries: 2 Killing vectors + 1 rank-2 Killing tensor
@ 4 conserved quantities: p.z, E, Lz and Q

@ Bounded geodesic motion in Kerr is triperiodic (in v, 6, ), separable and
(Liouville) integrable

o Allows to turn to action-angle variables (x*,p,.) — (g?,J) such that

P =), Ja=0
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@ Other quasi-constants of the motion investigated by Riidiger in the 80s @ O (S ! )
[Riidiger 1981-83] [Compere and AD 2020]
o Linear invariant Qy (NEW !)
e Quadratic invariant Qg (~ generalization of Carter constant)
@ Integrability broken and chaos can arise, but shifts in fundamental frequencies can
be computed [Witzany 2019]
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Geodesics
@ Symmetries: 2 Killing vectors + 1 rank-2 Killing tensor
@ 4 conserved quantities: p.z, E, Lz and Q

@ Bounded geodesic motion in Kerr is triperiodic (in v, 6, ), separable and
(Liouville) integrable

o Allows to turn to action-angle variables (x*,p,.) — (g?,J) such that

P =), Ja=0

Extended bodies
@ E, L, can be deformed and still exactly conserved [Dixon 1979]

@ Other quasi-constants of the motion investigated by Riidiger in the 80s @ O (S ! )
[Riidiger 1981-83] [Compere and AD 2020]
o Linear invariant Qy (NEW !)
e Quadratic invariant Qg (~ generalization of Carter constant)
@ Integrability broken and chaos can arise, but shifts in fundamental frequencies can
be computed [Witzany 2019]
°e@Q (S 2), deformations of Qy and Qgp still exist for BHs (6 = 0), but not clear for
NS [Compere, AD and Vines, to appear]
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EVOLUTION OF EMRIS: TWO-TIMESCALE EXPANSION

e For LISA, need to go up to O(e?) and O(S?)
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© Multiscale expansion: separate slow-time dynamics (~ tr.r) from fast-time dynamics
(~ ‘l‘,o) [Flanagan and Hinderer 2008]
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e For LISA, need to go up to O(e?) and O(S?)
© Multiscale expansion: separate slow-time dynamics (~ tr.r) from fast-time dynamics
(~ ‘l‘,o) [Flanagan and Hinderer 2008]

o Fast-time equations « triperiodicity of background geodesics
e Slow-time equations « drive the evolution of the constants of motion

@ EOMs read

dc?itcx:wo‘(] )+€go( (qA,]}\)+€ goc (qA/JA)+O( )
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e For LISA, need to go up to O(e?) and O(S?)
© Multiscale expansion: separate slow-time dynamics (~ tr.r) from fast-time dynamics
(~ ‘l‘,o) [Flanagan and Hinderer 2008]

o Fast-time equations « triperiodicity of background geodesics
e Slow-time equations « drive the evolution of the constants of motion

@ EOMs read
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ddit)‘: (qA,Ip)+€ G (qA/]P)+O( )

o Still need the fundamental frequencies (possibly with finite-size corrections)
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e For LISA, need to go up to O(e?) and O(S?)
© Multiscale expansion: separate slow-time dynamics (~ tr.r) from fast-time dynamics
(~ ‘l‘,o) [Flanagan and Hinderer 2008]

o Fast-time equations « triperiodicity of background geodesics
e Slow-time equations « drive the evolution of the constants of motion

@ EOMs read

Yo wali) el lan 0+ 02 (an In) + 0L,
ddit)‘: (qA,Ip)+€ G (qA/]p)+O( )

o Still need the fundamental frequencies (possibly with finite-size corrections)

@ Obtaining a generic working waveform generation scheme is still a (long time)
community effort. ..
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OUTLOOKS

@ Studying the test body motion is still useful for understanding self-forced motion
(and thus GWs from EMRIs)!

Thank you for listening !
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OUTLOOKS

@ Studying the test body motion is still useful for understanding self-forced motion
(and thus GWs from EMRIs)!

@ Various problems still open

o First goal: status of the NS conserved quantities @ O (S?)
~ help from the “supersymmetric” formulation?
o Treatment at higher orders in the multipole expansion
~ constraints on the form of the EOMs
e Strong relation with separability of Hamilton-Jacobi equation at first order [Witzany
2019]
~» compute shifts in fundamental frequencies, action-angle variables. ..
o Comparison with conserved quantities in the PN BBH system
[Tanay, Stein and Gélvez Ghersi 2020]
o Covariant building blocks useful for other applications ?
~» BHP theory in Kerr spacetime in metric formalism

Thank you for listening !
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INTRODUCTION: CONSTANTS OF MOTION FOR TEST BODIES IN KERR
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INTRODUCTION: CONSTANTS OF MOTION FOR TEST BODIES IN KERR

Geodesics

o Killing vectors & = 0t,04:
dxH
QE, £ E'Iivu' v £ da

conserved along geodesic motion
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@ Separation of Kerr geodesic equations by Carter [Carter 1968] :
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A [ na _
QE, E’Hv 4 v dxa
conserved along geodesic motion
@ Separation of Kerr geodesic equations by Carter [Carter 1968] :

Qc :Kp.vvuvv, V(WKBY] =0
also conserved along geodesic motion
Spinning bodies
@ Motion of multipolar test bodies: Mathisson-Papapetrou-Dixon equations
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INTRODUCTION: CONSTANTS OF MOTION FOR TEST BODIES IN KERR

Geodesics
o Killing vectors & = 0t,04:
dxH
A [ na _
QE, E’Hv 4 v dxa
conserved along geodesic motion
@ Separation of Kerr geodesic equations by Carter [Carter 1968] :

Qc = Kp.vVP'VV, V(WKBY] =0
also conserved along geodesic motion
Spinning bodies
@ Motion of multipolar test bodies: Mathisson-Papapetrou-Dixon equations
0 Qg = £uvH + § V &y SHY exactly conserved [Dixon 1979]
o For astrophysically realistic EMRISs: piM < ;‘—,\ZA = <1

@ Other constants of the motion investigated by Riidiger in the 80s @ O (S 1 )
[Riidiger 1981-83]
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Geodesics
o Killing vectors & = 0t,04:

dx™
A o 98 A
(2 = v, vV = —

£ =u dA
Conserved along geodesiC motion

@ Separation of Kerr geodesic equations by Carter [Carter 1968] :
Qc :Kp.vvuvv, V(WKBY] =0

also conserved along geodesic motion
Spinning bodies
@ Motion of multipolar test bodies: Mathisson-Papapetrou-Dixon equations
0 Qg = £uvH + § V &y SHY exactly conserved [Dixon 1979]
o For astrophysically realistic EMRISs: piM < ;‘—,\ZA = <1
e Other constants of the motion investigated by Riidiger in the 80s @ O(S")
[Ritdiger 1981-83]

e Linear invariant Qy (NEW !)
e Quadratic invariant Qg (~ generalization of Carter constant)
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[Ritdiger 1981-83]

e Linear invariant Qy (NEW !)
e Quadratic invariant Qg (~ generalization of Carter constant)
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INTRODUCTION: CONSTANTS OF MOTION FOR TEST BODIES IN KERR

Geodesics
o Killing vectors & = 0t,04:
dxH
A [ na _
QE, E’Hv 4 v dxa
conserved along geodesic motion
@ Separation of Kerr geodesic equations by Carter [Carter 1968] :

Qc = Kp.vVP'VV, V(WKBY] =0
also conserved along geodesic motion
Spinning bodies
@ Motion of multipolar test bodies: Mathisson-Papapetrou-Dixon equations
0 Qg = £uvH + § V &y SHY exactly conserved [Dixon 1979]
o For astrophysically realistic EMRISs: piM < ;‘—,\ZA = <1

e Other constants of the motion investigated by Riidiger in the 80s @ O (S ! )
[Riidiger 1981-83]
e Linear invariant Qy (NEW !)
e Quadratic invariant Qg (~ generalization of Carter constant)

What happens @0 (S 2), including quadrupole corrections ?
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THE SETUP: MATHISSON-PAPAPETROU-DIXON EQUATIONS

@ Motion of spinning test bodies in curved spacetime: MPD equations

Dp* _ 1

T L A
Dj;“’ :zp[uvv] +£LLV.

p* 2 J‘xozcst d*x \% 79THO' sw £ .I.xozcst d’x \/jg(équVO - 5XVTHO)
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THE SETUP: MATHISSON-PAPAPETROU-DIXON EQUATIONS

@ Motion of spinning test bodies in curved spacetime: MPD equations

Dp* _ 1

T L A
Dj;\“’ :zp[uvv] +£LLV.

PHE [ o d3x/—gTHO, SHY £ [ o d3x /=g (oxHTYO — 5x¥THO)
e Conserved spin magnitude: S? £ %SaﬁS"‘f’
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THE SETUP: MATHISSON-PAPAPETROU-DIXON EQUATIONS

@ Motion of spinning test bodies in curved spacetime: MPD equations
% = —%RHWCBVVSO‘[5 +F*
DSHY
Cdh
PHE [ o d3x/—gTHO, SHY £ [ o d3x /=g (oxHTYO — 5x¥THO)
e Conserved spin magnitude: S? £ lSaﬁS"‘f’
@ Quadrupole approximation:

— zp[u\,v] 4 LRV,

1 s 4 [k
FH = _gI“BY VHRupys, LHY = §R “By]\/]aﬁv
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THE SETUP: MATHISSON-PAPAPETROU-DIXON EQUATIONS

@ Motion of spinning test bodies in curved spacetime: MPD equations
% = —%RHWCBVVSO‘[5 +F*
DSHY
SdA
PHE [ o d3x/—gTHO, SHY £ [ o d3x /=g (oxHTYO — 5x¥THO)
o Conserved spin magnitude: S* £ 1S, 55*P
@ Quadrupole approximation:

— zp[u\,v] 4 LRV,

1 s 4 [k
FH = _gI“BY VHRupys, LHY = §R “By]VJCXBY

@ Spin-induced quadrupole:

Jrveo _ 3(1+6k)
W

v[“SV])‘SA[pv‘T] =0 (82)

ok = 0 for a Kerr BH (“BH case”) and &« # 0 otherwise (“NS case”)
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THE SETUP: MATHISSON-PAPAPETROU-DIXON EQUATIONS

@ Motion of spinning test bodies in curved spacetime: MPD equations
% = —%RHWCBVVSO‘[5 +F*
DSHY
SdA
PHE [ o d3x/—gTHO, SHY £ [ o d3x /=g (oxHTYO — 5x¥THO)
o Conserved spin magnitude: S* £ 1S, 55*P
@ Quadrupole approximation:

— zp[u\,v] 4 LRV,

1 s 4 [k
FH = _gI“BY VHRupys, LHY = §R “By]VJCXBY

@ Spin-induced quadrupole:

Jrveo _ 3(1+6k)
W

v[“SV])‘SA[pv‘T] =0 (82)

ok = 0 for a Kerr BH (“BH case”) and &« # 0 otherwise (“NS case”)
o Tulczyjew spin supplementary condition

S“Vpu =0 B Suv = 7€HVO‘B£&SB’ Vu :Vu(pcxlsoc)

é‘pa/u
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CONSERVED QUA

IES

@ Basic idea: enforce directly the (quasi-)conservation

O =\ v, QA (sk)
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CONSERVED QUANTITIES

@ Basic idea: enforce directly the (quasi-)conservation
QN =¥V, QA L o(s¥)
o Historically: homogeneous Ansitze in the number of p’s and S’s

QM = AupH +BapS*P,
Q@) = Kyv P + LyvpP*SYP + My poSHYSPO
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CONSERVED QUANTITIES

@ Basic idea: enforce directly the (quasi-)conservation
Q(A —v7‘V>\Q (Sk)
o Historically: homogeneous Ansitze in the number of p’s and S’s

QM = AupH +BapS*P,
Q@) = Kyv P + LyvpP*SYP + My poSHYSPO

@ Relaxed spin vector: S* = (5%‘ +ﬁ“ﬁ{5)56
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CONSERVED QUANTITIES

@ Basic idea: enforce directly the (quasi-)conservation
QN =¥V, QA L o(s¥)
o Historically: homogeneous Ansitze in the number of p’s and S’s
QY =Aup" +BapS*P,
Q¥ = KuvPH*pY + LuvopHSYP + Myuv oo SHYSPO

@ Relaxed spin vector: S* = (5%‘ +ﬁ“ﬁ{5)56

@ All the terms of the constraints take the form

To(1 el BBy sX1 . . s%ns ﬁf-’ﬂ . ..ﬁB“P
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CONSERVED QUANTITIES

Basic idea: enforce directly the (quasi-)conservation

O =\ Ay, QA (Sk)
o Historically: homogeneous Ansitze in the number of p’s and S’s

QM = Aupu"‘BocBS(xﬁ/
Q¥ = KuvPH*pY + LuvopHSYP + Myuv oo SHYSPO

Relaxed spin vector: S* = (6%‘ +P%Pp ) sB
All the terms of the constraints take the form

To(1 el BBy sX1 . . s%ns ﬁf-’ﬂ . ..ﬁB“P

@ All the contributions of different gradings [ns, np] should vanish independently
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CONSERVED QUANTITIES

Basic idea: enforce directly the (quasi-)conservation

O =\ Ay, QA (Sk)
o Historically: homogeneous Ansitze in the number of p’s and S’s

QM = Aupu"‘BocBS(xﬁ/
Q¥ = KuvPH*pY + LuvopHSYP + Myuv oo SHYSPO

Relaxed spin vector: S* = (6%‘ +P%Pp ) sB
All the terms of the constraints take the form

To(1 el BBy sX1 . . s%ns ﬁf-’ﬂ . ..ﬁB“P

@ All the contributions of different gradings [ns, np] should vanish independently

@ Nevertheless, one should deal with cumbersome PDEs. ..
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COVARIANT BUILDING BLOCKS FOR KERR

@ Define

Y8 & 262/55] Yo

R 2 r+1iacosH, N“Bé—iG(xﬁuvl”nV, Gup s —leap
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COVARIANT BUILDING BLOCKS FOR KERR

@ Define

Y8 & 262/55] Yo

R 2 r+1iacosH, N“Bé—iG(xﬁuvl”nV, Gup s —leap

o All the Kerr spacetime quantities can be expressed in terms of
(guv,€uvpo, R, Ea, Ny ) and their conjugated. Examples:

3NapNys — Gapys
R3 '

Yocﬁ =—Re (RNocB)r R(Xﬁy5 :MRe(
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COVARIANT BUILDING BLOCKS FOR KERR

@ Define

Y8 & 262/55] Yo

R 2 r+1iacosH, N“Bé—iG(xﬁuvl”nv, Gup s —leap

o All the Kerr spacetime quantities can be expressed in terms of
(guv,€uvpo, R, Ea, Ny ) and their conjugated. Examples:

3NapNys — Gapys
R3 ’

Yocﬁ =—Re (RNoc[S)r R(Xﬁy5 :MRe(

@ Closed differential relations:
iVaR =Nggéf, iV, (RNup) = Gapyst®,

. M /N N
Wats =3 (P - %P )
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COVARIANT BUILDING BLOCKS FOR KERR

@ Define

5]

. o
5 —1e(xﬁy

R27+1ac0s0, Nep 2 —iGapuyl"nY, G, 7" 22575

o All the Kerr spacetime quantities can be expressed in terms of
(guv,€uvpo, R, Ea, Ny ) and their conjugated. Examples:

3NapNys — Gapys
R3 ’

Yocﬁ =—Re (RNoc[S)r R(Xﬁy5 :MRe(

@ Closed differential relations:
iVaR =Nggéf, iV, (RNup) = Gapyst®,

. M /N N
Wats =3 (P - %P )

@ Only non-trivial contraction: h;v = N *Ny .

NapNPo = 0oy, NepNOP =0, NggN*P =4
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“SCALAR” CONSTRAINT EQUATION

@ Generating set of contractions for the constraint equations:
S?Esas®,  PEEPaPY, ALsaPY, AR NZLEMNY
B2 Ngus*P",  CENpG&'s¥,  DEhihs®,  E£—£,p%,
Es = —&as”, F£ h}\p.&?\ﬁu/ G= hocusocﬁur H=£ huvﬁuﬁvr
Iéhaﬁsasﬁr ]éhocﬁ‘;—»ocz.ﬁ~
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“SCALAR” CONSTRAINT EQUATION

@ Generating set of contractions for the constraint equations:
S?Esas®,  PEEPaPY, ALsaPY, AR NZLEMNY
B2 Ngus*P",  CENpG&'s¥,  DEhihs®,  E£—£,p%,
Es = —&as”, F£ h}\p.&?\ﬁu/ G= hocusocﬁur H=£ huvﬁuﬁvr
Iéhaﬁsasﬁr ]éhocﬁ‘;—»ocz.ﬁ~

@ Powers of R introduced through

KR™ KR™
ocl(gl’p)éRe< R ), w](?’p)élm( R )

RP RP
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“SCALAR” CONSTRAINT EQUATION

@ Generating set of contractions for the constraint equations:

ST 2545, PPE PaP%, ALs DY, AENEMH,
B £ Ngus™p*, C 2 Ny &ls™, D 2 hyg& s, E2 —£,.p%,
Es = —&as”, F£ h}\p.&?\ﬁu/ G= hocusocﬁur H=£ huvﬁuﬁvr

>

I:haBS“SBr ]éhocﬁ‘;—»ocz.ﬁ~

@ Powers of R introduced through

(np) a KR™ (np) a KR™
ocKnp ﬁRe<Rp , wKﬂP 2 Im =r )

@ Differential operator

VT e ﬁ)\v)\(Tul TS JEHT LM

7

...eru1 R g (euzﬁuorsu)
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“SCALAR” CONSTRAINT EQUATION

@ Generating set of contractions for the constraint equations:

ST 2545, PPE PaP%, ALs DY, AENEMH,
B £ Ngus™p*, C 2 Ny &ls™, D 2 hyg& s, E2 —£,.p%,
Es = —&as”, F£ h}\p.&?\ﬁu/ G= hocusocﬁur H=£ huvﬁuﬁvr

>

I:haBS“SBr ]éhocﬁ‘;—»ocz.ﬁ~

@ Powers of R introduced through

(np) a KR™ (np) a KR™
ocKnp ﬁRe<Rp , wKﬂP 2 Im =r )

@ Differential operator
VTS ﬁ)\v)\(Tul o SRR

T2T,, M. v (0 =pHorsH)

@ In this formulation, the constraints become purely algebraic relations!
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THE LINEAR CONSTRAINT

QU & XyupH + Wy SHY, QM é0(53)
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THE LINEAR CONSTRAINT

QU & XyupH + Wy SHY, QM é0(53)

0,211 VuXypHpY = 0(53),

1,2 : vu\(msf%uﬁk%xA fvppstPYPP :0(53),
o
2,41:  (VaXy—2Wap) (pD)‘V - E"V)ﬁ”ﬁv - (9(53)

XMV ARy ps “SPPYPP + Yy LY = (’)(53),
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THE LINEAR CONSTRAINT

QU & XyupH + Wy SHY, QM é0(53)

0,211 VuXypHpY = 0(53),

1,2 Vuvmsfxﬁuﬁk%xA fvppstPYPP :0(53),
o
2,41:  (VaXy—2Wap) (pD)‘V - E"V)ﬁ”ﬁv - (9(53)

@ For any Killing vector X",

2,2]: XMV ARy ps “SPPYPP + Yy LY = 0(53),

1
QX = Xp.pu + Evuxvsuvz

is conserved Vdk
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THE LINEAR CONSTRAINT

[0,2]:
1,2]:
2,2]:

(2,4] :

QU & XyupH + Wy SHY, QM é0(53)

VuXypHpY = O(SS)
V Yoy s pHpY — fo RivposPpYpP = 0(53),
EX VARvoppS sﬁﬁvﬁp Yy LY = (’)(53),

(VaXu—2Way) (WD, — £, )pHpY = 0(8?)

@ For any Killing vector X",

1
QX = Xp.pu + Evuxvsuvz

is conserved Vok
@ For any Killing-Yano tensor VY4 = 0, the constraint boils down to

2,4 : 5K(AH+P2) (1:3) 0(33)

= Qv =Y. S*B is only conserved for BHs (§k = 0). ..
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q[z) L @(53)
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q[z) L @(53)

First orderin S
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q(z) L @(53)

First orderin S

@ Non-trivial conserved quantity at linear order: Riidiger quadratic invariant
[Riidiger 1983]

2 4 1
Kiv =YY, Lapy = 3ViaKply T 3€apys Vo2, 22 JVepVP
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q(z) L @(53)

First orderin S

@ Non-trivial conserved quantity at linear order: Riidiger quadratic invariant
[Riidiger 1983]

2 4 1
— A _ 5 AL
Kuv =YiaYY, Lapy = 3ViaKply +3€apys V02, 25 ZYj;ﬁY“B
@ Holds in any RF spacetime admitting a KY tensor & unique in Kerr [Compere and AD

2021]
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q(z) L @(53)

First orderin S

@ Non-trivial conserved quantity at linear order: Riidiger quadratic invariant
[Riidiger 1983]

2 4 1
— A _ 5 AL
Kuv =YiaYY, Lapy = 3ViaKply +3€apys V02, 25 ZYj;ﬁY“B
@ Holds in any RF spacetime admitting a KY tensor & unique in Kerr [Compere and AD

2021]

Adrien Druart (ULB) — adrien.druart@ulb.be Test bodies in Kerr spacetime October 14, 2022



THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q(z) L @(53)

First orderin S

@ Non-trivial conserved quantity at linear order: Riidiger quadratic invariant
[Riidiger 1983]

2 4 1
— A _ 5 AL
Kuv =YiaYY, Lapy = 3ViaKply +3€apys V02, 25 ZYj;ﬁY“B
@ Holds in any RF spacetime admitting a KY tensor & unique in Kerr [Compere and AD

2021]

Second order in S [Compere, AD and Vines, to appear soon
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q(z) L @(53)

First orderin S

@ Non-trivial conserved quantity at linear order: Riidiger quadratic invariant
[Riidiger 1983]

2 4 1
— A _ 5 AL
Kuv =YiaYY, Lapy = 3ViaKply +3€apys V02, 25 ZY‘*XﬁY“B
@ Holds in any RF spacetime admitting a KY tensor & unique in Kerr [Compere and AD

2021]
Second order in S [Compere, AD and Vines, to appear soon]

@ Using an appropriated Ansatz & the formalism introduced before
_ 1 2 1 A K | K
Mapys = —gay | Ep&s — 59858" | +5Ya" { Yy Rapes +5YA Repys

is conserved @ O (S?) for the spin induced quadrupole for 5k = 0
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THE QUADRATIC CONSTRAINT

Q(Z) = KuvP"PY + LuvpPHSYP + My poSHYSPO, Q(z) L @(53)

First orderin S

@ Non-trivial conserved quantity at linear order: Riidiger quadratic invariant
[Riidiger 1983]

2 4 1
— A _ 5 A
Kuv =YiaYY, Lapy = 3ViaKply +3€apys V02, 25 ZY(’;ﬁY“B
@ Holds in any RF spacetime admitting a KY tensor & unique in Kerr [Compere and AD

2021]
Second order in S [Compere, AD and Vines, to appear soon]

@ Using an appropriated Ansatz & the formalism introduced before
_ 1 2 1 A K | K
Mapys = —gay | Ep&s —59p58" | T 5Va" | Yy Raprs 5 VA " Repys

is conserved @ O (S?) for the spin induced quadrupole for 5k = 0

@ Proof carried out in Kerr using CBB + uniqueness demonstrated
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SOME INSIGHTS ABOUT NEUTRON STARS (6k # 0 CASE)

@ Adding a deformation

Q = Qpu — Qpu +8xQns

allows to separate NS constraint from BH one = independent treatment
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SOME INSIGHTS ABOUT NEUTRON STARS (6k # 0 CASE)

@ Adding a deformation

Q = Qpu — Qpu +8xQns

allows to separate NS constraint from BH one = independent treatment
o Linear invariant: must be supplemented by a [2, 3] piece
Qg = 5kMgp iy 5S*BSYSpH such that (N 2 M%)

N = (AH+P2 Jag
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SOME INSIGHTS ABOUT NEUTRON STARS (6k # 0 CASE)

@ Adding a deformation

Q = Qpu — Qpu +8xQns

allows to separate NS constraint from BH one = independent treatment
o Linear invariant: must be supplemented by a [2, 3] piece
Qg = 5kMgp iy 5S*BSYSpH such that (N 2 M%)

UN = 3TM (AH+P26) i)

@ Quadratic invariant: must be supplemented by a (2, 2] piece
QI(\TZS) = 5kMypy5S*P SY® such that

3M /2 32 o2 (0,2) (2,4) (1,3)) 3M 52 \( (0,2) (2,4)
Y 28 (42 +p2s )(&Lw/\ +oZM 420l )+T(,1h+/ Bs)(wp??) + ol }
15M [ (0,2) (2,4))  15M (1,3) ( 20y (1,3)
,U03) _sM(aF +72D)w
4 (LL/\BZ FeaB2 ) 2 “AB2 (AF+PTD)wy
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SOME INSIGHTS ABOUT NEUTRON STARS (8k # 0 CASE)

@ Adding a deformation

Q = QpH — QpH +8xQnNs

allows to separate NS constraint from BH one = independent treatment
o Linear invariant: must be supplemented by a [2, 3] piece
Qg = 5kMgp iy 5S*BSYSpH such that (N 2 M%)

@N::ﬂ%(AH+¢ﬂG)wQ3

@ Quadratic invariant: must be supplemented by a (2, 2] piece
QI(\TZS) = 5kMypy5S*P SY® such that

VUN=Y

I
7

3 [ ) (2, 3)) 3IM ~ (0 4)
v =25 (a2 +/’251J(\w/\' T+l '”+2Ll)’,\1"')+7(,,1h +/‘Zh5)(w“;'2\ +u»:;2’|\>

5M [ 0,2 2,4)) 5M 3) ( \ 3
IA\1(LLW,, ) [_4\) 15M nu(,]"’," 3M (AF ‘PZD)W[BI,.)

2 ABZ




