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Phase Space 
Integrals for 

 QCDN3LO



• High precision predictions for observables

• A lot of fun mathematics

Motivations
Higher order perturbation theory

State of the Art
•Solved at loop, loops are the current frontier, loops are being studied 

only recently

•Need loop integrals (virtual corrections) and phase space integrals (real 

corrections)

•Collider observables: use subtraction schemes


1− 2− 3−



Observables expressed as series expansions
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Reverse 
Unitarity

phase space integrals  multiloop integrals⟶

Replace mass-shell condition 
with cut propagators
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How do we do multiloop calculations?

we don’t need to 
calculate ALL of them
⇒

Not all of them are linearly independent! 

We work in dimensional regularization for integrals like…

• Take the list of integrals you need to calculate

• Reduce it to a linearly independent set 

(Laporta algorithm, intersection theory…. )

• Calculate only the master integrals

<latexit sha1_base64="dtEIv1Q9e4INKj19olN8Efo5+NY="></latexit>Z
1

D↵1
1 . . . D↵n

n

<latexit sha1_base64="Pkxe9rJpBOB+bkvRR+664cb6YTc="></latexit>

↵i Q 0

<latexit sha1_base64="NXd07vK2NC5h6y9OxcRmuMPRP+I="></latexit>

Di =

(
k2j �m2

j

kj · vj �m2
j

<latexit sha1_base64="MJbqNjGNRaFHpYn1UdaK0HqVXK0="></latexit>Z
ddk

@

@kµ

✓
vµQ
i D

↵i
i

◆
= 0



Once we have the master integrals…
A lot of multiloop integrals  smaller set of master integrals →

We integrate them by differentiating: 
method of differential equations

integrating is easier if we put 
them in a canonical form
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My integrals Currently working on Deep Inelastic Scattering at loops 3−

loop (Real emission topology)1−

loops (Real-Real emission topologies)2−

loops (Real-Real-Real emission topologies)3−


