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Talk organized as…

Introduction


Jet Event Shapes and angularity


Event Shapes in DIS


Angularity beam functions at next-to-next-to-leading log (NNLL) 


Angularity differential cross-section at NNLL


Prediction & Remarks for future EIC



Jets and Jet Event Shapes?
In high energy scattering, the most common final states are collimated 
branches of strongly interacting particles, called jet.
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Jet Observables are called  
Event Shapes 

e.g., Thrust, Jet Broadening, 
Angularity… 

O(αs) 

dσ
dxdQ2dτa

= ??



Thrust: Characterizes the geometry of collision

 Rapidity:



Thrust: Characterizes the geometry of collision

 Rapidity:

An example: 



Angularity Event Shapes 

A more general event shape!

provide access from thrust to jet broadening in continuous manner 

—C. F. Berger, T. Kucs and G. F. Sterman’ 2003 

Depends on  
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Angularity Event Shapes 

A more general event shape!

provide access from thrust to jet broadening in continuous manner 

—C. F. Berger, T. Kucs and G. F. Sterman’ 2003 

Depends on  
continuous 
parameter

For dijet

a→0
Thrust 

Up to N3LL’

I I
a→1

Broadening 
at NNLL’

a→

Angularity

τee
a



Why DIS angularity?  Puzzle in Strong Coupling determination 

 Need a new test from an 
independent experiment 
and new event shapes! 

Discrepancy> 3-Sigma 

from Lattice



 Shed lights on the puzzle in strong coupling constant determination
DIS event shapes for future Electron-Ion-Collider (EIC) at BNL!!

Why DIS angularity?

Could be an early milestone!



Angularity  
in the deep-inelastic scattering!

e(l) + N(P) → e(l′�) + dijet



Back to back in CM frameNot back to back even in CM !!

ISR FSR

Angularity for DIS
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Back to back in CM frameNot back to back even in CM !!

Axis Choice:  qB = xP,  qJ= jet axis

ISR FSR

Angularity for DIS

with



— D.Kang,Lee,Stewart’2013
     Z.Kang,Mantry,Qiu’2012 
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Angularity diff. cross-section for DIS
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Collinear and 
soft modes

Power counting in SCET 
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Soft and collinear splitting 

SCET facto.:     dσ = Hard × Beam ⊗ Jet ⊗ Soft

p2 = p+p−

p⊥ = 0 plane



�13

Soft and collinear splitting 

—Hornig, Lee, Ovanesyan’09; 
—Bell, Hornig, Lee, Talbert’18,

The angularity Bean function is presented for the first time 
—Tanmay Maji, D. Kang, J. Zhu, JHEP11(2021) 026
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Large logs at threshold limit & Resummation

With jB = 2-a
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Large logs at threshold limit & Resummation

With jB = 2-a

Leading Log (LL)


Next-to-leading Log (NLL)


Next-to-next-leading Log (NNLL)
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Resummation in Laplace space
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Resummation of large logs
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Resummation of large logs

LL: Leading Log; 

NLL: Next-to-Leading Log



Results: 

Angularity Beam function

B(τB
a , x, μ)



 Angularity Beam function at NNLL accuracy

Resummation of large logs provides better perturbative convergence. 

<-  Thrust limit

<-  a= - 0.5

<-  a= 0.5



Beam Func. & Fragmentation func.
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Results

Angularity Differential Cross-section

dσDIS

dxdQ2dτa
= ?



Angularity Differential Cross-section
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Angularity Differential Cross-section

Resummed result
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Numerical results at NNLL
   DIS angularity cross-section at NNLL accuracy

Low angularity region: 
Log singularity at NLO

Tail region: 
Resummation gives 

convergence from LL to 
NNLL

Far-tail region: 
Need full QCD
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We adopt electron-positron angularity profile function from Bell, Hornig, Lee, Talbert, 18  
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Prediction is more precise for negative ‘a’ 

a < 0 

!23



uncertainty in the angularity cross-section depends on the 
longitudinal momentum fraction (x) of the partons. 
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Relative uncertainty at NNLL



uncertainty in the angularity cross-section depends on the 
longitudinal momentum fraction (x) of the partons. 
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Relative uncertainty at NNLL
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Gluon contribution to the NLO correction is large at small-x region  
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uncertainty depends on the angularity parameter ‘a’ as well as on the 
longitudinal momentum fraction ‘x’ of the partons. 

Prediction is more precise for small-‘x’ and negative ‘a’ region.

Summary and Conclusion

1. Present one-loop angularity beam function for the axis choice along jet axis.

2. Give precision prediction to the DIS angularity cross-section at NNLL 

accuracy.

!26



!27

Future direction
1. An extension of this work to access the entire a space, specially a~1 

region, by incorporating the recoil effect. 
2. Uncertainty in the cross-section is sensitive to Q, ’a’ and ‘x’ and we 

need to find out a reasonable profile function for DIS angularity.



1. Recoil effect in DIS angularity and access to the entire a space, specially 
a~1 region, by incorporating the recoil effect in DIS!! 
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SCET-IISCET-I Recoil effect

—Andrew Hornig, Christopher Lee, and Grigory Ovanesyan,JHEP 05 (2009) 122
—A. Budhraja, Ambar Jain and Massimiliano Procura, JHEP08(2019)144

b=(1-a)

Future direction
1. An extension of this work to access the entire a space, specially a~1 

region, by incorporating the recoil effect. 
2. Uncertainty in the cross-section is sensitive to Q, ’a’ and ‘x’ and we 

need to find out a reasonable profile function for DIS angularity.



Thank you!





Anomalous dimension
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 Profile function
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 Profile function

We adopt electron-positron angularity profile function from Bell, Hornig, Lee, Talbert, 18  



— D.Kang,Lee,Stewart’2013
     Z.Kang,Mantry,Qiu’2012 

DIS factorization in SCET
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Neglecting the power correction O(λ2), we match the current Jμ(x) = ψ ̄γμψ(x) onto the operators 
in SCET and perform the field redefinition to have factorized form  of the hadronic tensor as

SCET facto.:     dσ = Hard × Beam ⊗ Jet ⊗ Soft

Measurement operator:


