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Pietro Celebration

When I was a student in SISSA
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Pietro Celebration

When I took my first examination for a ”concorso” in Italy:

Pietro Fre’

Alberto Zaffaroni (Milano-Bicocca) Pietro70 2022 3 / 25



Pietro Celebration

After my post-doc years I met Pietro walking on a road at
Vietri sul Mare

Alberto Zaffaroni (CERN) Alessandro Zampa (SISSA)

Alberto Zaffaroni (Milano-Bicocca) Pietro70 2022 4 / 25
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Klebanov-Witten paper

D3 branes probing a conical Calabi-Yau with base a Sasaki-Einstein H5:

H

• Near horizon geometry AdS5 × H5

• Superconformal field theory on the world-volume

Symmetries come from bulk massless gauge fields:

• isometries of H5 – mesonic symmetries

• reduction of A(4) on non-trivial three cycles in H5 – baryonic symmetries –
Betti multiplets in supergravity
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Klebanov-Witten paper

Everyone favorite is the conifold C (T 1,1) : T 1,1 = SU(2)× SU(2)/U(1)

N N

Ai

Bj

Symmetries:

mesonic: U(1)R × SU(2)× SU(2)

baryonic: +1 for Ai and −1 for Bi

W = Tr
(
A1B1A2B2 − A1B2A2B1

)
Baryons = D3-branes wrapped on three cycles S [Gubser-Klebanov 98]

detA , detB =⇒ ∆ =
πVol(S)

2Vol(H5)
=

3N

4
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M2 branes in M theory

M2 branes probing a conical Calabi-Yau with base a Sasaki-Einstein H7:

H

• Near horizon geometry AdS4 × H7

• Superconformal field theory on the world-volume

So we decided to investigate the case of homogeneous Sasaki-Einstein H7. A
perfect combination of gravity, geometry and symmetry.
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Homogeneous Sasaki-Einstein H7:

Q1,1,1 =
SU(2)× SU(2)× SU(2)

U(1)× U(1)

M1,1,1 =
SU(3)× SU(2)× U(1)

SU(2)× U(1)× U(1)

N0,1,0 =
SU(3)

U(1)

V 5,2 =
SO(5)

SO(3)
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And of course Pietro wrote:

Alberto Zaffaroni (Milano-Bicocca) Pietro70 2022 9 / 25



Pietro Celebration

And started working on it again:
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Pietro Celebration

I was still in CERN, Pietro and Leonardo in Torino, Reina
and Tomasiello in SISSA and we were meeting half-way in
Milano, invading poor Luciano Girardello’s office

Alberto Zaffaroni (CERN) Alessandro Zampa (SISSA)
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Pietro Celebration

We computed the dimension of baryons

Baryons are M5-branes wrapped over five-cycles and

b5(Q1,1,1) = 2 , b5(M1,1,1) = 1

We identified supersymmetric cycles:

Q1,1,1

∆ =
2πVol(S5)

2Vol(Q1,1,1)
=

N

3

=⇒ fields of dimension 1/3

M1,1,1

∆ =
2πVol(S5)

2Vol(M1,1,1)
=

N

3
,

4N

9

=⇒ fields of dimension 1/3, 4/9
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We were perhaps too naive

Q1,1,1 M1,1,1

I Nicely matching the KK spectrum: Tr(ABC )k , Tr(U3V 2)k

I Nicely compatible with the dimension of baryonic operators

I Failing to reproduce the non-abelian moduli space Sym(H7)N

”Since we do not have a superpotential here, we have to suppose that both the elimination of the unwanted colored massless
states as well as the disappearing of the non-symmetric chiral operators emerges as a non-perturbative IR effect. ”
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SINCETHEN
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Superconformal field theories zoo

D3 branes probing a conical Calabi-Yau with base a Sasaki-Einstein H5:

H

• Near horizon geometry AdS5 × H5

• Superconformal field theory on the world-volume

• Complete correspondence between CY and CFT
in the toric case
[Franco-Hanany-Kennaway-Vegh-Wecht; Feng-He-Kennaway-Vafa, 2005]
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Superconformal field Theories Zoo in 3d

M2 branes probing a conical Calabi-Yau with base a Sasaki-Einstein H7:

H

• Near horizon geometry AdS4 × H7

• Superconformal field theory on the world-volume

• Correspondence between CY and CFT still
missing even in the toric case

Most examples are obtained by reducing dimensionally D3-branes and adding
Chern-Simons couplings and/or flavoring with fundamentals.
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Superconformal Field Theories Zoo in 3d

Everyone favorite is the ABJM theory: C (H7) = C4/Zk

N

k

N

−k

Ai

Bj

Symmetries:

mesonic: U(1)R × SU(2)× SU(2)× U(1)

W = Tr
(
A1B1A2B2 − A1B2A2B1

)
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Homogeneous Sasaki-Einstein
Q1,1,1

[Benini,Closset,Cremonesi;Jafferis ’10]

V 5,2
[Martelli,Sparks, 09]

M1,1,1
[Martelli,Sparks, 09]

N0,1,0
[Gaiotto,Jafferis 09]
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All good?

Basic holographic dictionary

FS3 = N3/2

√
2π6

27VolS(H7)
∆a =

2π

3

VolS(Sa)

VolS(H7)

where FS3 is the free energy on S3.

• The quantum field theory large N limit FS3 has been successfully compared
with the gravitational result: N3/2 big success!

• The QFT method miserably fails for ”chiral” quivers like M1,1,1

[Martelli-Sparks;Herzog-Jafferis-Klebanov-Pufu-Safdi;Amariti-Klare-Siani, ...]

Alberto Zaffaroni (Milano-Bicocca) Pietro70 2022 20 / 25



Pietro Celebration

With refinement

If R0 is a U(1) R-symmetry

R = R0 +
∑
a

∆aJa

also is, for all U(1) global symmetries Ja.

• The exact R-charges ∆a of a three-dimensional N = 2 CFT can be obtained
by extremizing the free energy on S3, FS3 (∆a), that depends on a trial
R-charge [Jafferis ’10]

• The large N limit FS3 (∆a) has been computed only for a subclass of theories
and curiously depends only on mesonic symmetries

[Martelli-Sparks;Herzog-Jafferis-Klebanov-Pufu-Safdi;Amariti-Klare-Siani, ...]
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And we can put black holes in AdS4

Compactify the M2-brane theory on a Riemann surface Σg by turning turn on
magnetic fluxes for all symmetries:∫

Σg

Fa = na

d∑
a=1

na = 2− 2g.

The dual is four-dimensional magnetically charged black holes in AdS4 × H7

whose horizon is a fibration AdS2 × Σg × H7.

• Explicit solutions for Q1,1,1,M1,1,1 with baryonic charges [Halmagyi,Petrini,Zaffaroni 13]

• General construction for computing the entropy from toric data
[Couzens,Gauntlett,Martelli,Sparks, 18]
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I-extremization

The entropy of such black holes can be found by extremizing

I(∆I , nI ) = logZΣg×S1 (∆a, na)

where the topologically twisted index of the M2 theory [Benini-Hristov-AZ 15]

ZΣg×S1 (∆I , nI ) = TrH(−1)F e iJI ∆I e−βH = TrH(−1)R(∆I )

computes the equivariant Witten index of the IR quantum mechanics.

There is is a simple formula valid at large N [Hossein-AZ 16]

I(∆I , nI ) = −1

2

∑
I

nI
∂FS3 (∆I )

∂∆I

puzzling again, all baryonic symmetries are invisible at large N.
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Holographic test

Partial answer. Large N computations exists only for non-chiral theories and are
blind to baryonic symmetries but when they exist they match the BH entropy:

S(na) ≡ −1

2

d∑
a=1

na
∂FS3 (∆a)

∂∆a

∣∣∣
extremized on ∆a

• full equivalence for all theories without baryonic symmetries: S7, V 5,2

• partial equivalence (turning on only mesonic na) for vector-like theories with
baryonic symmetries: Q1,1,1, N0,1,0

• no check available for chiral theories: M1,1,1

[Hosseini, A.Z; Gauntlett, Martelli, Sparks; Kim, Kim 19]
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Conclusions
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