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Content of the lecture

▪ The limits of the Standard Model 

▪ Low energy vs LHC physics  

▪ Searches of SUSY and cLFV  at the high intensity/low energy frontier  

▪ Dark matter searches at the high intensity/low energy frontier  

▪ Inspecting the matter-antimatter asymmetry with anti-hydrogen
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The Standard Model 
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• The standard Model is a very powerful and successful theory describing the 
electromagnetic, weak and strong interactions between elementary subatomic 
particles (gravity is not included).  

• It has demonstrated large and continued success in predicting experimental 
observables, such as the top quark, the W, Z and the Higgs bosons  
➜ powerful predictions via radiative loops.

J Woithe et al

2May 2017

electro magnetic interaction, the weak bosons 
(W −, W + , and Z 0) for the weak interaction, and 
gluons (g) for the strong interaction. Furthermore, 
an elementary particle can be in!uenced by more 
than one fundamental interaction, in which case 
it has several charges (see "gure 1). For example, 
due to its electric and weak charges, a muon is 
in!uenced both by the electromagnetic interac-
tion and the weak interaction.

The development of the Standard Model of 
particle physics started in the early 1970s and has 
so far withstood every experimental test. The latest 
success was the veri"cation of the Brout–Englert–
Higgs "eld by ATLAS and CMS at CERN’s Large 
Hadron Collider in 2012. Both experiments suc-
cessfully detected the quantised excitation of the 
BEH "eld—the so-called Higgs boson. This con-
"rmed the Higgs mechanism, which associates 
elementary particles with their respective mass.

One might think that, given this great success 
story, the particle physics community is happy and 
content. But, as a matter of fact, the exact opposite 
is the case! While the Standard Model of particle 
physics provides a unique and elegant description 
of fundamental interactions between elementary 
particles, it is assumed that this quantum "eld 
theory is only part of a broader theory. Indeed, the 
Standard Model of particle physics describes only 
about 5% of the universe. It does not explain dark 
matter, which accounts for approximately 25% of 
the universe—not to speak of dark energy, which 
supposedly adds the remaining 70% of the uni-
verse. Their description can only be achieved by 
theories which go beyond the Standard Model of 

particle physics. Hence, any signs of irregularities 
between the predictions of the Standard Model of 
particle physics and experimental results would 
spark tremendous excitement. After all, this would 
enable the physics community to update and mod-
ify the current description of nature.

2. The Lagrangian
The mathematical formulation of the Standard 
Model of particle physics is complex. However, 
all information is encoded in a compact descrip-
tion—the so-called ‘Lagrangian’. Nonetheless, 
this ‘compact’ formulation still "lls several pages 
[1]. That is why an ultra-short, four-line version 
of the Lagrangian is also commonly shown. This 
par ticular formula draws a lot of attention and 
everyone who visits CERN will come across it 
at some point. For example, the CERN gift shop 
sells t-shirts and coffee mugs (see "gure 2) featur-
ing this four-line version of the Lagrangian. This 
can be especially challenging for physics teachers, 
who might then be asked by interested students to 
explain the meaning and the physics behind the 
Lagrangian. Therefore, we want to give a quali-
tative description of the individual terms of the 
Lagrangian, explain the fundamental processes 
behind them, and associate them to their respective 
Feynman diagrams.

Feynman diagrams are pictorial representa-
tions of the underlying mathematical expressions 
describing particle interactions. Even though parti-
cle physicists will use a set of ‘Feynman rules’ to 
translate a diagram into a mathematical expression, 

g

q,q

γ W , Z0

ν ,ν

H

matter particles:

interaction particles:

QED (electromagnetic)

QFD (weak)

QCD (strong)

BEH (Higgs)

Figure 1. Matter particles can be divided into three groups: quarks (q) and antiquarks (q); electrically charged 
leptons (!) and antileptons (!); neutrinos (ν) and antineutrinos (ν). Gluons (g) couple to colour charge, which 
only quarks, antiquarks, and gluons themselves, have. Photons (γ) couple to electric charge, which is found 
in (anti)quarks and electrically charged (anti)leptons. The weak bosons (W−, W+ , Z0) couple to the weak 
charge, which all matter particles have. Weak bosons can also interact with the photon (but this is a pure weak 
interaction, not an electromagnetic one). And "nally, the Brout–Englert–Higgs "eld interacts with particles that 
have mass (all particles except the gluon and the photon).

Phys .  Educ .  52  (2017)  034001
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The short comings of the Standard Model
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▪ The Standard Model has fallen short in anticipating neutrino masses and 
oscillations, the existence of Dark Matter and the apparent Baryon- anti-
Baryon asymmetry. 

• It might be perceived as having too much arbitrariness and fine-tuning (how to fix 
the input parameters?) 

• Charge quantization unexplained  (charge electron vs proton) 

• Fermion masses, mixings, families unexplained  

• Higgs/hierarchy problem  

• Strong CP problem 

• Gravity not unified 
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The short comings of the Standard Model

5

▪ The Standard Model has fallen short in anticipating neutrino masses and 
oscillations, the existence of Dark Matter and the apparent Baryon- anti-
Baryon asymmetry. 

• It might be perceived as having too much arbitrariness and fine-tuning (how to fix 
the input parameters?) 

• Charge quantization unexplained  (charge electron vs proton) 

• Fermion masses, mixings, families unexplained  

• Higgs/hierarchy problem  

• Strong CP problem 

• Gravity not unified 
BSM Physics required!
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Complementary strategies for BSM searches
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High-energy 
collisions

Rare/New processes

(Mc2)�t � �(Mc2) < Ecms

on-shell particles limited by 
kinematical threshold:

off-shell particles sensitivity 
limited by rarity of process:

real (“on-shell”) 
particle of mass M

E

M

M

virtual (“off-shell”) 
particle of mass M
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Some examples from the past 
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What was the BSM physics discovered in 1947?
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The “birth” of Quantum Electrodynamics (QED)
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• Nafe, Nelson, and Rabi (1947) obtained precision measurements of the hyperfine 
structure intervals in hydrogen and deuterium: 0.2% discrepancy from predictions 
based on g = 2 → Dirac theory of the electron no longer completely satisfactory → 
need to apply QED corrections 

• Lamb and Retherford (1947): measured the energy splitting between the 2S1/2 and 
2P1/2 in Hydrogen (this is predicted to be zero by Dirac’s theory!)

Dirac theory great success in predicting many phenomena of atomic physics. 
Is the electron a “point-like Dirac particle” with g=2?

Realization that Dirac theory not sufficient BSM physics required  
→ QED 
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Reminder - The hydrogen atom
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Bohr

• The atomic gross structure of the atomic energy levels is given 
by the Bohr and the Schrödinger equation (SEQ)

En = −
(Zα )2mRc

2

2n2

mR =
M m
M +m

▪ Coulomb-potential:

▪ The gross eigenenergies are:

▪ First (non-relativistic) correction: finite mass of the 
nucleus taken into account by reduced mass:
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Leading relativistic Dirac correction
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n=1

n=2
n=3

Bohr Dirac

-43.5 GHz
1S1/2

2S1/2 , 2P1/2

2P3/2

Fine 
Structure 

10.2 eV 
121.6 nm

• Introduces correction for angular momentum and spin

Solution of the Dirac equation 

14. TESTS OF QED AT LOW ENERGY

should be treatable as corrections to the classical Schrödinger result, one can write Dirac’s result as
an expansion series as:

Enj ƒ m

C

1≠ Z2–2

2n2
≠ (Z2–2)2

2n4

A
n

j + 1

2

≠ 3
4

B

+ . . .

D

(14.80)

The first term corresponds to the rest mass of the electron. The second term ≠Z2–2

2n2 gives the classical
Schrödinger energy levels (which only depend on the n). The next term is the first relativistic
correction and the fine structure splitting. It removes the degeneracy of the levels with respect to n.
For a given n, the energy increases with j. This corresponds to the L≠S coupling which distinguishes
between j = l±1/2. As mentioned above, the next correction would be the Lamb shift which removes
the degeneracy for fixed n and j. The next level of correction would be the hyperfine splitting which
results from the interaction of the electron with the nucleus (proton). The Dirac theory provides the
fully relativistic treatment of the Coulomb potential which is the dominant term, however, the other
corrections such as Lamb shift, represent the “radiative corrections” which are to be treated within
QED. The various levels are summarized in Figure 14.4.

14.6 The Lamb shift

Historically, the observation of the Lamb shift in the Balmer – transition of atomic hydrogen has
been a major milestone. The e�ect could not be explained by the Schrödinger or Dirac formulations
of quantum mechanics, and needed the power of QED to include higher order e�ects due to vacuum
polarization.

Energy levels are studied experimentally by observing the transitions between energy levels. Se-
lection rules, which govern how much the angular momentum can change in a transition, prohibit
transitions between certain sub-levels. The observed lines correspond to allowed transitions. Ex-
perimentally Doppler broadening occurs due to the thermal motion of the atoms. So nearby lines
can overlap in experiments and hence cannot be distinguished. In 1938 R. Williams [243] exploited
both of these factors by measuring the Balmer – spectrum from a deuterium discharge lamp cooled
to 100 K. He succeeded in resolving for the first time a third Balmer – component, the component
corresponding to the 3P1/2 æ 2S1/2 transition. The measurements showed this separation to be
larger than predicted by the Dirac theory. In 1947 W. E. Lamb and R. C. Retherford performed
a brilliant experiment in which they directly measured the energy di�erence between the 2S1/2 and
2P1/2 states [154]. A schematic of the experimental layout is shown in Figure 14.5. A beam of
hydrogen atoms in the 1S1/2 ground state is transported in a region where it is bombarded with
electrons. As a result, some of the atoms are excited to the 2S1/2 state. Optical transitions from
this state to the 1S1/2 ground state are prohibited by selection rules. Hence, the lifetime of the 2S1/2

is very long (ƒ 0.1 second). The beam then passes through a region where they are exposed to
electromagnetic radiation with energy equal to the energy di�erence between the 2S1/2

and 2P1/2 states to induce such transitions. Once an atom is in the 2P1/2 state, it decays to
the ground state with a lifetime of ƒ 10≠9 seconds. Finally, the atoms strike a tungsten foil. Upon
striking the foil, atoms still in the 2S1/2 state decay to the ground state and in so doing liberate
electrons from the foil by Auger emission. By measuring the emission current from the foil with
and without the electromagnetic radiation, Lamb and Retherford were able to determine the energy
di�erence between the 2S1/2 and 2P1/2. Their initial measurements indicated this di�erence to be
about 1000 MHz.

ETHZ - Rubbia 298

Split of energy levels with same n but different  
total angular momentum j=l+s with  
l orbital angular momentum and spin  

Relativistic effect→ fine structure in H atom.  
The levels 2P3/2 and 2P1/2 split in energy but  
2S1/2 and 2P1/2 are the same. 
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Spectroscopic notation
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letter name l

s sharp 0

p principal 1

d diffuse 2

f fundamental 3

g 4

h 5

alphabetical

nlj

principal quantum 
number

orbital angular momentum

Total angular
 momentum j=l+s
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H𝛼/D𝛼 Balmer absorption lines
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H𝛼/D𝛼 Balmer absorption lines
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• Components (1) and (2) are from the fine splitting. 
• The 3rd line at position (3) suggested that Dirac theory must be revised  

(before World War II). 
• Final confirmation in 1947 using resonant spectroscopy (Lamb)

Careful inspection of spectral lines of atomic hydrogen and deuterium obtained by 
traditional absorption spectroscopy. 
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The Lamb shift (QED effect)
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▪ The leading QED effect in 
conventional atoms is by the self 
energy contribution  

▪ A virtual photon can be emitted and 
re-absorbed by the bound electron 

▪ This fluctuation of the EM-field can 
be pictured as perturbing the 
electron orbit and therefore shifting 
the energy levels.
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Bohr Dirac Lamb

1S1/2

2S1/2 , 2P1/2

2P3/2

2P1/2

2S1/2
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Willis Lamb
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Willis Eugene Lamb
1913-2008

American physicist

http://www.nobelprize.org/nobel_prizes/physics/laureates/1955/lamb-lecture.html# 

W I L L I S   E . L A M B, JR . 

Fine structure of the hydrogen atom 
Nobel Lecture, December 12, 1955 

 
When the Nobel Prizes were first awarded in 1901, physicists knew 
something of just two objects which are now called « elementary particles »: 
the electron and the proton. A deluge of other « elementary » particles 
appeared after 1930; neutron, neutrino, µ meson, π meson, heavier mesons, 
and various hyperons. I have heard it said that « the finder of a new 
elementary particle used to be rewarded by a Nobel Prize, but such a 
discovery now ought to be punished by a $10,000 fine ». 
   In order to determine the properties of elementary particles experimentally 
it is necessary to subject them to external forces or to allow them to interact 
with each other. The hydrogen atom which is the union of the first known 
elementary particles: electron and proton, has been studied for many years 
and its spectrum has taught us much about the electron. 
   In 1885, Balmer found that the wavelengths of fourteen lines of the 
hydrogen spectrum were given by a simple equation. In 1887, Michelson 
and Morley discovered a fine structure of some of these lines. The quantum 
theory was founded by Planck in 1900, and in 1913 Bohr gave rules of 
quantization which permitted a derivation of Balmer’s formula. Sommerfeld 
showed in 1916 that the fine structure of Bohr’s energy levels was caused 
by relativistic corrections. In 1924, De Broglie attributed wave properties to 
the electron and soon a quantum mechanics of the hydrogen atom emerged 
from the hands of Heisenberg, Born, and Schroedinger. Spin and magnetic 
moment of the electron were suggested by Uhlenbeck and Goudsmit in1925, 
and their dynamical equations were worked out by Thomas a year later. In 
1928, Dirac discovered an equation which described an electron with wave 
properties, charge, spin, magnetic moment and a mass depending on 
velocity as required by relativity theory. The energy levels of hydrogen 
were given by Dirac’s theory with high precision. 
   Of special interest to us are his predictions, as shown in Fig. 1, of the n = 2 
group of energy levels which are 10.2 electron volts above the n = 1 ground 
state. The fine structure splitting 22P3/2 – 22P1/2, which according to Dirac’s 
theory arises from spin-orbit interaction, agrees exactly with the sep- 
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Lamb shift measurement (1947)
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248 13. TESTS OF QED AT LOW ENERGY

13.4.1 The Lamb shift in the Hydrogen atom

Historically, the observation of the Lamb shift in the Balmer – transition of atomic hydrogen has
been a major milestone. The e�ect could not be explained by the Schrödinger or Dirac formulations
of quantum mechanics, and needed the power of QED to include higher order e�ects due to vacuum
polarization.

We recall that atomic states are specified using a long established notation, n2s+1Xj, where
n is the principal quantum number, s is the spin quantum number, X denotes the orbital angular
momentum number (S for l = 0, P for l = 1, D for l = 2, F for l = 3), and j denotes the total
angular momentum quantum number. A state with n = 3, s = 1/2, l = 2 and j = 3/2 is denoted
as 32D3/2. For atomic hydrogen s is always 1/2 and so the 2s + 1 term is often dropped from the
specification, 32D3/2 becoming 3D3/2, for example.

The Dirac formulation accounts for energy shifts due to relativistic corrections and magnetic
interactions between the orbital and spin magnetic moments. This equation tells us that the energy
levels depend only on the principal quantum number n and the total angular momentum j, i.e.,
states (for a given n) with the same value of j will have the same energy. Selection rules, which
govern how much the angular momentum can change in a transition, prohibit transitions between
certain sublevels.

The observed lines correspond to allowed transition between levels. Experimentally Doppler
broadening occurs due to the thermal motion of the atoms. So nearby lines can overlap in experiments
and hence not be distinguished. In 1938 R. Williams [60] exploited both of these factors by measuring
the Balmer – spectrum from a deuterium discharge lamp cooled to 100 K. He succeeded in resolving
for the first time a third Balmer – component, the component corresponding to the 3P1/2 æ 2S1/2

transition. The measurements showed this separation to be larger than predicted by the Dirac
theory. In 1947 W. E. Lamb and R. C. Retherford performed a brilliant experiment in which they
directly measured the energy di�erence between the 2S1/2 and 2P1/2 states [37]. A schematic of the
experimental layout of the experiment is shown in Figure 13.4. A beam of hydrogen atoms in the

Figure 3: Configuration of the Lamb-Retherford experiment (1947).

Fig. 3), they prepared a beam of hydrogen atoms in the 1S1/2 ground state. The beam is bombarded
with electrons with the result that some of the atoms are excited to the 2S1/2 state. Optical
transitions from this state that go directly to the 1S1/2 ground state are prohibited by selection
rules (which one?) resulting in a very long (� 0.1 second) lifetime for the 2S1/2 state [3, p. 230].
The atoms then pass through a region where they are exposed to electromagnetic radiation with
energy equal to the energy di�erence between the 2S1/2 and 2P1/2 states. The radiation has the
e�ect of inducing transitions between these states, and once an atom is in the 2P1/2 state it decays
to the ground state with a lifetime of 10�9 seconds.

After passing through the region with electromagnetic radiation, the atoms strike a tungsten foil.
Upon striking the foil, atoms still in the 2S1/2 state decay to the ground state and in so doing liberate
electrons from the foil in a process called Auger emission. By measuring the emission current from
the foil with the electromagnetic radiation turned on (fewer electrons liberated) and with the
radiation turned o� (more electrons liberated), Lamb and Retherford were able to determine the
energy di�erence between the 2S1/2 and 2P1/2 states. Their initial measurements indicated this
di�erence to be about 1000 MHz.

Exercise 6 Why was Doppler broadening not a problem in the measurements of Lamb and Rether-
ford?

1.4 QED picture of the hydrogen atom

The importance of the Lamb-Retherford measurement cannot be overstated—it was a milestone
in experimental physics which spurred major developments in theoretical physics. In Dirac’s own
words: “No progress was made for 20 years. Then a development came, initiated by Lamb’s discov-
ery and explanation of the Lamb shift, which fundamentally changed the character of theoretical
physics.”

The Lamb-Retherford measurement led to the development of a theory known as quantum elec-
trodynamics (QED). This theory proposes that the electromagnetic field consists of a collection of
quantized harmonic oscillators, with the presence of a photon of energy h� corresponding to the
oscillator with frequency � being in the first excited state. (A harmonic oscillator is one with a
parabolic potential energy well.) A fundamental property of the quantized harmonic oscillator is
that the energy in the ground state is not zero, but h�/2 [2, pp. 222–3]. This energy is called the
zero-point energy. One way of thinking about the zero-point energy is that it is a requirement of
the uncertainty principle: a particle in a potential well with zero kinetic energy would have both a

6

Figure 13.4: Schematic layout of the Lamb-Retherford experiment. From Ref. [37].

1S1/2 ground state is transported in a region where it is bombarded with electrons. As a result, some
of the atoms are excited to the 2S1/2 state. Optical transitions from this state to the 1S1/2 ground
state are prohibited by selection rules. Hence, the lifetime of the 2S1/2 is very long (ƒ 0.1 second).

τ 2S ! 108 ns = 100 ms 

I ∝ “2S rate”

▪ The atoms in the 2S impinging on metal surface release electrons that can be 
detected with an electrometer while this process does not occur for the atoms in 
the ground state (1S).

▪ Basic idea: produce beam of hydrogen atoms in the metastable 2S state by  
bombarding ground state atoms with electrons.



||Crivelli 16.01.2023

Lamb shift measurement (1947)
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▪ RF field: on resonance frequency induce transition from the 2S to the 2P state. 

248 13. TESTS OF QED AT LOW ENERGY

13.4.1 The Lamb shift in the Hydrogen atom

Historically, the observation of the Lamb shift in the Balmer – transition of atomic hydrogen has
been a major milestone. The e�ect could not be explained by the Schrödinger or Dirac formulations
of quantum mechanics, and needed the power of QED to include higher order e�ects due to vacuum
polarization.

We recall that atomic states are specified using a long established notation, n2s+1Xj, where
n is the principal quantum number, s is the spin quantum number, X denotes the orbital angular
momentum number (S for l = 0, P for l = 1, D for l = 2, F for l = 3), and j denotes the total
angular momentum quantum number. A state with n = 3, s = 1/2, l = 2 and j = 3/2 is denoted
as 32D3/2. For atomic hydrogen s is always 1/2 and so the 2s + 1 term is often dropped from the
specification, 32D3/2 becoming 3D3/2, for example.

The Dirac formulation accounts for energy shifts due to relativistic corrections and magnetic
interactions between the orbital and spin magnetic moments. This equation tells us that the energy
levels depend only on the principal quantum number n and the total angular momentum j, i.e.,
states (for a given n) with the same value of j will have the same energy. Selection rules, which
govern how much the angular momentum can change in a transition, prohibit transitions between
certain sublevels.

The observed lines correspond to allowed transition between levels. Experimentally Doppler
broadening occurs due to the thermal motion of the atoms. So nearby lines can overlap in experiments
and hence not be distinguished. In 1938 R. Williams [60] exploited both of these factors by measuring
the Balmer – spectrum from a deuterium discharge lamp cooled to 100 K. He succeeded in resolving
for the first time a third Balmer – component, the component corresponding to the 3P1/2 æ 2S1/2

transition. The measurements showed this separation to be larger than predicted by the Dirac
theory. In 1947 W. E. Lamb and R. C. Retherford performed a brilliant experiment in which they
directly measured the energy di�erence between the 2S1/2 and 2P1/2 states [37]. A schematic of the
experimental layout of the experiment is shown in Figure 13.4. A beam of hydrogen atoms in the

Figure 3: Configuration of the Lamb-Retherford experiment (1947).

Fig. 3), they prepared a beam of hydrogen atoms in the 1S1/2 ground state. The beam is bombarded
with electrons with the result that some of the atoms are excited to the 2S1/2 state. Optical
transitions from this state that go directly to the 1S1/2 ground state are prohibited by selection
rules (which one?) resulting in a very long (� 0.1 second) lifetime for the 2S1/2 state [3, p. 230].
The atoms then pass through a region where they are exposed to electromagnetic radiation with
energy equal to the energy di�erence between the 2S1/2 and 2P1/2 states. The radiation has the
e�ect of inducing transitions between these states, and once an atom is in the 2P1/2 state it decays
to the ground state with a lifetime of 10�9 seconds.

After passing through the region with electromagnetic radiation, the atoms strike a tungsten foil.
Upon striking the foil, atoms still in the 2S1/2 state decay to the ground state and in so doing liberate
electrons from the foil in a process called Auger emission. By measuring the emission current from
the foil with the electromagnetic radiation turned on (fewer electrons liberated) and with the
radiation turned o� (more electrons liberated), Lamb and Retherford were able to determine the
energy di�erence between the 2S1/2 and 2P1/2 states. Their initial measurements indicated this
di�erence to be about 1000 MHz.

Exercise 6 Why was Doppler broadening not a problem in the measurements of Lamb and Rether-
ford?

1.4 QED picture of the hydrogen atom

The importance of the Lamb-Retherford measurement cannot be overstated—it was a milestone
in experimental physics which spurred major developments in theoretical physics. In Dirac’s own
words: “No progress was made for 20 years. Then a development came, initiated by Lamb’s discov-
ery and explanation of the Lamb shift, which fundamentally changed the character of theoretical
physics.”

The Lamb-Retherford measurement led to the development of a theory known as quantum elec-
trodynamics (QED). This theory proposes that the electromagnetic field consists of a collection of
quantized harmonic oscillators, with the presence of a photon of energy h� corresponding to the
oscillator with frequency � being in the first excited state. (A harmonic oscillator is one with a
parabolic potential energy well.) A fundamental property of the quantized harmonic oscillator is
that the energy in the ground state is not zero, but h�/2 [2, pp. 222–3]. This energy is called the
zero-point energy. One way of thinking about the zero-point energy is that it is a requirement of
the uncertainty principle: a particle in a potential well with zero kinetic energy would have both a

6

Figure 13.4: Schematic layout of the Lamb-Retherford experiment. From Ref. [37].

1S1/2 ground state is transported in a region where it is bombarded with electrons. As a result, some
of the atoms are excited to the 2S1/2 state. Optical transitions from this state to the 1S1/2 ground
state are prohibited by selection rules. Hence, the lifetime of the 2S1/2 is very long (ƒ 0.1 second).

I ∝ “2S rate”

τ 2P ! 1 ns 

▪ The 2P state decays quickly to the 1S → signal in the electrometer will decrease
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RESONANCE : Applying the correct RF field at the resonance frequency one can 
induce transition from the 2S to the 2P state. The 2P state decays quickly to the 
ground state (in about 1 ns) and therefore the signal in the electrometer will decrease. 

1S 

2S 
2P 

𝜏2S =122 ms 𝜏2P =1.6 ns 

 RF field ∼ 1GHz

Fast de-excitation to the
ground state via emission of
Lyman alpha photon (121 nm) 

not allowed
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Hyperfine splitting and nuclear effects
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transfer more than 99.9% of the F = 1 atoms to
the 2P1/2 state. The 2P1/2 state has a lifetime of
1.6 ns and decays to the 1S1/2 ground state over a
distance scale of 0.5 cm.
The 2S1/2 (F = 0)→2P1/2 (F = 1) transition mea-

sured in this work is driven (green in Figs.
1 and 2) as the atoms pass through a pair of
waveguides. The waveguides are electrically
shorted at the top end so that the rf fields are
reflected back on themselves to form a standing
wave and the atoms pass through at the anti-
node of this standing wave. The 2S1/2 (F = 0)
atoms that survive these fields (after passing
through twomore cavities to once again remove
any unwanted F = 1 population) are detected by
applying an electric field that mixes the 2S1/2
and 2P1/2 states. The mixture quickly decays to
the 1S1/2 ground state by emitting a 121.6-nm
Lyman-a photon, and the photon is efficiently
detected after passing out of our vacuum system
through a MgF2 window and photoionizing an
acetone molecule.

FOSOF

The measurement is performed using the re-
cently developed FOSOF technique (8, 13), which
is a modification of the Ramsey technique (14)

of separated oscillatory fields. For FOSOF, the
frequencies of the two separated fields are off-
set from each other (f − df and f + df, with a
frequency difference 2df set to 625 Hz for this
work), so that the relative phase of the two fields
varies continuously in time. The combined ef-
fect of the two FOSOF regions (green in Fig. 2) for
driving the 2S1/2 (F = 0)→2P1/2 (F = 1) transition
depends on this phase, and the number of
Lyman-a photons observed varies in time, as
shown (in red) in Fig. 3A. This signal consists of
a large constant component stemming from
2S1/2 atoms that survive all of the rf fields and a
small sinusoidal component caused by a pro-
gression between constructive and destructive
interference from the two FOSOF regions as their
relative phase varies. The sinusoidal signal is
small because of the short lifetime of the 2P1/2
state (1.6 ns), but it still shows a signal-to-noise
ratio of 30:1, despite only 6 ms of averaging time
represented by each of the data points in Fig. 3A.
Also shown in Fig. 3A is a 625-Hz reference

signal obtained by beating the two rf frequen-
cies. The key to the FOSOF technique is that the
Lyman-a signal and the reference signal will be
in phase when f is set to the atomic resonant fre-
quency f0, and the phase difference Dq between

the two is proportional to f − f0. The phase
difference occurs because the rf and the atoms
accumulate phase at rates determined by f and f0,
respectively, during the time it takes the atoms to
traverse the distance between the two FOSOF
regions.
To obtain a precision measurement, the phase

difference Dq has to be measured to an accuracy
of better than 1 mrad. Given that filtering and
time delays can also cause phase shifts, we em-
ploy three techniques to ensure that unintended
phase shifts do not affect our measurement.
First, we take data with the two FOSOF regions
set to f − df and f + df (Fig. 3A) and change the
frequencies to f + df and f − df (Fig. 3B). As seen
in the figure, Dq has opposite signs in these two
cases, so that an average [Dq(AB)] of Dq(A) and
−Dq(B) cancels any unintended phase shifts re-
lated to the limited bandwidth of the detection
system. This frequency change is performed
every few seconds. Second, we physically rotate
by 180° the entire FOSOF system [both the out-
of-vacuumparts (the generator, amplifiers, cables,
and rf monitoring system) and the in-vacuum
parts (the greenwaveguides in Fig. 2)]. The whole
system is rotated as a single unit by using a
32-cm–diameter rotational feedthrough for the
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Fig. 2. The measurement apparatus. Metastable 2S1/2 atoms
are created by colliding a beam of protons with H2 molecules.
Deflector plates remove the protons, and rf cavities (red and blue)
remove 2S1/2 (F = 1) atoms. The 2S1/2 (F = 0) atoms are driven
to the 2P1/2 (F = 1) state in a pair of FOSOF regions (green),
which have rf frequencies that are offset from each other. The
number of surviving 2S1/2 (F = 0) atoms is measured by mixing
them in an electric field and observing the resulting Lyman-a photons

via an efficient gas-ionization detector. Key to the success of
the measurement is the fact that the entire FOSOF system
(generator, amplifiers, monitors, and in-vacuum FOSOF waveguides)
can be rotated by 180°, so that the atoms can encounter the two
fields in the reverse order. The additional 910-MHz cavities shown
(brown) are used to test for systematic effects. The relative phase
of the rf going to and reflecting back from the FOSOF regions is
measured by rf combiners C1 and C2.
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A measurement of the atomic
hydrogen Lamb shift and the
proton charge radius
N. Bezginov1, T. Valdez1, M. Horbatsch1, A. Marsman1, A. C. Vutha2, E. A. Hessels1*

The surprising discrepancy between results from different methods for measuring the
proton charge radius is referred to as the proton radius puzzle. In particular, measurements
using electrons seem to lead to a different radius compared with those using muons.
Here, a direct measurement of the n = 2 Lamb shift of atomic hydrogen is presented.
Our measurement determines the proton radius to be rp = 0.833 femtometers, with
an uncertainty of ±0.010 femtometers. This electron-based measurement of rp agrees
with that obtained from the analogous muon-based Lamb shift measurement but is not
consistent with the larger radius that was obtained from the averaging of previous
electron-based measurements.

T
he Lamb shift—the difference in energy be-
tween the two most tightly bound excited
states (the 2S1/2 and 2P1/2 states) in the
hydrogen atom—has played a pivotal role
in explaining the fundamental interactions

between charged particles since the advent of
quantum mechanics. The Dirac theory of rel-
ativistic quantum mechanics predicts that the
2S1/2 and 2P1/2 states have the same energy (1).
This energy degeneracy is accidental, in that it
occurs only if the force between the electron
and the proton is exactly proportional to the
reciprocal of their separation squared (1/r2), as
predicted by Coulomb’s law. The very existence
of the Lamb shift indicates that Coulomb’s law
fails for short distance scales. Three reasons for
the failure were proposed in the early days of
quantum mechanics. First, and most central to
this work, the electron can penetrate inside the
proton and experiences a smaller force while
inside (2). Second, the Heisenberg uncertainty
principle allows an electron and its antiparticle
(the positron) to appear and then disappear (i.e.,
to be created and annihilated), so long as the pair
is in existence for a sufficiently short time span.
When such a pair exists inside of a hydrogen
atom, the field inside the atom separates the
positive and negative charges, and this vacuum
polarization modifies Coulomb’s law (3). Third,
the electron can interact with itself; however,
calculations of this self energy led to the un-
fortunate conclusion that the effect is infinite.
In 1947, however, only months after Lamb and
Retherford definitively showed that the 2S1/2
and 2P1/2 states are not degenerate (4), Bethe
proposed that there would be a finite residual
effect if the infinite effect of a free electron is
(carefully) subtracted from the infinite effect for
an electron within a hydrogen atom (5).

All three effects contribute to the Lamb shift.
In each case, it is the energy of the 2S1/2 state
that is affected, because it is in this state that
the electron and proton can overlap. The 2P1/2
state is almost entirely unaffected owing to the
centrifugal force that stems from its angular
momentum and keeps the electron away from
the proton. The predictions of vacuum polar-
ization and self energy, and their confirmation
by Lamb, were foundational for the develop-
ment of the theory of quantum electrodynamics
(QED), which is still believed to properly de-
scribe electromagnetic interactions.
In the decades after Lamb’s measurement,

increasingly precise measurements of the Lamb
shift were performed, culminating in a mea-
surement with a precision of 9 kHz made by
Lundeen and Pipkin in 1981 (6). A decades-long
concerted effort by many theoretical physicists
has allowed the QED prediction for the Lamb
shift interval to also become increasingly pre-
cise [(7) and references therein], allowing for
increasingly stringent tests of QED theory. Here,
we present a high-precision measurement of the
Lamb shift in which we use the frequency-offset
separated oscillatory field (FOSOF) technique (8),
which was developed for this measurement. We
measure an energy difference between the 2S1/2
(F = 0) and 2P1/2 (F = 1) states of 909.8717 MHz
(multiplied by Planck’s constant, h). The uncer-
tainty on our measurement is ±3.2 kHz. Here, F
refers to the hyperfine state, as shown inFig. 1. This
measurement has direct consequences for the size
of the proton [the rootmean square (RMS) charge
radius, rp] and for tests of the theory of QED.

The proton size

Because the electron can penetrate inside of the
proton, the size of the proton affects the Lamb
shift, but this contribution is small: only ~0.01%
of the shift. However, increasingly accurate Lamb
shift experiment and theory became sensitive to
this small contribution, and the uncertainty in
the size of the proton became a limiting factor

in allowing for tests of QED using the Lamb
shift. Measurements of the Lamb shift (along
with the assumption that QED calculations
were correct) became a way to determine rp.
The Committee on Data for Science and Tech-
nology (CODATA) 2014 value of the radius (7)
includes both this determination and determi-
nations using elastic scattering of electrons:
rp[CODATA 2014] = 0.8751(61) fm. However,
the most precise determination of the proton
radius comes from measuring the 2S→2P
Lamb shift in muonic hydrogen (9, 10): rp
[muonic] = 0.84087(39) fm. The large discrep-
ancy [0.0342(61) fm, or ~4%] between these two
values (the first determined entirely using elec-
trons; the second determined entirely using
muons) is referred to as the proton radius puz-
zle (11, 12) and has led to speculation about
whether muons and electrons interact differ-
ently with the proton. In this work, wemeasure
the hydrogen Lamb shift, the direct analog of
the muonic measurement, in an attempt to help
resolve the puzzle.

Measurement technique
Our measurement (Fig. 2) uses a fast beam of
hydrogen atoms created by passing protons (ac-
celerated to a kinetic energy of 55 keV) through a
molecular hydrogen gas target. Collisionswith the
H2 molecules cause about half of the protons to
neutralize into hydrogen atoms. Approximately 4%
are created in the 2S1/2 state, which is metastable,
with a lifetime of one-eighth of a second.
The neutral atoms travel with a speed v of

~3 mm/ns, or 1% of the speed of light. They pass
between 70-cm-long deflector plates, where an
electric field of 20 V/cm deflects the remaining
protons out of the beam. All four 2S1/2 states
with F = 0 and F = 1 (Fig. 1) are equally pop-
ulated at the start, but only the F = 0 state sur-
vives the passage through two radio frequency
(rf) cavities (blue and red in Figs. 1 and 2) that
have their rf intensity and frequencies tuned to
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Fig. 1. Energy levels of hydrogen relevant to
our experiment. Shown are the 2S1/2 and
2P1/2 energy levels, indicating the Lamb shift, as
well as the hyperfine ðjFmFiÞ states of atomic
hydrogen. The green arrow indicates the
transition measured in this work; the transitions
marked with red and blue arrows are used to
remove populations from the 2S1/2 (F = 1)
states. Here, F and mF are the total angular
momentum and its projection along the direc-
tion of the rf fields.
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the 18 measurements are shown in Table 1 and
minimize the final uncertainty (combined statis-
tical and systematic), subject to the condition that
the total weight for each separation is 25%. The
last row of Table 1 shows our finalmeasured result

f avg0 ¼ 909:8717ð32Þ MHz

Here, the uncertainty of 3.2 kHz comes from a
combination of a 1.4-kHz statistical uncertainty,
a 2.3-kHz uncertainty in the ac Stark shift, a
1.0-kHzuncertainty in the time-dilation correction,
and a 1.5-kHz phase measurement uncertainty.
The contribution from hyperfine structure to
this interval is 147.9581MHz (17), and correcting
for this contribution leads to a Lamb shift of
1057.8298(32) MHz.

Comparison to other work

Ourmeasurement is lower than the measurement
of Lundeen and Pipkin (6)— f L&P0 ½original% ¼
909:887ð9Þ MHz—by 1.5 standard deviations.
However, our recent reanalysis (16) of their work
(using the modeling developed for this work)
led to a small shift and larger uncertainties:
f L&P0 ½reanalyzed% ¼ 909:894ð20Þ MHz, which
agrees with the present work.
A value of the proton radius can be deduced

from the current measurement (8, 17)

rp[this work] = 0.833(10) fm

which is in excellent agreement (Fig. 5) with
the muonic hydrogen Lamb shift value but dis-
agrees with the CODATA 2014 value (7).
Two additional measurements in hydrogen

that have been published within the past year
can also be used to determine the proton radius:
ameasurement of the 2S→4P interval (18) and a
measurement of the 1S→3S interval (19). Both
of these measurements require a precise value
of the Rydberg constant to determine rp. When
combined with an existing very precise mea-
surement of the 1S→2S interval (20), they pre-
dict the values of rp shown in Fig. 5. The values
from (18) and (19) disagree.
A combination of our work and the measure-

ment of the muonic hydrogen Lamb shift (9, 10)
allows for a direct comparison ofmeasurements
of the proton charge radius using the analogous
measurements for the muon-based and electron-
based determinations. Consistent charge radii
are found from the two measurements.
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Fig. 5. Summary of proton radius data.
Shown are values for the proton RMS charge
radius from our measurement, muonic hydro-
gen, CODATA 2014, and the measurements of
Beyer et al. (18) and Fleurbaey et al. (19)
combined with that of Parthey et al. (20). Also
shown in gray is the value from Lundeen and
Pipkin (6, 16).
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13.2. ELECTRON MAGNETIC MOMENT 241

where in the last term we have identified the magnetic field B̨ © Ò ◊ Ą. Thus, for simplicity in
absence of an external potential „, we have found that the non-relativistic limit of the Dirac equation
leads to the following expression:

iˆ0�A(x) ƒ 1
2m

1
(p̨ ≠ eĄ)2 ≠ e‡̨ · B̨

2
�A(x) =

Q

a(p̨ ≠ eĄ)2

2m
≠ e

2m
‡̨ · B̨

R

b �A(x) (13.13)

This is exactly equivalent to the result obtained starting from the Schrödinger equation - See
Eq. 3.133! This represents another success of the Dirac theory, manifesting itself in its non-relativistic
approximation yielding back the classical Schrödinger result.

We introduce the Bohr magneton µB for a particle of charge e and rest mass m:

µB © e

2m
(13.14)

The g-factor (also g value, the Lande factor or the dimensionless magnetic moment) is the dimen-
sionless quantity that characterizes the magnetic moment and gyromagnetic ratio. The interaction
of the Dirac particle with the magnetic field can then be expressed as a function of the spin operator
S̨ = (1/2)‡̨:

≠ e

2m
‡̨ · B̨ = ≠2 e

2m
S̨ · B̨ = ≠gDiracµB(S̨ · B̨) © ≠µ̨ · B̨ (13.15)

where the g-factor is predicted by the Dirac theory to be:

gDirac = 2 (13.16)

and hence the magnetic moment of a Dirac particle is:

µ̨Dirac = gDiracµBS̨ (13.17)

Thus, the interaction of the magnetic moment with the external magnetic field B̨ with g = 2 is a
consequence of the Dirac equation. It’s a big success! However, as will be see in the next section,
QED radiative corrections alter this result which is true only for a “bare” point-like Dirac particle.

13.2 Electron magnetic moment

Is the electron a point-like Dirac particle? Sure, and following its introduction, the Dirac theory
enjoyed great success in predicting many phenomena of atomic physics. In 1947, however, Nafe,
Nelson, and Rabi obtained precision measurements of the hyperfine structure intervals in hydrogen
and deuterium [43]. They noted that their precise measurements showed a 0.2% discrepancy from
predictions of the hyperfine structure interval based on g = 2. These experiments indicated that the
Dirac theory of the electron was no longer completely satisfactory, and thus set the stage for the
introduction of the current theory of quantum electrodynamics.

Two distinct experimental techniques have been developed to permit precision measurements of
the g-factor: (1) “precession experiments”: the direct observation of spin precession of polarized
electrons (or muons) in a constant magnetic field; (2) “resonance experiments”, where an oscil-
lating electromagnetic field that induces transitions between energy levels of the electron interacting
with a static magnetic field. The two techniques are presented in the next paragraphs.
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Dirac theory of the electron was no longer completely satisfactory, and thus set the stage for the
introduction of the current theory of quantum electrodynamics.

Two distinct experimental techniques have been developed to permit precision measurements of
the g-factor: (1) “precession experiments”: the direct observation of spin precession of polarized
electrons (or muons) in a constant magnetic field; (2) “resonance experiments”, where an oscil-
lating electromagnetic field that induces transitions between energy levels of the electron interacting
with a static magnetic field. The two techniques are presented in the next paragraphs.

 Dirac theory predicts a g-factor of

Magnetic moment of a Dirac particle:

Interaction of magnetic moment with external magnetic field B⃗ with g = 2: 
consequence of Dirac equation

BUT QED radiative corrections alter this 
result which is true only for a “bare” point-like 
Dirac particle!
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• Dyson (1949) showed that Schwinger's theory could be extended to permit  
calculation of higher-order corrections to the properties of quantum systems.  
Dyson was able to simplify the procedure, devise an unambiguous program for  
obtaining the nth-order contribution to any quantity which can be calculated  
using QED, and show that these contributions would remain finite to arbitrary  
order in α, e.g.

Muon g-2: Review of Theory and Experiment 5

time since the Kusch and Foley paper, many improvements have been made in the

precision of the electron anomaly[19]. Most recently ae has been measured to a relative

precision of 0.65 ppb (parts per billion)[20], a factor of 6 improvement over the famous

experiments at the University of Washington[21].

(a) (b) (c)

−
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+
e

µ∗ µ∗
γ

µ
γ γ

µ∗ µ∗
γ

γ
SchwingerDirac

µ

γ

µ

Figure 1. The Feynman graphs for: (a) g = 2; (b) the lowest-order radiative correction
first calculated by Schwinger; and (c) the vacuum polarization contribution, which is
an example of the next-order term. The * emphasizes that in the loop the muon is
off-shell.

The ability to calculate loop diagrams such as those shown in Figure 1 (b) and (c)

is intimately tied to the renormalizability of the theory, which provides a prescription

to deal with the infinities encountered in calculating radiative corrections, and was

important to the development of quantum electrodynamics. In his original paper

Schwinger[16] described a new procedure that transformed the Dirac Hamiltonian to
include the electron self-energy which arises from the emission and absorption of virtual

photons. By doing so, he eliminated the divergences encountered in calculating the

lowest-order radiative correction. He pointed to three important features of his new

Hamiltonian: “it involves the experimental electron mass” (known today as the ‘dressed

or physical mass’); “an electron now interacts with the radiation field only in the presence

of an external field;” (i.e. the virtual photons from the self-energy are absent) and “the
interaction energy of an electron with an external field is now subject to a finite radiative

correction”[16]. This concept of renormalization also played an important role in the

development of the Standard Model, and the lowest-order contribution from virtual W

and Z gauge bosons to aµ was calculated very soon after the electroweak theory was

shown to be renormalizable[22].

The diagram in Figure 1(a) corresponds to g = 2, and the first-order (Schwinger)
correction which dominates the anomaly is given in diagram 1(b). More generally,

the Standard-Model value of the electron, muon or tauon anomaly, a(SM), arises from

loops (radiative corrections) containing virtual leptons, hadrons and gauge bosons. By

convention, these contributions are divided into three classes: the dominant QED terms,

like Schwinger’s correction, which contain only leptons and photons; terms which involve

hadrons, particularly the hadronic vacuum polarization correction to the Schwinger
term; and electroweak terms, which contain the Higgs, W and Z. Some of the terms

are identical for all three leptons, but as noted below, there are mass-dependent terms

which are significant for the muon and tauon but not for the electron. As a result, the

muon anomaly is slightly larger than that of the electron.
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For example: few of the ten 
thousand diagrams evaluated 
for the electron g-2
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Two distinct experimental techniques developed to precisely  measure 
the g-factor:
 
(1) “precession experiments”: direct observation  

 of spin precession of polarized electrons 
 or muons in a magnetic field;

(2) “resonance experiments”:  
oscillating electromagnetic field  
inducing transitions between  
energy levels of the electron 
interacting with a static magnetic  
field.
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Particle of rest mass m and charge e moves with velocity v⃗ in a constant magnetic 
field B⃗. The orbital motion is a uniform  rotation at the cyclotron frequency 

relativistic correction

242 13. TESTS OF QED AT LOW ENERGY

(1) Precession experiments: a particle of rest mass m and charge e moves with velocity v̨ in a
constant magnetic field B̨. The orbital motion is a uniform rotation at the cyclotron frequency Êc

Êc © Ê0

“
where Ê0 © eB

m
(13.18)

where the relativistic correction due to “ has been taken into account. The spin motion, as viewed
from the laboratory frame, is a uniform Larmor1 precession at the frequency

Ês = g

2“Êc + (1 ≠ “)Êc (13.19)

The first term is the precession for a particle at rest and the second is the Thomas2 precession
frequency due to the acceleration of the circular motion. The relative precession of the spin
relative to the velocity occurs at the frequency ÊD:

ÊD © Ês ≠ Êc = g

2“Êc + (1 ≠ “)Êc ≠ Êc =
3

g

2 ≠ 1
4

“Êc =
3

g

2 ≠ 1
4

“
eB

“m
© aÊ0 (13.20)

where a © (g/2 ≠ 1) = (g ≠ 2)/2 is the anomalous magnetic moment. For a point-like Dirac
particle we have g = 2 then aDirac = 0! This is already great but what makes this result even more
fantastic is that the relative precession frequency is independent of “. This fortunate circumstance
allows to measure a without first order correction to the velocity.

The schematic principle of a precession experiment is shown in Figure 13.1. One uses a polarized
source of electrons, which are stored in a constant magnetic field for a time T after which they are
analysed by a polarimeter, an apparatus which measures the amount of polarization Ŝ · n̂ relative
to a fixed direction n̂. The output of the polarimeter will oscillate as a function of the storage
time T with a behavior Ã cos ÊDT . The output of the polarimeter as a function of T can be fitted
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from injection to analysis. If only a uniform magnetic
field is used, any component of v parallel to 8 will cause
the orbit to drift parallel to the field direction. Since all
practical lepton sources have a finite angular emittance,
it is not possible to confine a useful number of leptons
for the desired periods using only a uniform magnetic
field. ~ Some sort of axial focusing scheme is required. The
usual choice has been magnetic focusing, in the form
of a magnetic-mirror trap, or a weak-focusing storage
ring. Although either of these schemes permits greatly
increased storage times, the increase is obtained at the
expense of perturbations to the difference frequency
precession introduced by the focusing fields. In pre-
cision experiments, the effects of these perturbations
must be considered carefully.
In addition to the magnetic field in the storage region,

weak electric fields may also be present. These stray
fields may be due to contact potential variations be-
tween metallic surfaces enclosing the storage region,
charging of dielectric surface films, or space charge. of
the trapped beam. Although these fields are quite weak,
(typically E/B(10 '), they can result in significant
additional perturbations to the difference frequency.
The generalized problem can be stated as follows:

The fields in the storage region will consist of a nearly
homogeneous magnetic field B(r), as well as a weak, but
not necessarily homogeneous electric field E(r) . Given
initial conditions for S and v, we wish to solve for the
resultant motion of S(t) and v(t) in the fields B(r) and
E(r). The rate of variation of 8(t) ~ t(t) can then be
identified as coti, as obtained from Eq. (3.3) .
The problem of computing the spin precession of a

particle in general electric and magnetic fields has been
considered by Bargmann, Michel, and Telegdi (1959),
Ford and Hirt (1961), and Fierz and Telegdi (1970),
and reviewed by Farago (1965). Although the formula-
tions are equivalent, we find the most explicit to be that
of Ford and Hirt. They have shown that the exact'
classical relativistic equations of motion of a particle
with spin S, magnetic moment (g/2) (e/mc) S, and elec-
tric dipole moment' ( f/2) (e/rrtc) S in laboratory fields

' Consider a particle injected with a small pitch angle n v ith
respect to the plane normal to B. Then we have v,=vn, and
s=-2~r, nn, where e is the number of cyclotron orbits, r, is the
cyclotron radius, and s is the axial drift distance. For a=10 ',
r, =10 cm, and m=10', we find s=6000 m! A single pass through
a long solenoid is therefore ruled out, at least in terms of a practi-
cal experiment.

The instantaneous fields experienced by the particle are
assumed to be homogeneous, in the sense that forces of the type
V(p. B) are negligible compared to the Lorentz force in these
experiments, and are therefore not included in the equations of
motion for v or S.

Although symmetry considerations require the edm of a
Dirac particle to be identically zero, a possible finite edm is
included for completeness. The current upper limit on the elec-
tron edm is 2/10 " e cm (Sandars and Lipworth, Phys. Rev.
Letters 13, 718 1964), corresponding to f&1.8X10 ' . The
e8ect of the electron edm will be completely negligible at the
level of 1 ppm in a. Accordingly, the terms proportional to f
can be dropped from Eq. (3.6).
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Fio. 3.1. Schematic outline of the precession experiments.

B(r) and E(r) can be put into the form:

did/dt= Q„x v,
dS/dt =Qs x S,

where

(3 4)
(3 5)

dS/dt=Qii(v, B, E) xS. (3 7)
The instantaneous motion of 8 with respect to v will
be a precession of 8 about QD with angular velocity
coD——

~
QD

~
(Fig. 3.2).

In practice, a solution for v(t) su%ciently accurate
for the experiments under consideration can be ob-
tained without an exact integration of Eq. (3.4) .
Depending on the particular experiment, such a solu-
tion follows from the use of the adiabatic invariance of
the orbital magnetic moment, ' linearized equations of
motion, or numerical integration. This solution can
then be inserted into Eqs. (3.6) and (3.7), and a solu-

' The orbital moment is defined as IA/c, where I=m, /2s is
the current due to the circulating lepton, and A =m.r 2 is the area
of the orbit. For a uniform field B, we have p„b= Ti/B, where
T~= ~ynzvi', and vi is the component of v perpendicular to B.

Q„=—(e/mc) IB/y —t y/(y' —1)]p x EI,
Qs =—(e/trtc) I (B/7) —(7/(7+1) )P "E

B—(~/(p+1) )p(p p) —p x Ej
+-',fLE—(y/(y+1) )P(P E)+P x BjI,

and P=v/c. The vectors Q„and Qs are analogous to
co, and co& for the case of planar cyclotron motion.
Although 0, and Qg will not, in general, be parallel, it
is still possible to define a difference frequency vector
Q~, analogous to a~, as
Qti= QB—Q„=—(e/trtc) faB—a(y/(y+1) )P(P B)

+((1/~'v')- )P E
+sfrE—(&/(7+1))P(P E)+P xBjI (3 6)

The equation of motion of S in the electron rest frame
is simply

Figure 13.1: Schematic of a precession experiment. From Ref. [50].

precisely to extract ÊD. The accuracy to which it can be determined will increase in direct proportion
to T , all other factors being equal, so that the most obvious way to improve the precision of the

1Sir Joseph Larmor (1857-1942), a Northern Irish physicist and mathematician.
2Llewellyn Hilleth Thomas (1903-1992), a British physicist and applied mathematician.

Spin motion, as viewed from the laboratory frame, is a uniform Larmor precession  
at the frequency

242 13. TESTS OF QED AT LOW ENERGY

(1) Precession experiments: a particle of rest mass m and charge e moves with velocity v̨ in a
constant magnetic field B̨. The orbital motion is a uniform rotation at the cyclotron frequency Êc

Êc © Ê0

“
where Ê0 © eB

m
(13.18)

where the relativistic correction due to “ has been taken into account. The spin motion, as viewed
from the laboratory frame, is a uniform Larmor1 precession at the frequency

Ês = g

2“Êc + (1 ≠ “)Êc (13.19)

The first term is the precession for a particle at rest and the second is the Thomas2 precession
frequency due to the acceleration of the circular motion. The relative precession of the spin
relative to the velocity occurs at the frequency ÊD:

ÊD © Ês ≠ Êc = g

2“Êc + (1 ≠ “)Êc ≠ Êc =
3

g

2 ≠ 1
4
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3

g
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eB
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where a © (g/2 ≠ 1) = (g ≠ 2)/2 is the anomalous magnetic moment. For a point-like Dirac
particle we have g = 2 then aDirac = 0! This is already great but what makes this result even more
fantastic is that the relative precession frequency is independent of “. This fortunate circumstance
allows to measure a without first order correction to the velocity.

The schematic principle of a precession experiment is shown in Figure 13.1. One uses a polarized
source of electrons, which are stored in a constant magnetic field for a time T after which they are
analysed by a polarimeter, an apparatus which measures the amount of polarization Ŝ · n̂ relative
to a fixed direction n̂. The output of the polarimeter will oscillate as a function of the storage
time T with a behavior Ã cos ÊDT . The output of the polarimeter as a function of T can be fitted
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from injection to analysis. If only a uniform magnetic
field is used, any component of v parallel to 8 will cause
the orbit to drift parallel to the field direction. Since all
practical lepton sources have a finite angular emittance,
it is not possible to confine a useful number of leptons
for the desired periods using only a uniform magnetic
field. ~ Some sort of axial focusing scheme is required. The
usual choice has been magnetic focusing, in the form
of a magnetic-mirror trap, or a weak-focusing storage
ring. Although either of these schemes permits greatly
increased storage times, the increase is obtained at the
expense of perturbations to the difference frequency
precession introduced by the focusing fields. In pre-
cision experiments, the effects of these perturbations
must be considered carefully.
In addition to the magnetic field in the storage region,

weak electric fields may also be present. These stray
fields may be due to contact potential variations be-
tween metallic surfaces enclosing the storage region,
charging of dielectric surface films, or space charge. of
the trapped beam. Although these fields are quite weak,
(typically E/B(10 '), they can result in significant
additional perturbations to the difference frequency.
The generalized problem can be stated as follows:

The fields in the storage region will consist of a nearly
homogeneous magnetic field B(r), as well as a weak, but
not necessarily homogeneous electric field E(r) . Given
initial conditions for S and v, we wish to solve for the
resultant motion of S(t) and v(t) in the fields B(r) and
E(r). The rate of variation of 8(t) ~ t(t) can then be
identified as coti, as obtained from Eq. (3.3) .
The problem of computing the spin precession of a

particle in general electric and magnetic fields has been
considered by Bargmann, Michel, and Telegdi (1959),
Ford and Hirt (1961), and Fierz and Telegdi (1970),
and reviewed by Farago (1965). Although the formula-
tions are equivalent, we find the most explicit to be that
of Ford and Hirt. They have shown that the exact'
classical relativistic equations of motion of a particle
with spin S, magnetic moment (g/2) (e/mc) S, and elec-
tric dipole moment' ( f/2) (e/rrtc) S in laboratory fields

' Consider a particle injected with a small pitch angle n v ith
respect to the plane normal to B. Then we have v,=vn, and
s=-2~r, nn, where e is the number of cyclotron orbits, r, is the
cyclotron radius, and s is the axial drift distance. For a=10 ',
r, =10 cm, and m=10', we find s=6000 m! A single pass through
a long solenoid is therefore ruled out, at least in terms of a practi-
cal experiment.

The instantaneous fields experienced by the particle are
assumed to be homogeneous, in the sense that forces of the type
V(p. B) are negligible compared to the Lorentz force in these
experiments, and are therefore not included in the equations of
motion for v or S.

Although symmetry considerations require the edm of a
Dirac particle to be identically zero, a possible finite edm is
included for completeness. The current upper limit on the elec-
tron edm is 2/10 " e cm (Sandars and Lipworth, Phys. Rev.
Letters 13, 718 1964), corresponding to f&1.8X10 ' . The
e8ect of the electron edm will be completely negligible at the
level of 1 ppm in a. Accordingly, the terms proportional to f
can be dropped from Eq. (3.6).
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Fio. 3.1. Schematic outline of the precession experiments.

B(r) and E(r) can be put into the form:

did/dt= Q„x v,
dS/dt =Qs x S,

where

(3 4)
(3 5)

dS/dt=Qii(v, B, E) xS. (3 7)
The instantaneous motion of 8 with respect to v will
be a precession of 8 about QD with angular velocity
coD——

~
QD

~
(Fig. 3.2).

In practice, a solution for v(t) su%ciently accurate
for the experiments under consideration can be ob-
tained without an exact integration of Eq. (3.4) .
Depending on the particular experiment, such a solu-
tion follows from the use of the adiabatic invariance of
the orbital magnetic moment, ' linearized equations of
motion, or numerical integration. This solution can
then be inserted into Eqs. (3.6) and (3.7), and a solu-

' The orbital moment is defined as IA/c, where I=m, /2s is
the current due to the circulating lepton, and A =m.r 2 is the area
of the orbit. For a uniform field B, we have p„b= Ti/B, where
T~= ~ynzvi', and vi is the component of v perpendicular to B.

Q„=—(e/mc) IB/y —t y/(y' —1)]p x EI,
Qs =—(e/trtc) I (B/7) —(7/(7+1) )P "E

B—(~/(p+1) )p(p p) —p x Ej
+-',fLE—(y/(y+1) )P(P E)+P x BjI,

and P=v/c. The vectors Q„and Qs are analogous to
co, and co& for the case of planar cyclotron motion.
Although 0, and Qg will not, in general, be parallel, it
is still possible to define a difference frequency vector
Q~, analogous to a~, as
Qti= QB—Q„=—(e/trtc) faB—a(y/(y+1) )P(P B)

+((1/~'v')- )P E
+sfrE—(&/(7+1))P(P E)+P xBjI (3 6)

The equation of motion of S in the electron rest frame
is simply

Figure 13.1: Schematic of a precession experiment. From Ref. [50].

precisely to extract ÊD. The accuracy to which it can be determined will increase in direct proportion
to T , all other factors being equal, so that the most obvious way to improve the precision of the

1Sir Joseph Larmor (1857-1942), a Northern Irish physicist and mathematician.
2Llewellyn Hilleth Thomas (1903-1992), a British physicist and applied mathematician.

precession for a particle at rest 
Thomas precession frequency due to
 acceleration of the circular motion.

Joseph Larmor
(1857-1942)

 Northern Irish 
physicist

 and mathematician

Llewellyn Hilleth Thomas 
(1903-1992),

British physicist and
applied mathematician
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▪ We consider the relative precession frequency of the spin relative to the 
cyclotron:

!D ⌘ !s � !c

!D =
g

2
�!c + (1� �)!c � !c =

⇣g
2
� 1

⌘
�!c• We have:

• Using                     we have:

242 13. TESTS OF QED AT LOW ENERGY

(1) Precession experiments: a particle of rest mass m and charge e moves with velocity v̨ in a
constant magnetic field B̨. The orbital motion is a uniform rotation at the cyclotron frequency Êc

Êc © Ê0

“
where Ê0 © eB

m
(13.18)

where the relativistic correction due to “ has been taken into account. The spin motion, as viewed
from the laboratory frame, is a uniform Larmor1 precession at the frequency

Ês = g

2“Êc + (1 ≠ “)Êc (13.19)

The first term is the precession for a particle at rest and the second is the Thomas2 precession
frequency due to the acceleration of the circular motion. The relative precession of the spin
relative to the velocity occurs at the frequency ÊD:

ÊD © Ês ≠ Êc = g

2“Êc + (1 ≠ “)Êc ≠ Êc =
3

g

2 ≠ 1
4

“Êc =
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g
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where a © (g/2 ≠ 1) = (g ≠ 2)/2 is the anomalous magnetic moment. For a point-like Dirac
particle we have g = 2 then aDirac = 0! This is already great but what makes this result even more
fantastic is that the relative precession frequency is independent of “. This fortunate circumstance
allows to measure a without first order correction to the velocity.

The schematic principle of a precession experiment is shown in Figure 13.1. One uses a polarized
source of electrons, which are stored in a constant magnetic field for a time T after which they are
analysed by a polarimeter, an apparatus which measures the amount of polarization Ŝ · n̂ relative
to a fixed direction n̂. The output of the polarimeter will oscillate as a function of the storage
time T with a behavior Ã cos ÊDT . The output of the polarimeter as a function of T can be fitted
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from injection to analysis. If only a uniform magnetic
field is used, any component of v parallel to 8 will cause
the orbit to drift parallel to the field direction. Since all
practical lepton sources have a finite angular emittance,
it is not possible to confine a useful number of leptons
for the desired periods using only a uniform magnetic
field. ~ Some sort of axial focusing scheme is required. The
usual choice has been magnetic focusing, in the form
of a magnetic-mirror trap, or a weak-focusing storage
ring. Although either of these schemes permits greatly
increased storage times, the increase is obtained at the
expense of perturbations to the difference frequency
precession introduced by the focusing fields. In pre-
cision experiments, the effects of these perturbations
must be considered carefully.
In addition to the magnetic field in the storage region,

weak electric fields may also be present. These stray
fields may be due to contact potential variations be-
tween metallic surfaces enclosing the storage region,
charging of dielectric surface films, or space charge. of
the trapped beam. Although these fields are quite weak,
(typically E/B(10 '), they can result in significant
additional perturbations to the difference frequency.
The generalized problem can be stated as follows:

The fields in the storage region will consist of a nearly
homogeneous magnetic field B(r), as well as a weak, but
not necessarily homogeneous electric field E(r) . Given
initial conditions for S and v, we wish to solve for the
resultant motion of S(t) and v(t) in the fields B(r) and
E(r). The rate of variation of 8(t) ~ t(t) can then be
identified as coti, as obtained from Eq. (3.3) .
The problem of computing the spin precession of a

particle in general electric and magnetic fields has been
considered by Bargmann, Michel, and Telegdi (1959),
Ford and Hirt (1961), and Fierz and Telegdi (1970),
and reviewed by Farago (1965). Although the formula-
tions are equivalent, we find the most explicit to be that
of Ford and Hirt. They have shown that the exact'
classical relativistic equations of motion of a particle
with spin S, magnetic moment (g/2) (e/mc) S, and elec-
tric dipole moment' ( f/2) (e/rrtc) S in laboratory fields

' Consider a particle injected with a small pitch angle n v ith
respect to the plane normal to B. Then we have v,=vn, and
s=-2~r, nn, where e is the number of cyclotron orbits, r, is the
cyclotron radius, and s is the axial drift distance. For a=10 ',
r, =10 cm, and m=10', we find s=6000 m! A single pass through
a long solenoid is therefore ruled out, at least in terms of a practi-
cal experiment.

The instantaneous fields experienced by the particle are
assumed to be homogeneous, in the sense that forces of the type
V(p. B) are negligible compared to the Lorentz force in these
experiments, and are therefore not included in the equations of
motion for v or S.

Although symmetry considerations require the edm of a
Dirac particle to be identically zero, a possible finite edm is
included for completeness. The current upper limit on the elec-
tron edm is 2/10 " e cm (Sandars and Lipworth, Phys. Rev.
Letters 13, 718 1964), corresponding to f&1.8X10 ' . The
e8ect of the electron edm will be completely negligible at the
level of 1 ppm in a. Accordingly, the terms proportional to f
can be dropped from Eq. (3.6).
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Fio. 3.1. Schematic outline of the precession experiments.

B(r) and E(r) can be put into the form:

did/dt= Q„x v,
dS/dt =Qs x S,

where

(3 4)
(3 5)

dS/dt=Qii(v, B, E) xS. (3 7)
The instantaneous motion of 8 with respect to v will
be a precession of 8 about QD with angular velocity
coD——

~
QD

~
(Fig. 3.2).

In practice, a solution for v(t) su%ciently accurate
for the experiments under consideration can be ob-
tained without an exact integration of Eq. (3.4) .
Depending on the particular experiment, such a solu-
tion follows from the use of the adiabatic invariance of
the orbital magnetic moment, ' linearized equations of
motion, or numerical integration. This solution can
then be inserted into Eqs. (3.6) and (3.7), and a solu-

' The orbital moment is defined as IA/c, where I=m, /2s is
the current due to the circulating lepton, and A =m.r 2 is the area
of the orbit. For a uniform field B, we have p„b= Ti/B, where
T~= ~ynzvi', and vi is the component of v perpendicular to B.

Q„=—(e/mc) IB/y —t y/(y' —1)]p x EI,
Qs =—(e/trtc) I (B/7) —(7/(7+1) )P "E

B—(~/(p+1) )p(p p) —p x Ej
+-',fLE—(y/(y+1) )P(P E)+P x BjI,

and P=v/c. The vectors Q„and Qs are analogous to
co, and co& for the case of planar cyclotron motion.
Although 0, and Qg will not, in general, be parallel, it
is still possible to define a difference frequency vector
Q~, analogous to a~, as
Qti= QB—Q„=—(e/trtc) faB—a(y/(y+1) )P(P B)

+((1/~'v')- )P E
+sfrE—(&/(7+1))P(P E)+P xBjI (3 6)

The equation of motion of S in the electron rest frame
is simply

Figure 13.1: Schematic of a precession experiment. From Ref. [50].

precisely to extract ÊD. The accuracy to which it can be determined will increase in direct proportion
to T , all other factors being equal, so that the most obvious way to improve the precision of the

1Sir Joseph Larmor (1857-1942), a Northern Irish physicist and mathematician.
2Llewellyn Hilleth Thomas (1903-1992), a British physicist and applied mathematician.
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▪ We have found that the anomalous magnetic moment can be measured from 
the relative precession frequency:

This is great but what makes this result even more
fantastic is that the relative precession frequency is independent of 𝛾 → 

a  can be measured without first order correction to the velocity.

!D ⌘ a!0

For a point-like Dirac particle: g = 2 → aDirac = 0! 

a ⌘ g

2
� 1 =

(g � 2)

2242 13. TESTS OF QED AT LOW ENERGY

(1) Precession experiments: a particle of rest mass m and charge e moves with velocity v̨ in a
constant magnetic field B̨. The orbital motion is a uniform rotation at the cyclotron frequency Êc

Êc © Ê0

“
where Ê0 © eB

m
(13.18)

where the relativistic correction due to “ has been taken into account. The spin motion, as viewed
from the laboratory frame, is a uniform Larmor1 precession at the frequency

Ês = g

2“Êc + (1 ≠ “)Êc (13.19)

The first term is the precession for a particle at rest and the second is the Thomas2 precession
frequency due to the acceleration of the circular motion. The relative precession of the spin
relative to the velocity occurs at the frequency ÊD:

ÊD © Ês ≠ Êc = g

2“Êc + (1 ≠ “)Êc ≠ Êc =
3

g

2 ≠ 1
4

“Êc =
3

g

2 ≠ 1
4

“
eB

“m
© aÊ0 (13.20)

where a © (g/2 ≠ 1) = (g ≠ 2)/2 is the anomalous magnetic moment. For a point-like Dirac
particle we have g = 2 then aDirac = 0! This is already great but what makes this result even more
fantastic is that the relative precession frequency is independent of “. This fortunate circumstance
allows to measure a without first order correction to the velocity.

The schematic principle of a precession experiment is shown in Figure 13.1. One uses a polarized
source of electrons, which are stored in a constant magnetic field for a time T after which they are
analysed by a polarimeter, an apparatus which measures the amount of polarization Ŝ · n̂ relative
to a fixed direction n̂. The output of the polarimeter will oscillate as a function of the storage
time T with a behavior Ã cos ÊDT . The output of the polarimeter as a function of T can be fitted
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from injection to analysis. If only a uniform magnetic
field is used, any component of v parallel to 8 will cause
the orbit to drift parallel to the field direction. Since all
practical lepton sources have a finite angular emittance,
it is not possible to confine a useful number of leptons
for the desired periods using only a uniform magnetic
field. ~ Some sort of axial focusing scheme is required. The
usual choice has been magnetic focusing, in the form
of a magnetic-mirror trap, or a weak-focusing storage
ring. Although either of these schemes permits greatly
increased storage times, the increase is obtained at the
expense of perturbations to the difference frequency
precession introduced by the focusing fields. In pre-
cision experiments, the effects of these perturbations
must be considered carefully.
In addition to the magnetic field in the storage region,

weak electric fields may also be present. These stray
fields may be due to contact potential variations be-
tween metallic surfaces enclosing the storage region,
charging of dielectric surface films, or space charge. of
the trapped beam. Although these fields are quite weak,
(typically E/B(10 '), they can result in significant
additional perturbations to the difference frequency.
The generalized problem can be stated as follows:

The fields in the storage region will consist of a nearly
homogeneous magnetic field B(r), as well as a weak, but
not necessarily homogeneous electric field E(r) . Given
initial conditions for S and v, we wish to solve for the
resultant motion of S(t) and v(t) in the fields B(r) and
E(r). The rate of variation of 8(t) ~ t(t) can then be
identified as coti, as obtained from Eq. (3.3) .
The problem of computing the spin precession of a

particle in general electric and magnetic fields has been
considered by Bargmann, Michel, and Telegdi (1959),
Ford and Hirt (1961), and Fierz and Telegdi (1970),
and reviewed by Farago (1965). Although the formula-
tions are equivalent, we find the most explicit to be that
of Ford and Hirt. They have shown that the exact'
classical relativistic equations of motion of a particle
with spin S, magnetic moment (g/2) (e/mc) S, and elec-
tric dipole moment' ( f/2) (e/rrtc) S in laboratory fields

' Consider a particle injected with a small pitch angle n v ith
respect to the plane normal to B. Then we have v,=vn, and
s=-2~r, nn, where e is the number of cyclotron orbits, r, is the
cyclotron radius, and s is the axial drift distance. For a=10 ',
r, =10 cm, and m=10', we find s=6000 m! A single pass through
a long solenoid is therefore ruled out, at least in terms of a practi-
cal experiment.

The instantaneous fields experienced by the particle are
assumed to be homogeneous, in the sense that forces of the type
V(p. B) are negligible compared to the Lorentz force in these
experiments, and are therefore not included in the equations of
motion for v or S.

Although symmetry considerations require the edm of a
Dirac particle to be identically zero, a possible finite edm is
included for completeness. The current upper limit on the elec-
tron edm is 2/10 " e cm (Sandars and Lipworth, Phys. Rev.
Letters 13, 718 1964), corresponding to f&1.8X10 ' . The
e8ect of the electron edm will be completely negligible at the
level of 1 ppm in a. Accordingly, the terms proportional to f
can be dropped from Eq. (3.6).
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B(r) and E(r) can be put into the form:

did/dt= Q„x v,
dS/dt =Qs x S,

where

(3 4)
(3 5)

dS/dt=Qii(v, B, E) xS. (3 7)
The instantaneous motion of 8 with respect to v will
be a precession of 8 about QD with angular velocity
coD——

~
QD

~
(Fig. 3.2).

In practice, a solution for v(t) su%ciently accurate
for the experiments under consideration can be ob-
tained without an exact integration of Eq. (3.4) .
Depending on the particular experiment, such a solu-
tion follows from the use of the adiabatic invariance of
the orbital magnetic moment, ' linearized equations of
motion, or numerical integration. This solution can
then be inserted into Eqs. (3.6) and (3.7), and a solu-

' The orbital moment is defined as IA/c, where I=m, /2s is
the current due to the circulating lepton, and A =m.r 2 is the area
of the orbit. For a uniform field B, we have p„b= Ti/B, where
T~= ~ynzvi', and vi is the component of v perpendicular to B.

Q„=—(e/mc) IB/y —t y/(y' —1)]p x EI,
Qs =—(e/trtc) I (B/7) —(7/(7+1) )P "E

B—(~/(p+1) )p(p p) —p x Ej
+-',fLE—(y/(y+1) )P(P E)+P x BjI,

and P=v/c. The vectors Q„and Qs are analogous to
co, and co& for the case of planar cyclotron motion.
Although 0, and Qg will not, in general, be parallel, it
is still possible to define a difference frequency vector
Q~, analogous to a~, as
Qti= QB—Q„=—(e/trtc) faB—a(y/(y+1) )P(P B)

+((1/~'v')- )P E
+sfrE—(&/(7+1))P(P E)+P xBjI (3 6)

The equation of motion of S in the electron rest frame
is simply

Figure 13.1: Schematic of a precession experiment. From Ref. [50].

precisely to extract ÊD. The accuracy to which it can be determined will increase in direct proportion
to T , all other factors being equal, so that the most obvious way to improve the precision of the

1Sir Joseph Larmor (1857-1942), a Northern Irish physicist and mathematician.
2Llewellyn Hilleth Thomas (1903-1992), a British physicist and applied mathematician.

Lorentz factor affects identically 
cyclotron and spin precession!
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(1) Precession experiments: a particle of rest mass m and charge e moves with velocity v̨ in a
constant magnetic field B̨. The orbital motion is a uniform rotation at the cyclotron frequency Êc

Êc © Ê0

“
where Ê0 © eB

m
(13.18)

where the relativistic correction due to “ has been taken into account. The spin motion, as viewed
from the laboratory frame, is a uniform Larmor1 precession at the frequency

Ês = g

2“Êc + (1 ≠ “)Êc (13.19)

The first term is the precession for a particle at rest and the second is the Thomas2 precession
frequency due to the acceleration of the circular motion. The relative precession of the spin
relative to the velocity occurs at the frequency ÊD:

ÊD © Ês ≠ Êc = g

2“Êc + (1 ≠ “)Êc ≠ Êc =
3

g
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where a © (g/2 ≠ 1) = (g ≠ 2)/2 is the anomalous magnetic moment. For a point-like Dirac
particle we have g = 2 then aDirac = 0! This is already great but what makes this result even more
fantastic is that the relative precession frequency is independent of “. This fortunate circumstance
allows to measure a without first order correction to the velocity.

The schematic principle of a precession experiment is shown in Figure 13.1. One uses a polarized
source of electrons, which are stored in a constant magnetic field for a time T after which they are
analysed by a polarimeter, an apparatus which measures the amount of polarization Ŝ · n̂ relative
to a fixed direction n̂. The output of the polarimeter will oscillate as a function of the storage
time T with a behavior Ã cos ÊDT . The output of the polarimeter as a function of T can be fitted
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from injection to analysis. If only a uniform magnetic
field is used, any component of v parallel to 8 will cause
the orbit to drift parallel to the field direction. Since all
practical lepton sources have a finite angular emittance,
it is not possible to confine a useful number of leptons
for the desired periods using only a uniform magnetic
field. ~ Some sort of axial focusing scheme is required. The
usual choice has been magnetic focusing, in the form
of a magnetic-mirror trap, or a weak-focusing storage
ring. Although either of these schemes permits greatly
increased storage times, the increase is obtained at the
expense of perturbations to the difference frequency
precession introduced by the focusing fields. In pre-
cision experiments, the effects of these perturbations
must be considered carefully.
In addition to the magnetic field in the storage region,

weak electric fields may also be present. These stray
fields may be due to contact potential variations be-
tween metallic surfaces enclosing the storage region,
charging of dielectric surface films, or space charge. of
the trapped beam. Although these fields are quite weak,
(typically E/B(10 '), they can result in significant
additional perturbations to the difference frequency.
The generalized problem can be stated as follows:

The fields in the storage region will consist of a nearly
homogeneous magnetic field B(r), as well as a weak, but
not necessarily homogeneous electric field E(r) . Given
initial conditions for S and v, we wish to solve for the
resultant motion of S(t) and v(t) in the fields B(r) and
E(r). The rate of variation of 8(t) ~ t(t) can then be
identified as coti, as obtained from Eq. (3.3) .
The problem of computing the spin precession of a

particle in general electric and magnetic fields has been
considered by Bargmann, Michel, and Telegdi (1959),
Ford and Hirt (1961), and Fierz and Telegdi (1970),
and reviewed by Farago (1965). Although the formula-
tions are equivalent, we find the most explicit to be that
of Ford and Hirt. They have shown that the exact'
classical relativistic equations of motion of a particle
with spin S, magnetic moment (g/2) (e/mc) S, and elec-
tric dipole moment' ( f/2) (e/rrtc) S in laboratory fields

' Consider a particle injected with a small pitch angle n v ith
respect to the plane normal to B. Then we have v,=vn, and
s=-2~r, nn, where e is the number of cyclotron orbits, r, is the
cyclotron radius, and s is the axial drift distance. For a=10 ',
r, =10 cm, and m=10', we find s=6000 m! A single pass through
a long solenoid is therefore ruled out, at least in terms of a practi-
cal experiment.

The instantaneous fields experienced by the particle are
assumed to be homogeneous, in the sense that forces of the type
V(p. B) are negligible compared to the Lorentz force in these
experiments, and are therefore not included in the equations of
motion for v or S.

Although symmetry considerations require the edm of a
Dirac particle to be identically zero, a possible finite edm is
included for completeness. The current upper limit on the elec-
tron edm is 2/10 " e cm (Sandars and Lipworth, Phys. Rev.
Letters 13, 718 1964), corresponding to f&1.8X10 ' . The
e8ect of the electron edm will be completely negligible at the
level of 1 ppm in a. Accordingly, the terms proportional to f
can be dropped from Eq. (3.6).
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B(r) and E(r) can be put into the form:

did/dt= Q„x v,
dS/dt =Qs x S,

where

(3 4)
(3 5)

dS/dt=Qii(v, B, E) xS. (3 7)
The instantaneous motion of 8 with respect to v will
be a precession of 8 about QD with angular velocity
coD——

~
QD

~
(Fig. 3.2).

In practice, a solution for v(t) su%ciently accurate
for the experiments under consideration can be ob-
tained without an exact integration of Eq. (3.4) .
Depending on the particular experiment, such a solu-
tion follows from the use of the adiabatic invariance of
the orbital magnetic moment, ' linearized equations of
motion, or numerical integration. This solution can
then be inserted into Eqs. (3.6) and (3.7), and a solu-

' The orbital moment is defined as IA/c, where I=m, /2s is
the current due to the circulating lepton, and A =m.r 2 is the area
of the orbit. For a uniform field B, we have p„b= Ti/B, where
T~= ~ynzvi', and vi is the component of v perpendicular to B.

Q„=—(e/mc) IB/y —t y/(y' —1)]p x EI,
Qs =—(e/trtc) I (B/7) —(7/(7+1) )P "E

B—(~/(p+1) )p(p p) —p x Ej
+-',fLE—(y/(y+1) )P(P E)+P x BjI,

and P=v/c. The vectors Q„and Qs are analogous to
co, and co& for the case of planar cyclotron motion.
Although 0, and Qg will not, in general, be parallel, it
is still possible to define a difference frequency vector
Q~, analogous to a~, as
Qti= QB—Q„=—(e/trtc) faB—a(y/(y+1) )P(P B)

+((1/~'v')- )P E
+sfrE—(&/(7+1))P(P E)+P xBjI (3 6)

The equation of motion of S in the electron rest frame
is simply

Figure 13.1: Schematic of a precession experiment. From Ref. [50].

precisely to extract ÊD. The accuracy to which it can be determined will increase in direct proportion
to T , all other factors being equal, so that the most obvious way to improve the precision of the

1Sir Joseph Larmor (1857-1942), a Northern Irish physicist and mathematician.
2Llewellyn Hilleth Thomas (1903-1992), a British physicist and applied mathematician.

Polarized source of electrons stored in constant magnetic field for a time T after which 
they are analysed by a polarimeter.

measures the amount of polarization 
S⃗ · n⃗ relative to fixed direction n⃗.

Output of the polarimeter oscillates as a 
function ∼cos 𝜔D T → 𝜔D

Accuracy ∼T → increase time particle spends in B⃗ field. In a real experiment, B⃗ never 
“exactly constant” and  E⃗ fields necessary to guide particles in desired direction. 
Trajectory: Lorentz force plus spin precession (Bargmann-Michel-Telegdi equations)
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In order to match the current experimental precision 

→ theoretical value up to fifth term in the Dyson expansion since (𝛼/𝜋)5 ≃ 0.07x10−12. 
At this level of precision contributions from three types of interactions: electromagnetic, 
hadronic, and electroweak.  
4th term: 891 Feynman diagrams , 5th term: 12672 diagrams (evaluated numerically)

13.3. MUON MAGNETIC MOMENT 245

In 1966 Rich and Crane extend the technique to positrons and measure for the first time the positron
anomalous magnetic moment [49]:

ae+(exp) = 0.001168 ± 0.000011 (13.29)

The result agree at 10 ppm (part-per-million) with the result obtained for the electron, as expected
by CPT invariance.

In 1968, the direct observation of spin and cyclotron resonances of free thermal electrons in Penning
configuration ion trap is performed by Grä�, Major, Roeder, and Werth [33], finding ae(exp) =
0.001159 ± 0.000002. In 1969, Grä�, Klempt, and Werth report the first evidence of g ≠ 2 transitions
by RF absorption and measure ae(exp) = 0.001159660±0.000000030 [32]. Today’s ae value is known
with extremely high precision and is compiled by the CODATA [41] by NIST to be:

ae(exp) = 0.00115965218091 ± 0.00000000000026 (13.30)

or a precision of about 200 parts-per-trillion. This result is based mostly on the most precise mea-
surement done by the Harvard group in 2008 using a resonance measurement in a Penning trap with
a single electron (One-Electron Quantum Cyclotron) [34]. In order to test QED to such a preci-
sion it is necessary to have a theoretical value up to the fifth term in the Dyson expansion since
(–/fi)5 ƒ 0.07◊10≠12. In the Standard Model and at the level of this precision, the theoretical value
has contributions from three types of interactions electromagnetic, hadronic, and electroweak. The
last two are very small but cannot be ignored at this level of precision. The first three terms are
known analytically. The fourth term has contributions from 891 Feynman diagrams and the fifth
term is the result of 12672 diagrams. A gigantic numerical work leads to the following theoretical
value [5]:

ae(theo) = 0.001159652181643(25)De(23)Ee(16)hadr+EW (763)– (13.31)

where first three uncertainties are from the fourth term, fifth term, and from hadronic and electroweak
terms. The last error comes from the knowledge of –. A very stringent test of QED continues to come
from comparing measured and theoretical ae, the latter using an independently measured hyperfine
structure constant – as an input. As shown above, today theory and experiment are in excellent
agreement at this fantastic precision! Maybe with more precision some deviations from QED could
hint at new physics at very high energy. But so far this is not the case.

13.3 Muon magnetic moment

The (known) interactions of the muons are identical to those of the electrons, yet the rest mass of the
muon is about 200 times that of the electron. In 1957 Suura and Wichman [55] and independently
Petermann [45] calculated the di�erence between the electron and the muon anomalous magnetic
moment. The di�erence between aµ and ae comes from the dependence of the vacuum polarization
terms on the mass of the fermion and on hadronic corrections. It is approximately 0.6% of a.

In 1957 Co�n et al. [18] obtained a first measurement by measuring the spin precession frequency
of stopped muons in a magnetic field. In order to extract gµ from this measurement, one needs to know
the muon mass mµ which limited the accuracy of the comparison with ae. A direct determination
of aµ avoids the necessity of correcting the results for the ratio mµ/me. In 1961 the first direct
determination of aµ was performed at CERN by Charpak et al. [17] with an accuracy of 2%, which
was then improved to 0.5% in 1965. As for the case of the electron, the anomalous magnetic moment

hadronic and weak
contributions 

uncertainty from 
determination of 𝛼

uncertainty from 5th order 
QED calculations

Today theory and experiment are in good agreement at this fantastic 
precision! Maybe with more precision some deviations from QED could 
hint at new physics at very high energy. But so far this is not the case.
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Raman beams (εR = ±1). The shot-to-shot parameters of the interferom-
eter (δωR, εR, εB) are applied randomly to avoid drifts. We record four 
spectra (Fig. 3a) that yield
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Data analysis
For the conditions of Fig. 3a, the typical uncertainty on δωR,0 is 55 mHz. 
This leads to a statistical uncertainty on h/m of less than 2 ppb in 5 min. 
The behaviour of the Allan deviation calculated with a set of h/m meas-
urements over 56 h (Fig. 3b) shows that the data are independent (no 
correlations or long-term drift). It also indicates that the sensitivity of 
our setup on α is 8 × 10−11 in 14 h.

Table 1 presents our error budget. Several systematic effects identi-
fied in our previous measurement18 have been reduced by at least one 
order of magnitude. By controlling the experimental parameters of the 
atomic elevator, we are able to adjust precisely the altitude of atomic 
trajectories within 100 µm in such way that the gravity gradient can-
cels out between the configurations εB = 1 and εB = −1 (see Fig. 2c). The 
effect of Earth’s rotation is suppressed by continuously rotating one 
of the Raman beams during the interferometric pulse sequence19. The 
long-term drift of the beam alignment is corrected with an accuracy 
better than 4 µrad every 45 min by controlling the retro-reflection of 
the laser beams via a single-mode optical fibre. Our lasers are locked 
on a stabilized Fabry–Pérot cavity and their frequencies are regularly 
measured using a frequency comb with an accuracy of less than 4 kHz. 
The low density of our atomic sample implies a reduction of the effects 
of the refraction index and atom–atom interaction20 to less than 1 ppt. 
Effects related to the geometrical parameters of the laser beams (Gouy 
phase and wave front curvature) are mitigated by using a 4.9-mm-waist 
beam passing through an apodizing filter and by adjusting the curva-
ture with a shearing interferometer.

Among the recently identified systematic effects, the most subtle one 
is related to correlations between the efficiency of the Bloch oscillations 
and short-scale spatial fluctuations in laser intensity. This effect raises 

the question of how to calculate the photon momentum in a distorted 
optical field. Relying on our previous work21, we reduce the contribu-
tion of this effect to the error budget to less than 0.02 ppb. Because of 
the expansion of the atomic cloud, there is a residual phase shift that is 
due to the variation of the intensity perceived by the atoms. This phase 
shift depends on the velocity distribution22,23. We implement a method 
to compensate for the mean intensity variation and use a Monte Carlo 
simulation to evaluate the residual bias due to this Raman phase shift.

During the interferometer sequence, we apply a frequency ramp to 
compensate the Doppler shift induced by gravity. Nonlinearity in the 
delay of the optical phase-lock loop induces a residual phase shift that 
is measured and corrected for each spectrum. These systematic effects 
were not considered in our previous measurement18 (see Fig. 1), which 
could explain the 2.4σ discrepancy between that measurement and the 
present one. Unfortunately, we do not have available data to evaluate ret-
rospectively the contributions of the phase shift in the Raman phase-lock 
loop and of short-scale fluctuations in the laser intensity to the 2011 
measurement. Thus, we cannot firmly state that these two effects are 
the cause of the 2.4σ discrepancy between our two measurements.

Overall systematic errors contribute an uncertainty of 6.8 × 10−11. 
Figure 3c shows the data used for the determination of α. Each point 
represents about 10 h of data. We took advantage of the sensitivity and 
reproducibility of our setup to study systematic effects by varying the 
experimental parameters (such as pulse-separation time, number of 
Bloch oscillations, duration of Bloch pulse, laser intensity and atomic 
trajectories). In parallel, we performed theoretical modelling and 
numerical simulations to interpret the experimental observations. 
The measurement campaign lasted one year and ended when consistent 
values were obtained for the different configurations.

Using our measurement of the fine-structure constant, the 
standard-model prediction of the anomalous magnetic moment of 
the electron becomes

a α
g

( ) =
− 2

2
= 1,159,652, 180.252 (95) × 10 .e LKB2020

e −12

The relative uncertainty on ge is below 0.1 ppt, which is the most accu-
rate prediction of the standard model. Comparison with the direct 
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Fig. 2 | Experimental setup. a, Design of the vacuum chamber; the atom 
interferometer—a 70-cm-long magnetically shielded tube—is located in the 
upper area. b, Sequence of Bloch oscillations (B.O., red) and Raman pulses 
(yellow) used to control the trajectory of atoms before starting the atom 

interferometer. c, Atom interferometer light pulse sequence. The atomic 
trajectories for upward (blue) and downward (purple) accelerations are 
previously calculated to mitigate the gravity gradient effect. The separation 
between the two paths of each interferometer is exaggerated for clarity.
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 B. Abi, et al. Phys. Rev. Lett. 126, 141801 (2021)  

For the muon there is a 4 sigma 
discrepancy between the theoretical 

predictions and the experimental 
value.

 *Hadronic corrections to be directly measured by MUonE EXP @ CERN  G. Abbiendi. PoS ICHEP2020, 223 (2021)  

New physics (see later) or problem with calculation  
of hadronic corrections*?

TO NOTE: Lattice QCD calculations S. 
Borsanyi et al. Nature 593 (2021) reduce 

discrepancy.
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How to fix the input parameters?
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How many free parameters do we have in the Standard Model?

A) 18
B) 12
C) 26 
D) 32
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TOTAL: 26

▪  6 quark masses 
▪  6 lepton masses  
▪ Higgs mass + vacuum expectation value (v) 

▪ 3 gauge couplings (e, sin2 θW , gs),  
▪ 3 CKM rotation angles, 1 CP violation phase,  
▪ 3 PNMS rotation angles, 1 CP violation phase,  
▪ θ parameter [strong CP violation] 

Those parameters are not predicted by the theory but need to be determined 
experimentally!  Many of them through low energy particle physics experiments!
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• Problem for evaluation of loop or higher order diagrams → divergent amplitudes
12. QED RADIATIVE CORRECTIONS

kµ
µ ‹

kµ + pµ

pµ

µ ‹ µ ‹

Figure 12.4: One fermion loop corrections to the photon propagator (left) “plain” (or naked); (middle)
“dressed” with one fermion-antifermion loop; (right) two loops.

We can continue this process and for example express the photon propagator with two fermion
loops (See Figure 12.4) as a function of �1L:

G̃µ‹
F,2L(k) = G̃µ–

F (k) · ie2�1L
–—(k) · G̃—“

F (k) · ie2�1L
“” (k) · G̃”‹

F (k)
= (≠e4)G̃µ–

F (k) · �1L
–—(k) · G̃—“

F (k) · �1L
“” (k) · G̃”‹

F (k)
= (≠e4)G̃µ–

F (k) · �2L
–—(k) · G̃—‹

F (k) (12.11)

We can generalize the procedure and consider all higher order corrections to the photon as a “blobs”
- See Figure 12.5. The blobs can contain any diagram that cannot be split into two by removing a
single line (these are called the one-particle irreducible (1PI) diagrams. The fully “dressed”
photon can then be expressed as:

G̃µ‹(k) © G̃µ‹
F (k) + ie2G̃µ–

F (k)�–—(k)G̃—‹
F (k)

≠ e4G̃µ–
F (k)�–—(k)G̃—“

F (k)�“”(k)(≠i)G̃“‹
F (k) + · · ·

(12.12)

Once the full photon propagator is computed, it can be in principle plugged into any diagram.
However, Feynman diagrams with loops can diverge. For example, the 1-loop fermion correction

kµ
µ ‹ µ ‹ µ ‹

Figure 12.5: Higher order corrections to the photon propagator (left) “plain” (or naked); (middle)
“dressed” with one blob; (right) two blobs.

Eq. 12.10 diverges quadratically with energy:

�–—
1L(k) Ã

⁄
d4p

p2

p4
Ã

⁄
d4p

1
p2
Ã

⁄
p3dp 1

p2
Ã p2 æŒ (12.13)

This is the ultra-violet divergence of QED, since the integral diverges due to its high-energy
behaviour.

The first thing to do is to introduce some regularization, like was already the case for the “plain”
Feynman propagator. Regularized diagrams must converge. When the regularization parameter tends
to some value, the original theory must be restored. There exist many regularization methods, and
its choice is crucial for any computation. If possible, the regularization should preserve as much of
the symmetry of the theory as possible.
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This is called the ultra-violet divergence of QED
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mass m, as shown in Figure 11.2(middle). According to the Feynman rules, the loop introduces the
trace of the associated “-matrices, an integration over the unmeasurable momentum, and an overall
(≠1) sign, so the photon propagator with one fermion loop G̃µ‹

F,1L(k) can be expressed as:

G̃µ‹
F,1L(k) = (≠1)

3≠igµ–

k2

4 ⁄ d4p

(2fi)4 Tr
I

(ie“–)
A

≠i(/p + m)
p2 ≠ m2

B

(ie“—)
A

≠i(/k ≠ /p + m)
(k ≠ p)2 ≠ m2

BJ A
≠ig—‹

k2

B

= G̃µ–
F (k) · ie2�–—(k) · G̃—‹

F (k) (11.7)

where G̃µ–
F (k) is the “plain” photon Feynman propagator (See Eq. 9.57) and the 1-loop fermion

correction is:

�–—
1L(k) = i

⁄ d4p

(2fi)4 Tr
I

“–

A
≠i(/p + m)
p2 ≠ m2

B

“—

A
≠i(/k ≠ /p + m)
(k ≠ p)2 ≠ m2

BJ

(11.8)

In order to compute the e�ect of the first order photon loop correction to a particular tree level
diagram, we can simply replace the “plain” photon propagator by the one above with the one fermion
loop, i.e. replacing G̃µ–

F (k) æ G̃µ‹
F,1L(k).

kµ
µ ‹

pµ

kµ ≠ pµ

µ ‹ µ ‹

Figure 11.2: One fermion loop corrections to the photon propagator (left) “plain” (or naked); (middle)
“dressed” with one fermion-antifermion loop; (right) two loops.

We can continue this process and for example express the photon propagator with two fermion
loops (See Figure 11.2) as a function of �1L:

G̃µ‹
F,2L(k) = G̃µ–

F (k) · ie2�1L
–—(k) · G̃—“

F (k) · ie2�1L
“” (k) · G̃”‹

F (k)
= (≠e4)G̃µ–

F (k) · �1L
–—(k) · G̃—“

F (k) · �1L
“” (k) · G̃”‹

F (k)
= (≠e4)G̃µ–

F (k) · �2L
–—(k) · G̃—‹

F (k) (11.9)

We can generalize the procedure and consider all higher order corrections to the photon as a “blobs”
- See Figure 11.3. The fully “dressed” photon can then be expressed as:

G̃µ‹(k) © G̃µ‹
F (k) + ie2G̃µ–

F (k)�–—(k)G̃—‹
F (k)

≠ e4G̃µ–
F (k)�–—(k)G̃—“

F (k)�“”(k)(≠i)G̃“‹
F (p) + · · ·

(11.10)

Once the full photon propagator is computed, it can be in principle plugged into any diagram.
However, Feynman diagrams with loops can diverge. For example, the 1-loop fermion correction
Eq. 11.8 diverges quadratically with energy:

�–—
1L(k) Ã

⁄
d4p

p2

p4 Ã
⁄

d4p
1
p2 Ã

⁄
p3dp

1
p2 Ã p2 æ Œ (11.11)

This is the ultra-violet divergence of QED, since the integral diverges due to its high-energy
behaviour.

E.g. photon propagator in QED
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• Renormalization: divergent integrals regularized by absorbing them into definition 
of bare parameters of  theory → new scale μ and higher order corrections for given 
scale Q2 relative to μ

Running of 𝛼 QED

18. QUANTUM CHROMODYNAMICS (QCD)

• [R3] External quark leg:

p
µ æ

i =
I

ciu
(s)(p̨)≠incoming

ū
(s)(p̨)c†

i≠outgoing

• [R4] External quark leg:

p
µ æ

=
I

v̄
(s)(p̨)c†

i≠incoming
civ

(s)(p̨)≠outgoing

• [R5] External gluon leg:
k

µ æ
=

I
‘µ(k̨)Ca≠incoming
‘

ú
µ(k̨)(Ca)ú≠outgoing

• [R6] qqg vertex:

i

j
µ, a

= ≠igs“
µ
⁄

a
ij/2

• [R7] 3-gluon vertex:

p2

p3

p1

‹, b

fl, c

µ, a

= ≠igsfabc [gµ‹(p1 ≠ p2)fl

+g‹fl(p2 ≠ p3)µ

+gfl‹(p3 ≠ p1)‹ ]

• [R8] 4-gluon vertex:

p2

p3

p1

p4

‹, b

fl, c

µ, a

‡, d

= ≠ig
2
s [fabefcde(gµflg‹fl ≠ gµ‡g‹‡)
+facefbde(gµ‹gfl‡ ≠ gµ‡g‹‡)
+fadefcde(gµflg‹fl ≠ gµ‹gfl‡)]

The rest of the rules are similar to those for QED. Energy and momentum must be conserved at
each vertex to determine the internal four momenta, and so forth.

18.7 Running of –s and asymptotic freedom

In the context of QED, we have learned that the evaluation of diagrams that contained loops or
higher order diagrams leads to divergent amplitudes. In the context of renormalization, divergent
integrals are regularized (for example with an additional ultra-violet cut-o� �). In this way, the
divergences of the perturbation expansion can be treated by absorbing them into the definition of
the bare parameters of the theory. Renomarlization introduces a new scale µ and the higher order
corrections to the observables is computed for a given scale Q

2 relative to µ. Ultimately, the running
of the QED coupling constant – as a function of the scale Q

2 is given by Eq. 12.31:

–(Q2) = –(µ2)

1 ≠ –(µ2)
3fi

ln
A

Q
2

µ2

B (18.39)
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k2: “resolution” of the probing photon ( 𝜆 ∼1/p)
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charge is surrounded by a cloud of virtual e+e≠ pairs (those which we computed as the fermion-
antifermion loop in the photon propagator!).

The phenomenon of vacuum polarization is illustrated in Figure 11.4. At relatively “small”
|k2|, the photon probes the shielded charge. At “larger” |k2|, the photon probes more of the naked
charge, hence, the electric charge that we see increases with k2. It is often expressed as the “running

small |k2|

large |k2|

naked charge e0

e+e≠

e+e≠

e+e≠

e+e≠
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e+e≠

e+e≠
e+e≠

e+e≠

e+e≠

|k2|

–(k2)

1/137

Figure 11.4: Basic illustration of the vacuum polarization e�ect inducing the “running” of the cou-
pling constant –.

of the coupling constant –”. Using e2 = 4fi–, we directly get:

–(k2) © –(0)
C

1 + –(0)
3fi

f

A

≠ k2

m2
e

B

+ O(–2)
D

(11.26)

Rather than relying on –(0), we experimentally measure the physical elementary charge at some
momentum scale µ2. Then using 1/(1 ≠ x) ¥ 1 + x:

–(k2) = –(µ2)–(k2)
–(µ2) = –(µ2)

Ë
1 + –(0)

3fi f
1
≠ k2

m2
e

2
+ . . .

È

Ë
1 + –(0)

3fi f
1

µ2

m2
e

2
+ . . .

È

ƒ –(µ2)
C

1 + –(0)
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m2
e

B

+ . . .

D C
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3fi
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A
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m2
e
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+ . . .

D

ƒ –(µ2)
C

1 + –(0)
3fi

A

f

A

≠ k2

m2
e

B

≠ f

A
µ2

m2
e

BB

+ . . .

D

(11.27)

Since f(x) æ ln x when x ∫ 1, we can write:

–(k2) = –(µ2)
C

1 + –(µ2)
3fi

ln
A

≠k2

µ2

B

+ O(–2)
D

(11.28)

where inside the brackets we have also set –(µ2), since the di�erence between –(µ2) and –(0) in the
correction is a higher order e�ect. The minus sign in ≠k2 should not trouble us, when we realize

At relatively “small”
|k2|, photon probes
 the shielded charge

vacuum polarization

At “larger” |k2|, photon probes more 
of naked charge → electric charge 
we see increases with k2
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Prof. M.A. Thomson Michaelmas 2011 277

! In QED, running coupling increases
very slowly
•Atomic physics:

•High energy physics:

OPAL Collaboration, Eur. Phys. J. C33 (2004)

! Might worry that coupling becomes 
infinite at

i.e. at
• But quantum gravity effects would come

in way below this energy and it is
highly unlikely that QED “as is” would
be valid in this regime

Prof. M.A. Thomson Michaelmas 2011 278

Running of !s
QCD Similar to QED but also have gluon loops 

+ + + +…

Fermion Loop Boson Loops

! Bosonic loops “interfere negatively”

with

!S decreases with Q2 Nobel Prize for Physics, 2004
(Gross, Politzer, Wilczek)

= no. of colours
= no. of quark flavours

! Remembering adding amplitudes, so can get negative interference and the sum
can be smaller than the original diagram alone 

Prof. M.A. Thomson Michaelmas 2011 277

! In QED, running coupling increases
very slowly
•Atomic physics:

•High energy physics:

OPAL Collaboration, Eur. Phys. J. C33 (2004)

! Might worry that coupling becomes 
infinite at

i.e. at
• But quantum gravity effects would come

in way below this energy and it is
highly unlikely that QED “as is” would
be valid in this regime

Prof. M.A. Thomson Michaelmas 2011 278

Running of !s
QCD Similar to QED but also have gluon loops 

+ + + +…

Fermion Loop Boson Loops

! Bosonic loops “interfere negatively”

with

!S decreases with Q2 Nobel Prize for Physics, 2004
(Gross, Politzer, Wilczek)

= no. of colours
= no. of quark flavours

! Remembering adding amplitudes, so can get negative interference and the sum
can be smaller than the original diagram alone 

Verified experimentally
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▪ Fermionic and bosonic enter with opposite sign! 
Competing contributions in total amplitude!

Running of 𝛼s 

QCD Similar to QED but also have gluon loops 
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18. QUANTUM CHROMODYNAMICS (QCD)

The treatment of renormalization in QCD is similar to that of QED. However, there is a very
important di�erence. Considering for example vacuum polarization in QED, we found that the
photon propagator was modified by loop diagrams containing a fermion-antifermion (e.g. e+e≠)
pair. In QCD, because of the existence of gluon self coupling, there are additional diagrams that
contribute. We learned that amplitudes with fermionic loops enter with a (≠1) sign. On the other
hand, the additional QCD diagrams with gluon loops are bosonic loops which do not carry the (≠1)
sign! The net e�ect is that while the fermionic loops acted as a “screening” e�ect, the bosonic
loops will e�ectively do the opposite, hence lead to an “anti-screening” e�ect. The running of the
strong coupling constant –s is hence driven by two opposing e�ects: the bosonic loops entering in the
expression with an opposite sign to the fermionic loops. The actual expression, analog to Eq. 12.31,
is given by:

–s(Q2) = –s(µ2)
1 + –s(µ2)—0

4fi ln
1

Q2

µ2

2 (18.40)

where —0 depends on the number of colors NC and quark flavors Nf in the following way:

—0 = 11NC ≠ 2Nf

3 (18.41)

For NC = 3 and Nf Æ 16 quarks, —0 is greater than zero and hence –s decreases with increasing Q2!
This is a totally amazing result!

We now have a justification for the asymptotic freedom of QCD. The strong coupling constant de-
creases rapidly with Q2, much faster than – in QED. The value of –s varies from –s(Q2 ≥ 1 GeV 2) ƒ
0.5 to –s(Q2 ≥ 100 GeV 2) ƒ 0.15. And –s(Q2) æ 0 as Q2 æ Œ. This has many implications. It is
for example the reason why quarks within the nucleon could be treated as quasi-free particles in the
discussion of the deep-inelastic electron-proton scattering, rather than being strongly bound inside
the nucleon.

Because of asymptotic freedom, the strong interaction physics can now be calculated in pertur-
bation theory when the momentum transfer is large. In particular, the tree-level one-gluon exchange
diagram becomes a good approximation for quark interaction as Q2 ∫ 1 GeV 2. At present, the most
accomplished result of QCD research is in the perturbative region, where many experimental data
have been explained well by perturbative QCD (pQCD).

18.8 Color confinement

A free quark would be detectable as a fractionally electrically charged particles with |Q| = 2/3 or
1/3. Despite many attempts to find such particles, none has been found so far. The hypothesis of
color confinement can explain the absence of observation of free quarks. It states that all naturally
occurring particles are color singlets, or equivalently, no colored particles can propagate in vacuum
freely. As already mentioned above, a color-singlet gluon, being massless, would mediate an infinite
range force like the Coulomb force. This is in total contradiction with the observation that the
strong force has an e�ective short range and is limited to the range of the nucleus (recall Yukawa’s
conjecture in Chapter 15.1). Color confinement also ensures that all hadrons are color-singlets, thus
hadrons, although they are actual quark bound states, cannot emit or absorb single gluons, again
ensuring no long range strong force can be present.
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be valid in this regime
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Running of !s
QCD Similar to QED but also have gluon loops 

+ + + +…

Fermion Loop Boson Loops

! Bosonic loops “interfere negatively”

with

!S decreases with Q2 Nobel Prize for Physics, 2004
(Gross, Politzer, Wilczek)

= no. of colours
= no. of quark flavours

! Remembering adding amplitudes, so can get negative interference and the sum
can be smaller than the original diagram alone 

anti-screening
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For NC = 3 and Nf ≤ 16 quarks, 𝛽0  > 0 and hence 𝛼s decreases 
with increasing Q2. This is also very well experimentally verified.

Prof. M.A. Thomson Michaelmas 2011 279

1 2 5 10 20 50 100 200
0.0

0.1

0.2

0.3

0.4

µ (GeV)

α�(µ)
QCD
Prediction

! As predicted by QCD, 
!S decreases with Q2

! At low      : !S is large, e.g. at                 find !S ~ 1
•Can’t use perturbation theory ! This is the reason why QCD calculations at

low energies are so difficult, e.g. properties hadrons, hadronisation of
quarks to jets,…

! At high       : !S is rather small, e.g. at               find !S ~ 0.12
Asymptotic Freedom

•Can use perturbation theory and this is the reason that in DIS at high
quarks behave as if they are quasi-free (i.e. only weakly bound within hadrons)

! Measure !S in many ways:
• jet rates
• DIS
• tau decays
• bottomonium decays
• +…
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Summary
! Superficially QCD very similar to QED
! But gluon self-interactions are believed to result in colour confinement
! All hadrons are colour singlets which explains why only observe 

Mesons Baryons

! A low energies 
Can’t use perturbation theory !

Non-Perturbative regime

! Coupling constant runs, smaller coupling at higher energy scales 

Can use perturbation theory

Asymptotic Freedom

! Where calculations can be performed, QCD provides a good description
of relevant experimental data 
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• QED coupling constant 
grows with energy 

• Other forces (strong and 
weak) behave in an 
opposite way, due to self 
gauge couplings (they are 
asymptotically free) 

• Opens the possibility that 
coupling constants 
“merge” (unify!) at high 
energy and be 
represented by a single 
unified force.

First, there is a new hierarchy problem (generically, the SM Higgs mass is

expected to get corrections from the heavy Higgs �). Second, there is a proton

decay problem: some of the additional gauge bosons mediate baryon number

violating transitions, allowing processes as p ! e+ + ⇡0. This makes the pro-

ton not fully stable and it turns out that its expected lifetime in such GUT

framework is violated by present experimental bounds. On a more theoretical

side, if we do not allow for new particles besides the SM ones to be there at

some intermediate scale, the three gauge couplings only approximately meet.

The latter is an unpleasant feature: small numbers are unnatural from a theo-

retical view point, unless there are specific reasons (as symmetries) justifying

their otherwise unnatural smallness.

Remarkably, making the GUT supersymmetric (SGUT) solves all of these

problems in a glance! If one just allows for the minimal supersymmetric ex-

tension of the SM spectrum, known as MSSM, the three gauge couplings ex-

actly meet, and the GUT scale is raised enough to let proton decay rate being

compatible with present experimental bounds.

10

10

−1

−2

SU(2)

U(1)

Coupling

Energy

Coupling

Energy10
16

10

10
−1

−2

SU(3)

U(1)

SU(2)

16
10

SU(3)

Standard Model ... + SUSY

Disclaimer: the MSSM is not the only possible option for supersymmetry

beyond the SM, just the most economic one. In the MSSM one just adds

a superpartner to each SM particle, therefore introducing the higgsino, the

wino, the zino, together with all squarks and sleptons, and no more. [There

is in fact an exception. To have a meaningful model one has to double the

Higgs sector, and have two Higgs doublets. One reason for that is gauge

anomaly cancellation: the higgsinos are fermions in the fundamental rep of

SU(2)L hence two of them are needed, with opposite hypercharge, not to spoil

15
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Other work of this era:!

Pati and Salam: Is Baryon Number Conserved? PRL 31, 661 (1973) 

Georgi, Quinn, and Weinberg: PRL 33, 451 (1974) proton lifetime ~ 6 × 1031 years.  

Sheldon Lee 
Glashow  

Born 1932

Howard Mason 
Georgi  

Born 1947
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§2. SU(5)

SU(5) ⊃ SU(3)× SU(2)× U(1) minimal group

24 generators Ta =⇒ 24 gauge bosons

color: Ta =

(
λa
2 0
0 0

)

(a = 1, . . . ,8)

SU(2)L : I1 = T22 I2 = T23

I3 = 1
4(
√
10T24 −

√
6T15)

Ii ∼
(

0 0

0 σi
2

)

(i = 1, . . . ,3)

charge matrix: Q = 4
√

1
6 T15

hypercharge: [Ic3 = 4I2I3I2 = −I3 ← charge conj.]

Y = 1
2

√
10T24 + 5

6

√
6T15 = 2(Q− Ic3)

FERMIONS

5∗ =













dc1
dc2
dc3
- - -
e−

−νe













L

color–antitriplet
isosinglet

color–singlet
isodoublet
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10 =
1√
2













0 uc3 −uc2 | −u1 −d1
−uc3 0 uc1 | −u2 −d2
uc2 −uc1 0 | −u3 −d3

- - - - - - - - - - - - - + - - - - - - - - -
u1 u2 u3 | 0 −e+
d1 d2 d3 | e+ 0













L

sum of two irreducible representations: no funda-
mental theory → intermediate theory

charge quantization:
5∗Q5∗ = TrQ = 0 = 3Q(d̄) +Q(e−)

=⇒ Q(d̄) = −1
3Q(e−) = 1

3

natural explanation of equality Q(P) = −Q(e−)
[1 : 1021]

GAUGE BOSONS

Vµ = V a
µ Ta =

1√
2
∗
















G3
√
2
+ G8
√
6
− 2B√

30
G1−i2
√
2

G4−i5
√
2

| X†
1 Y †

1

G1+i2
√
2

−G3
√
2
+ G8
√
6
− 2B√

30
G6−i7
√
2

| X†
2 Y †

2

G4+i5
√
2

G6+i7
√
2

−
√

2
3
G8 − 2B√

30
| X†

3 Y †
3

- - - - - - - - - - - - - - - - - - - - - - - - - - - - + - - - - - - - - - - - - - - - -
X1 X2 X3 | W 3

√
2
+ 3B√

30
W+

Y1 Y2 Y3 | W− −W 3
√
2
+ 3B√

30
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GUT

• Open Problems in SM:
3 interactions + class. Gravity
family structure
multiplet structure of a family
parameter number:

6 quark masses
3 lepton masses [6]
3 CKM rotation angles [6]
1 !

!
!CP phase [2]

1 Higgs mass
3 gauge couplings: e, sin2 θW, gs

1 electroweak Scale v
1 θ parameter [strong !

!
!CP ]

19 parameter [26]

• Partial Solution: Merging of interactions
SU(3)×SU(2)×U(1) −→ G

• Explanations:
charge quantisation: Qe− − 3Qd = 0
multiplet structure in families: “15”, “16”

• Predictions: sin2 θW = 0.20 . . .0.25

stability problem [
?
→ SUSY]

p decay [
?
←− SUSY]

magnetic monopoles ?

2

▪ Invariance under 

II GUT

§1. Unification of Gauge Couplings

SU(3)× SU(2)× U(1)→ 3 gauge couplings

→ sin2 θW free parameter

G ⊃ SU(3)× SU(2)× U(1)→ 1 gauge coupling

→ sin2 θW fixed

Lint = −gψ̄γµ
[

W3
µ I3 +BµTY + · · ·

]

ψ (TY = κ
Y

2
)

= − g sin θW︸ ︷︷ ︸

e

ψ̄γµ (I3 + TY cot θW )
︸ ︷︷ ︸

charge Q
(

Bµ cos θW +W3
µ sin θW

)

︸ ︷︷ ︸

Aµ

ψ+ · · ·

summation over multiplets [SU(5)]:

∑

Q2 =
∑

I23 + 2
∑

I3TY
︸ ︷︷ ︸

=0

cot θW + cot2 θW
∑

T2
Y

︸ ︷︷ ︸

=
∑

I23

=⇒ sin2 θsymW =

∑

I23
∑

Q2

Georgi
Quinn
Weinberg

[

κ = tan θsymW

]

28

▪ Invariance: Leptons->Quarks and Quarks->Leptons 

▪ All fermions in the same 
multiplet

▪ New bosons mX=1016GeV

GUT

• Open Problems in SM:
3 interactions + class. Gravity
family structure
multiplet structure of a family
parameter number:

6 quark masses
3 lepton masses [6]
3 CKM rotation angles [6]
1 !

!
!CP phase [2]

1 Higgs mass
3 gauge couplings: e, sin2 θW, gs

1 electroweak Scale v
1 θ parameter [strong !

!
!CP ]

19 parameter [26]

• Partial Solution: Merging of interactions
SU(3)×SU(2)×U(1) −→ G

• Explanations:
charge quantisation: Qe− − 3Qd = 0
multiplet structure in families: “15”, “16”

• Predictions: sin2 θW = 0.20 . . .0.25

stability problem [
?
→ SUSY]

p decay [
?
←− SUSY]

magnetic monopoles ?

2

&

Lagrange density: L0 = 5∗i "D5∗+ Tr10i "D10

iDµ = i∂µ − g5Vµ

Lint = −g5(ū "Gu+ d̄ "Gd) QCD

−g5(L̄q "WLq + L̄e "WLe)− g5

√

3

5
F̄ "B

Y

2
F GSW

−
g5√
2
(d̄ "Xec + εijku

c
L
i "XjukL + h.c.)

L-Q coupling

−
g5√
2
(d̄R "Y νcR + ūL "Y ecL − εijku

c
L
i "Y jdkL + h.c.)

Q-Q coupling

X,Y bosons possess leptoquark und diquark pro-

perties

X e−

d

X u

u

Y ν

d

Y e−

u

Y d

u

34
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Enrico Fermi’s Globatron 

p = 0.3 B[T] r[m] 
p ~ 100 T x 106 m 

E ~ 108 GeV 

100 EeV Cosmic Ray 

Ecm = √ 2 E m 
E ~ √1020 eV x 1 GeV  

E ~ 106 GeV  
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▪ A possible proton decay
§3. Proton Decay

effective Lagrange density:
G∗√
2
=

g25
8M2

X,Y

∼
g25

8M2
GUT

Leff =
4G∗√

2
εijk

[

ucL
kγµu

j
L(e

c
Lγ

µdiL + ecRγ
µdiR)

+ ucL
jγµd

k
L(ν

c
Rγ

µdiR + ecLγ
µuiL)

]

+ h.c.

selection rule: B − L = const =⇒ ∆B = ∆L

dominant decays: p→ π0e+, ρ0e+,ωe+,π+ν̄e, . . .

τP (P → π0e+) ∼
(

MX,Y

2·1014GeV

)4
∗ 1028±1 a

exp.: τP (P → π0e+) > 1.6 ∗ 1033a =⇒ SU(5) exclu-

ded [Superkamiokande]

37

▪ Superkamiokande (1996-): 
water Cherenkov detector with  
22.5 kton fiducial volume:  7.5 x1033 p  

▪ Current experimental limit: 

Citation: R.L. Workman et al. (Particle Data Group), Prog.Theor.Exp.Phys. 2022, 083C01 (2022)

p PARTIAL MEAN LIVESp PARTIAL MEAN LIVESp PARTIAL MEAN LIVESp PARTIAL MEAN LIVES

The “partial mean life” limits tabulated here are the limits on τ/Bi , where
τ is the total mean life for the proton and Bi is the branching fraction for
the mode in question.

Decaying particle: p = proton, n = bound neutron. The same event may
appear under more than one partial decay mode. Background estimates
may be accurate to a factor of two.

Antilepton + mesonAntilepton + mesonAntilepton + mesonAntilepton + meson

τ
(

N → e+π
)

τ1τ
(

N → e+π
)

τ1τ
(

N → e+π
)

τ1τ
(

N → e+π
)

τ1
LIMIT
(1030 years) PARTICLE CL% EVTS BKGD EST DOCUMENT ID TECN

>24000>24000>24000>24000 pppp 90909090 0000 0.590.590.590.59 1 TAKENAKA 20 SKAM
> 5300> 5300> 5300> 5300 nnnn 90909090 0000 0.410.410.410.41 ABE 17D SKAM

• • • We do not use the following data for averages, fits, limits, etc. • • •

>16000 p 90 0 0.61 ABE 17 SKAM
> 2000 n 90 0 0.27 NISHINO 12 SKAM
> 8200 p 90 0 0.3 NISHINO 09 SKAM
> 540 p 90 0 0.2 MCGREW 99 IMB3
> 158 n 90 3 5 MCGREW 99 IMB3
> 1600 p 90 0 0.1 SHIOZAWA 98 SKAM
> 70 p 90 0 0.5 BERGER 91 FREJ
> 70 n 90 0 ≤ 0.1 BERGER 91 FREJ
> 550 p 90 0 0.7 2 BECKER-SZ... 90 IMB3
> 260 p 90 0 <0.04 HIRATA 89C KAMI
> 130 n 90 0 <0.2 HIRATA 89C KAMI
> 310 p 90 0 0.6 SEIDEL 88 IMB
> 100 n 90 0 1.6 SEIDEL 88 IMB
> 1.3 n 90 0 BARTELT 87 SOUD
> 1.3 p 90 0 BARTELT 87 SOUD
> 250 p 90 0 0.3 HAINES 86 IMB
> 31 n 90 8 9 HAINES 86 IMB
> 64 p 90 0 <0.4 ARISAKA 85 KAMI
> 26 n 90 0 <0.7 ARISAKA 85 KAMI
> 82 p (free) 90 0 0.2 BLEWITT 85 IMB
> 250 p 90 0 0.2 BLEWITT 85 IMB
> 25 n 90 4 4 PARK 85 IMB
> 15 p, n 90 0 BATTISTONI 84 NUSX
> 0.5 p 90 1 0.3 3 BARTELT 83 SOUD
> 0.5 n 90 1 0.3 3 BARTELT 83 SOUD
> 5.8 p 90 2 4 KRISHNA... 82 KOLR
> 5.8 n 90 2 4 KRISHNA... 82 KOLR
> 0.1 n 90 5 GURR 67 CNTR

1TAKENAKA 20 includes data of ABE 17, and thus supersedes ABE 17.
2This BECKER-SZENDY 90 result includes data from SEIDEL 88.
3 Limit based on zero events.
4We have calculated 90% CL limit from 1 confined event.
5We have converted half-life to 90% CL mean life.

https://pdg.lbl.gov Page 13 Created: 8/11/2022 09:39

From https://pdg.lbl.gov
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▪ The SM is only valid up at some energy scale Λ. Candidates for this scale are:  
O(1016 GeV) in GUT or the Planck scale O(1019GeV).  

▪ The one loop radiative corrections to the Higgs boson mass

H

f

Figure 1.1: One-loop radiative correction to the Higgs mass due to fermion couplings.

may include many new fermionic and bosonic fields, possibly coupling to the

SM Higgs. Each of these fields will give radiative contribution to the Higgs

mass of the kind above, hence, no matter what new physics will show-up at

high energy, the natural mass for the the Higgs field would always be of order

the UV cut-o↵ of the theory, generically around ⇠ Mpl. We would need a huge

fine-tuning to get it stabilized at ⇠ 100GeV (we now know that the physical

Higgs mass is at 125 GeV, in fact)! This is known as the hierarchy problem: the

experimental value of the Higgs mass is unnaturally smaller than its natural

theoretical value.

In principle, there is a very simple way out of this. This resides in the fact that

(as you should know from your QFT course!) scalar couplings provide one-loop

radiative contributions which are opposite in sign with respect to fermions.

Suppose there exist some new scalar, S, with Higgs coupling ��S|H|2|S|2.
Such coupling would also induce corrections to the Higgs mass via the one-

loop diagram in Figure 1.2.

S

H

Figure 1.2: One-loop radiative correction to the Higgs mass due to scalar couplings.

Such corrections would have opposite sign with respect to those coming from

fermion couplings

�m2
H
⇠ �S ⇤2 . (1.8)

Therefore, if the new physics is such that each quark and lepton of the SM

were accompanied by two complex scalars having the same Higgs couplings of

the quark and lepton, i.e. �S = |�f |2, then all ⇤2 contributions would auto-

matically cancel, and the Higgs mass would be stabilized at its tree level value!

12

Hierarchy problem & fine-tuning
Loop corrections to the Higgs boson mass lead to a quadratic 
divergence in Λ, the energy scale of the theory 

Assuming the cut off at the Plank scale (1019 GeV), to get mH = 125 
GeV we need to fine tune radiative corrections and the bare mass, 
forcing the bare mass to be huge.  

This fine-tuning seems to be unnatural and suggests new physics might 
play a role in compensating for the large corrections.   

17

has a quadratic divergence ∼ Λ2  which  can only be canceled by fine-tuning  
the bare mass term  

▪ For  Λ at the Planck scale to get the measured Higgs mass of MH=125 GeV,  
the bare mass should be 1034 x MH    
This fine-tuning seems to be unnatural and suggests new physics might play a  
role in compensating for the large corrections.  
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• SUSY: space-time symmetry mapping particles and fields of integer spin (bosons) 
into particles and fields of half integer spin (fermions), and viceversa.  
The generators Q act as 

 

• Generators change the spin of a particle 
• Each particle has a super-partner  

Q |fermioni = |bosoni Q |bosoni = |fermioni
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• Doubling the number of elementary particles to solve problems seems to be 
unnatural … but … it is been done before! 

• The marriage of relativity and QM conceived anti-matter. As a result, the number 
of elementary particles doubled (Dirac and QFT). 

• Why is anti-matter needed in the Universe? 
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• SUSY cures the hierarchy problem in the following 
way: if SUSY were exact, radiative corrections to the 
scalar masses squared would be absent because the 
contribution of fermion loops exactly cancels against 
the boson loops

• Solution of hierarchy problem by low-energy SUSY masses 
< O(1 TeV) + lightest supersymmetric particle (LSP) is stable,  
weakly interacting ➜ ideal DM candidate (see later…) 

• BUT sofar no signs of SUSY neither at LHC nor in direct detection experiments…..
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• G. Feinberg (1963): but if W± boson exists →

20. NEUTRINOS

20.7 Studies of weak interactions at high energies

The direct detection of the neutrino by Reines and Cowan represented a major milestone for Fermi’s
theory of weak interactions, but it did not solve all neutrino puzzles, and in fact raised several
questions.

The question of identity of the neutrino was related to the fact that the neutrino is the
only elementary fermion which is electrically neutral. There is therefore a priori no way to directly
distinguish the neutrino from the anti-neutrino (in contrast to say electron and positron which have
opposite electric charge). In 1955 R. Davis attempts to look for the following reaction at a reactor
in Brookhaven [56] and later also at Savannah River:

‹ + 37Cl
?æ 37Ar + e≠ where ‹ from reactor (20.33)

hoping to detect capture on neutrons. He did not find any evidence for such reaction and set
‡ < 0.9 ◊ 10≠45 cm2.

On the theoretical side it was known that the Fermi theory violates unitarity at high energy.
Since the interaction was a four-fermion interaction, it diverged quickly at energy scales of the
order of (GF )≠1/2 ƒ 300 GeV. A solution to this problem was to propose a W ± boson mediated
interaction. This hypothesis should be tested with neutrinos of increasing energies, by searching for
the production of a real W ±. However, G. Feinberg showed that if the weak interaction is mediated
by an intermediate boson W ±, then the process µ æ e + “ becomes possible via the diagrams shown
in Figure 20.14 b),c) and d) with a rate

Br(µ æ e“) ¥ 10≠4 (20.34)

In the Fermi 4-point theory, the amplitude of the loop in Figure 20.14 a) is zero. The rate computed
by Feinberg [72] is much larger than the experimental limit known at the time set on electrons in
muon capture [158]. However, this would not happen if neutrinos associated to muons are di�erent
than neutrinos associated to electrons.

a)

Weak interactions — Leptonic modes 2 6 1 

process like this (Fig. 1) in which t he n e u t r i n o of the 
JLC-V a n d the neu t r i no of the e-v h ave ea t en each o the r t o 
f o r m a l o o p of this k ind . 

*lg. 1. 

Such a l o o p could , of course , give zero . If there is a n 
in te rmedia te b o s o n in the weak in te rac t ions , t h e n it does 
n o t give zero . Michel referred t o a p a p e r by Fe inbe rg in 
which it was s h o w n tha t the non-ze roness in fact is so m u c h 
t h a t when we a t t ach to this d i a g r a m a possible y-ray 
(Fig . 2) y o u get a r a te of /J-*- e + y which is m u c h larger 
t h a n the exper imenta l l imit of o n e in 50,000 set by Stein-
berger a n d Wolfe . ( F e y n m a n a n d I also d id this ca lcu la t ion 
a n d presented it a t the Wes t C o a s t Mee t ing of t he Physical 
Society last December . ) P e r h a p s we shou ld say, then , 
t h a t this s imply closes t he issue. T h e r e is p r o b a b l y n o 
in t e rmed ia te boson , a t least n o t in a s imple sense; we can 
forget a b o u t this a n d these l oops (Fig. 1) a re p r o b a b l y zero . 

Y 

Fig. 2. 

I wou ld like to po in t o u t t h a t the re is one logical alter-
na t ive to this which m a y n o t be very a t t rac t ive b u t which 
we migh t possibly be forced to cons ider . If we t ake the 
effect of this l o o p (Fig. 1), we can wri te it in te rms of the 
4-m o m e n t u m of the par t ic le which goes in as /i a n d comes 
o u t as e. Le t us call the 4 - m o m e n t u m of t h a t par t ic le p 
a n d let us consider i(yp). W e can expand the cont r i -
bu t i on of the d iag ram, Fig. 1, in powers of i(yp) and 
we get only o d d powers a n d of course , as a lways in these 
th ings n o w a d a y s , a factor (1 + y 5 ) , 

I w o u l d like t o po in t o u t s imply t ha t the th ing t ha t enters 
i n to the e + y decay (which is predic ted , b u t n o t 
observed, w h e n this l o o p is n o t zero) comes only f rom the 
cube te rm. T h a t is, y o u t a k e iiyp) a n d replace it by 

i (y (P—eA)) in here , a n d then y ou get y-ray decay. This first 
te rm, l inear in i(yp)9 c an con t r ibu t e n o t h i n g to y-decay a n d 
therefore we c a n n o t absolute ly d r a w the conc lus ion f rom the 
absence of the in to e + y t h a t this l o o p is to ta l ly zero . 
W e can d r a w the conc lus ion t h a t the / (yp) 3 t e r m is smaller 
t h a n it wou ld b e for an in te rmedia te b o s o n m o d e l . W e c a n n o t 
d r aw the conclus ion t h a t the l o o p is absolute ly non-exis tent , 
a n d if we h a d s o m e k i n d of a crazy m o d e l in which these 
higher te rms were n o t i m p o r t a n t b u t the re was a b ig t e rm 
with jus t (ai(yp)) in it (such as cou ld give n o y-ray decay 
here), tha t th ing w o u l d in t u r n be i m p o r t a n t for a n o t h e r 
p r o b l e m (which is the p r o b l e m of h y p e r o n - d e c ay which, 
of course , I m u s t n o t m e n t i o n today) . H y p e r o n - d e c a y 
in to s t rongly in te rac t ing part ic les is s o m e t h i ng like this : 
imagine we have an in terac t ion , say (Ap) wi th (np). The n 

Fig. 3. 

if this l o o p really shou ld h a p p e n to exist in s o m e weird 
mode l , it w o u l d also c o m e in he re a n d w o u l d give us a 
direct two-Fe rm i on (An) in te rac t ion . I t h i n k t h a t we 
shou ld really ei ther b u r y this th ing or else m a k e use of it. 
I j u s t w a n t t o a d d tha t these r e m a r k s shou ld be a t t r ibu ted 
t o F e y n m a n a n d me , if he will agree . Is he h e r e ? 

Chairman: N o t here . 

Gell-Mann: All r ight , t hen he will agree . 

Kallen: I w o u l d like to ask a very s imple ques t ion t o 
which I a m sure the exper ts mus t k n o w the answer . Is 
n o one wor r i ed a b o u t the fact t h a t t h e r enormal i zed 
coup l ing cons t an t t h a t comes o u t here is bigger t h a n the 
ba re coupl ing c o n s t a n t ? N o r m a l l y we expect it to be 
jus t the o the r way r o u n d — w h a t d o t he exper ts say ? 

Gell-Mann: I a m n o t necessarily a n expert , b u t I th ink 
tha t wha t y o u say is t rue of s imple mode l s a n d no t neces-
sarily of compl ica ted ones , t h a t is, if y o u ju s t have , say, a 
stat ic mode l of a nuc leon a n d y o u al low for the fact tha t 
it has a p ion c loud , then the axial vector r enorma l i za t ion 
represents the fract ion of the t ime t h a t the spin of the core 
po in ts in the di rect ion of the spin of the who le par t ic le 
a n d is obviously less t h a n o n e ; b u t in a m o d e l where you 
include pai r effects, besides the p ions in the c loud , I th ink 
this is n o longer t rue. W h e t h e r we have t o rely o n tha t , 
or whe ther there is some deep m i s u n d e r s t a n d i n g of the 
s i tuat ion here, I do no t k n o w , b u t I t h ink t h a t y o u c a n n o t 
p rove f rom the existing s i tua t ion wi th s t rong coupl ings 
involved and so on, tha t there is any th ing wrong . 

b)

LETTERS TO THE EDITOR

K.s and K» modes may be made from Eq. (2) by
neglecting m, (and its„) compared to tzs~. This gives
the ratio (accurate to probably 30%)

w (K~e+v+m. )/w (K~p+ v+a.) 1,

which is quite consistent with experiment. '
I would like to thank S. Drell for several valuable

conversations.
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Decays of the tt Meson in the Inter-
mediate-Meson Theory*
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l
'HE idea of a universal Fermi interaction has
received some attention recently, partly as a

result of various proposed symmetry principles' which
restrict the form of the 4-fermion interaction, and
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versality Inay come about through the interaction of a
current with itself by exchange of a heavy charged
boson, ' which will be referred to as an intermediate
meson. One advantage of such a mechanism is that
direct 4-fermion interactions involving 4-charged or 4-
neutral fermions cannot arise through the exchange of
such a boson. These interactions could lead to unob-
served decays like p+—+e++e++e and K+ -~++v+ f.
However, as we shall see, the existence of the decay
p+- -'e++ e++e to a small extent, as an indirect
process, is implied by the intermediate-boson hy-
pothesis in its usual form.
It is the purpose of this note to point out that the

existence of such a heavy boson, with the properties
required to give the known Fermi couplings, will itself
lead to the occurrence of decays which are not found
in nature, and which would not occur in any detectable
amount if there are no intermediate bosons. Specifically,
we consider the hypothetical decay p—+e+y. This
alterna, te decay mode of the p has been looked for by
I okanathan and Steinberger, ' who have found that the
branching ratio for it compared to the ordinary p decay,

p=R(p +e+y)/—R(p~e+ v+r),
is less than 2)&10 '.
If the intermediate meson exists and is coupled to

the pv and ev pairs as has been suggested, then the
decay p~e+p can proceed by the following chain of
virtual processes:
1. @~intermediate meson and neutrino.
2. Intermediate meson~intermediate meson+photon.
3. Intermediate meson+neutrino —+electron.
There are two similar chains in which the electron or y
meson emits the photons. The three Feynman graphs
which represent this process in lowest order are given
ln Flg. 1.
The point to note' is that the coupling constant g~

for the interaction of the intermediate mesons with the
fermions is proportional to the square root of the
Fermi coupling constant G, and therefore the matrix
element for the decay p~e+y via the chain 1—3 will be
of order Ge, whereas the matrix element for the ordinary
p decay is of order G, so that one would expect a
measurable branching ratio for p—&e+y. This is to be
contrasted with the case when only the four-fermion
couplings with 2 charged and 2 neutral fermions exist,
where the matrix element for p~e+y will involve at
least G', and where the decay will therefore be very slow.
An evaluation of the graphs of Fig. 1 has been made

for intermediate mesons of spin 1. The interaction of
the intermediate mesons with leptons was taken as

gz(pp', (1+ps)f.p,+c c )
+gz(g, q„(1+ps)4„4,+c.c.), (1)

where p is summed from 1 to 4, and g, are the 4-meson
field operators. This interaction gives an effective
4-fermion coupling of the required P'—A form with
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K.s and K» modes may be made from Eq. (2) by
neglecting m, (and its„) compared to tzs~. This gives
the ratio (accurate to probably 30%)
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Figure 20.14: Feynman diagrams for µ ≠ e coupling with the Fermi 4-point contact term and with
intermediate vector boson. From Ref. [72]

T.D. Lee and C.N. Yang underlined the importance of experiments with high energy neutrinos
to solve these questions [109]. Several processes involving neutrinos were considered and the issue
was to experimentally verify which reactions involved which type of neutrino or anti-neutrino:

pion decay : fi+ æ µ+ + ‹µ

muon capture : µ≠ + p æ n + ‹µ (20.35)
—+ decay : Z æ (Z ≠ 1) + e+ + ‹e

—≠ decay : Z æ (Z + 1) + e≠ + ‹e
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This pointed to a more “complex” scenario - not simply naive addition of IVB

21. NEUTRINOS AND THE THREE LEPTON FAMILIES

‹ ‹

µ e

‹

W± W±

“

µ e ‹

W±

“

µ e

‹

W±

“

µ e

Figure 21.14: (upper) Feynman diagrams for µ ≠ e coupling with the Fermi 4-point contact term
and (lower) diagrams contributing to µ æ e“ with an intermediate vector boson W± under the
assumption of ‹ = ‹e = ‹µ.

Conservation of lepton number: B. Pontecorvo [208] also raised the question about the nature
of the neutrinos produced in pair with an electron or a muon. Were the same or di�erent particles?
He proposed experiments to solve this question. He introduces the notation for the neutrinos ‹e and
‹µ (with corresponding anti-neutrinos ‹e and ‹µ) and assigns to each an electron leptonic charge
Le. If neutrinos and antineutrinos are di�erent particles then there must be a conserved charge (the
lepton number) associated to these states:

(e≠, ‹e) : Le = +1; (e+, ‹̄e) : Le = ≠1 (21.60)

This charge corresponds to an internal degree of freedom of the neutrino. The individual sums must
be conserved in all possible reactions. For instance, to the —+-decay corresponds the inverse reaction

‹̄e + p æ e+ + n

Le = ≠1 + 0 = ≠1 + 0 (21.61)

This is the particle that was discovered by Reines and Cowan, which was conventionally assigned
a negative leptonic charge and is labelled as an anti-neutrino. The charge conjugated state has an
opposite leptonic charge and is involved in the —≠-decay:

‹e + n æ e≠ + p

Le = +1 + 0 = +1 + 0 (21.62)

The existence of a leptonic charge Lµ associated to the muon neutrinos as follows

(µ≠, ‹µ) : Lµ = +1; (µ+, ‹̄µ) : Lµ = ≠1 (21.63)

can be checked by comparing the following reactions

‹µ + p æ µ+ + n and ‹µ + p
?æ µ+ + n

Lµ = ≠1 + 0 = ≠1 + 0 Lµ = +1 + 0 ”= ≠1 + 0 (21.64)

ETHZ - Rubbia 472

However, these processes would not happen if neutrinos associated to 
muons are different than neutrinos associated to electrons

⌫e 6= ⌫µ? are there different types of neutrinos?
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An example of a BSM loop: µ → eγ
• In SM + ν-oscillation framework

- µ → eγ not allowed in SM
lepton flavor (number) conservation.

- ν-mixing gives rise to
very small BR
(BR not measurable)

• In SUSY framework

- In SUSY models BR may be measurable

Sensitivity up to 500 TeV

Very rare events:
if BR∼ 10−11 →∼ 1013 µ+ needed

→ Intensity frontier

A. Antognini, Low-energy particle physics, Introduction, ETH Zurich – p. 6

µ→ e𝜸 with neutrino oscillation

[A. Antognini]
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- µ → eγ not allowed in SM
lepton flavor (number) conservation.
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very small BR
(BR not measurable)

• In SUSY framework

- In SUSY models BR may be measurable

Sensitivity up to 500 TeV

Very rare events:
if BR∼ 10−11 →∼ 1013 µ+ needed

→ Intensity frontier

A. Antognini, Low-energy particle physics, Introduction, ETH Zurich – p. 6

 µ→ e𝜸 : SUSY searches at the high intensity/low energy frontier 

[A. Antognini]
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Limits of μ→eɣ  decay 

2

SM with massive neutrinos (Dirac) BSM

B(µ+ ! e+�) ⇡ 10�54 B(µ+ ! e+�)� 10�54

too small to access experimentally
an experimental evidence:  

a clear signature of New Physics NP  
(SM background FREE)

�3

 oscillations
⌫

Charged lepton flavour violation search: Motivation

Bi =
�i

�tot

10-1010-2010-3010-4010-50

New PhysicsSM

Current upper limits on Bi

10-130 100

New particles
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The MEG experiment

3

µ → eγ: setup

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 18
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μ→eɣ  decay topology

4

µ → eγ: decay topology

[S. Ritt]
A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 19
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µ → eγ: background

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 20

μ→eɣ  signal and background

2
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µ → eγ: background

[T. Mori]
A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 21

μ→eɣ  signal and background
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Beijing, 20-08-2013 L. Galli, PSI & INFN Pisa

The MEG detector

9

• μ decay at rest

• Beam rate:  3×107 μ/s

• μ stopped in 205 μm target

• γ detection

• Liquid Xenon calorimetry with scintillation light

• fast: 4/22/45 ns

• high LY: ~0.8 NaI

• short X0: 2.77 cm

• e+ detection

• magnetic spectrometer 

• non-uniform B field → constant bending 
radius and e+ swept rapidly away 

• ultra-thin drift chambers to limit matter 
effects (X0 ~ 0.0003 per module)

• TC detector

• time of flight with plastic scintillator counters

• transverse scintillation fibers → hit position

Detector OUTLINE

The MEG setup
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The MEG results
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MEG: The result

• Confidence interval calculated with Feldman & Cousin approach with profile likelihood 
ratio ordering 

• Profile likelihood ratios as a function of the BR: all consistent with a null-signal 
hypothesis

Branching Ratio
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�11

B(µ+ ! e+�) < 4.2⇥ 10�13

A. M. Baldini et al. (MEG Collaboration), 
Eur. Phys. J. C76 (2016) no. 8, 434 

Full data sample: 2009-2013 
Best fitted branching ratio at 90% C.L.:

From MEGA to MEG:  

improvement by a factor ~ 30 

Systematic uncertainties: Target “alignment”: 5% 
                                              Other sources: < 1%
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µ → eγ: 2010 results

[Adam et al., prl 107, 171801 (2011)]
BR(µ → eγ) at 90% C.L. = 2.4× 10−12

(1.8× 1014 muons)

Limited by resolutions and accidentals

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 36
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4.3 Blinding

Every time the pre-selected events are processed, events fall-
ing in the window in the (te+�, E�) plane defined by |te+�| <
1 ns and 48.0 < E� < 58.0 MeV (“Blinding Box”) are hid-
den and written to a data stream not accessible by the col-
laboration. The MEG blinding box is shown in Fig. 21.

 (ns)γ+et
3− 2− 1− 0 1 2 3

 (M
eV

)
γ
E

46

48

50

52

54

56

58

60

Blinding Box

Analysis
Window

Positive
Timing

Side-band

Negative
Timing

Side-band

Energy
Side-band

Figure 21 The MEG blinding box and a possible definition of side-
bands.

For purposes of various studies, a number of side-band
regions were defined. Events with |te+�| > 1 ns fall in the
“timing side-bands”, the left side-band corresponding to te+� <
�1 ns and the right side-band to te+� > 1 ns, while events
with arbitrary relative timing and with E� < 48.0 MeV fall
into the “energy side-band”. Di↵erent photon energy win-
dows are used for di↵erent timing side-band studies. For ex-
ample, events with 48.0 < E� < 58.0 MeV are used when
the timing side-band data are compared with the data in
the analysis window, and events with E� > 40.0 MeV are
used for the single photon background study. RMD events,
with zero relative timing, belong to the energy side-band
and, as stated in Sect. 3.3.2, are used to accurately calib-
rate the timing di↵erence between LXe detector and TC.
Events in the timing side-bands are very likely to be acci-
dental events; hence, their positron and photon energy spec-
tra and relative angle distributions are uncorrelated. We also
define “angle side-bands” the regions corresponding to 50 <
|✓e+�| < 150 mrad or 75 < |�e+�| < 225 mrad, which are used
for self-consistency checks of the analysis procedure.

Side-band events are studied in detail to optimise the al-
gorithms and analysis quality, to estimate the background
in the analysis window, and to evaluate the experimental
sensitivity by using toy MC simulations. At the end of the
optimisation procedure, the events in the blinding box are
analysed and a maximum likelihood fit is performed to ex-
tract the number of signal (Nsig), RMD (NRMD) and acci-
dental background (NACC) events. The likelihood fit is per-

formed on events falling in the “Analysis Window” defined
by 48.0 < E� < 58.0 MeV, 50.0 < Ee+ < 56.0 MeV,
|te+�| < 0.7 ns, |✓e+�| < 50 mrad and |�e+�| < 75 mrad. The
projection of the analysis window in the (te+�, E�) plane is
also shown in Fig. 21. The size of the analysis window is
chosen to be between five and twenty times the experimental
resolutions of all observables in order to prevent any risk of
losing good events and to restrict the number of events to
be fitted at a reasonable level. The same fitting procedure is
preliminarily applied to equal size regions in the timing and
angle side-bands (with appropriate shifts on relative timings
or angles) to verify the consistency of the calculation.

4.4 Background study

The background in the search for the µ+ ! e+� decay comes
either from RMD or from an accidental overlap between a
Michel positron and a photon from RMD or AIF. All types
of background are thoroughly studied in the side-bands prior
to analysing events in the analysis window.

4.4.1 Accidental background

The accidental overlap between a positron with energy close
to the kinematic edge of the Michel decay and an energetic
photon from RMD or positron AIF is the leading source of
the background.

4.4.1.1 Single photon background

High energy single photon background events are mainly
produced by two processes: RMD and AIF of positrons.
The contribution from external Bremsstrahlung is negligibly
small in our analysis window. RMD is the Michel decay with
the emission of a photon, also called inner Bremsstrahlung.
The integrated fraction of the spectrum of photons from RMD
is roughly proportional to the square of the integration win-
dow size near the signal energy, which is usually determined
by the energy resolution [32,33]. AIF photon background
events are produced when a positron from Michel decay an-
nihilates with an electron in the material along the positron
trajectory into two photons and the most energetic photon
enters the LXe detector. The emission direction of the most
energetic photon is closely aligned to that of the original po-
sitron and the cross section is peaked with one photon carry-
ing most of the energy. The total number of AIF background
events depends on the layout and the material budget of the
detector along the positron trajectory.

Figure 22 shows the single photon background spectra
calculated from a MC simulation of the MEG detector as
a function of the normalized photon energy y = 2E�/mµ.
The green circles show the AIF photon background spec-
trum and the red crosses show that due to RMD. The in-
tegrated photon yield per decay above y is plotted on the
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The MEGII experiment

x2 Resolution 
everywhere

New electronics:
Wavedream
~9000 
channels 
at 5GSPS

Single 
volume 
He:iC4H10

35 ps resolution 
w/ multiple hits

Full available 
stopped beam 
intensity 
7 x 107

Better uniformity w/ 
12x12 VUV SiPM

Updated and
new Calibration 
methods
Quasi mono-
chromatic 
positron beam

x2 Beam Intensity 

Background rejection

A.M. Baldini et al. (MEGII collab.) 
Eur. Phys. J. 78 (2018) 380
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Three LFV muon decays

µ e

γ

µ e

Ν Ne

e

Ν N
e

e

µ e µ e

µ e

µ → eγ µ → eee µ− e conversion

Photonic, dipole, penguin

Contact, 4-fermi-interaction

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 7

Signature and background vs beam characteristicsSignature and background vs beam characteristicsSignature and background vs beam characteristics

µ → e conversion

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 66
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The µ → eee at PSI

Aldo Antognini 31

A new proposal at PSI: µ → eee

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 37

The  μ→eee  experiment
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The Mu3e: signal vs BKG

Aldo Antognini 32

µ → eee: the goal

Need 1016 − 1017 muons

High rate!

If you don’t plan to work for several
1000 years is better you come to PSI

Need to suppress the background by 1016

High precision

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 38

The  μ→eee   goal

[A. Antognini]

Aldo Antognini 33

Mu3e: The                      search   µ+ ! e+e+e�

• The Mu3e experiment aims to search for μ+ → e+ e+ e- with a sensitivity of ~10-15   (Phase I) 
up to down ~10-16  (Phase II). Previous upper limit BR(μ+ → e+ e+ e- ) ≤ 1 x 10-12 @90 C.L. by 
SINDRUM experiment) 

• Observables (Ee, te, vertex) to characterize μ→ eee events

30

µ+e+
e+

e -

µ+e+
e+

e -�

�

µ+e+ � µ
+

e
+

�

e -

Signature Background

�teee = 0 ⌃pe = 0

⌃Ee = mµ

The  μ→eee  signal and background
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Background from internal conversion

Aldo Antognini

Background from internal conversion

36

µ → eee: internal conversion bg

[A. Schöning]
A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 43
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Accidental Background

Aldo Antognini

Accidental background

38

µ → eee: background

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 45
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Mu3e experimental setup

Aldo Antognini

Detector concept

46

µ → eee: detector concept

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 57
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Sensitivity

Aldo Antognini

Background and sensitivity

37

Mu3e Phase I sensitivity

34

Different signal BR

Combinatorial Bkg

Irreducible Bkg
Additional suppression 
due to Timing detectors

µ → eee: internal conversion bg

Very good momentum
+ total energy resolutions required

A. Antognini, Low energy particle physics, Lepton Flavor Violation, ETHZ WS15 – p. 44
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The first evidence for “die dunkle Materie”
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Fritz Zwicky (1898-1974) 
was a Swiss astronomer


He studied at ETH 

(1916-1922)

Coma Cluster (Abell 1656) is a large cluster of galaxies that 
contains over 1,000 identified galaxies.

Using the virial theorem and assuming a uniform distribution of the 
cluster total mass in a sphere of radius Rtot, Zwicky (1933) got


Plugging in the observed average “nebulae” velocity 

From observation they knew that a typical nebula would contain 
about  8.5 x 107 sunlike stars.
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The galactic rotation curves
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Vera Rubin (1926-2016) 
was a US astronomer

With the advent of radio-telescopes it became possible to 
measure the velocity as a function of radius of gas circling 
around cylindrical symmetric systems such as spiral galaxies.

Outside any spherical symmetric distribution  
of mass M 

For a Galaxy as an homogenous sphere of radius R and constant density 
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The galactic rotation curves
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This observation necessitates at least one of the following:

1) There exists in galaxies large quantities of unseen matter which boosts the stars' 

velocities beyond what would be expected on the basis of the visible mass alone, or 

2) Newton's Laws do not apply to galaxies.  

Option (1) leads to the dark matter hypothesis; 


6 Chapter 1. Introduction

a proton, the constraint amounts to a cross-section in the order of a few barn,
very similar to the one observed for the strong interaction.

• Classical: Dark Matter is observed to be confined on the galactic scales of a few
kpc in dwarf galaxies. Hence, their de Broglie length must be smaller than that
to have a coherent Dark Matter halo. This argument is typically used to put a
lower limit on the DM mass. If the Dark Matter candidate is a fermion, con-
straints are stronger as Pauli blocking limits the density to at most the phase
space density to f = gh�3 where g is the number of internal degrees of free-
dom.

• Fluid: For macroscopic DM, with a mass much larger than the solar mass M�,
tidal disruption is expected to break the stability in a globular cluster. This
limit is typically placed around 106M�.

In summary, while the cosmological and Galactic Dark Matter density is known
to a good degree, very weak constraints exist on possible interaction strength (in
addition to gravity) and the exact mass of Dark Matter. The huge mass scale that
spans over the possible region is depicted in Fig.1.1, where we see several possible
DM candidates in relation to their mass and the different techniques to probe them.
A few experimental anomalies are labeled in red to see mismatches between theory
and experiment that could potentially be explained by Dark Matter. We can see
that most of them are in the MeV-GeV scale, which is the one covered by the NA64
experiment. Even the problem of the cosmological scale, like small-scale structure,
are potentially well explained by this class of models [20].

zeV aeV feV peV neV meV eV keV MeV GeV TeV PeV

zeV aeV feV peV neV meV eV keV MeV GeV TeV PeV

QCD Axion

Ultralight Dark Matter

Pre-inflationary 
Axion

post-inflationary 
Axion

Hidden Dark sector
Hidden Thermal relics/WIMPless Dark Matter

Asymmetric Dark Matter
Freeze-In Dark Matter

SIMPs /
ELDERS

Coherent Field Searches, Direct Detection, Nuclear and Atomic physics, Accelerators Microlensing

WIMP

Black 

Holes

X17-anomaly

Muon g-2

Small-Scale Structure

Anomalies

experiments

Models

FIGURE 1.1: Mass range for Dark Matter and mediator particle can-
didates, experimental anomalies, and search techniques.

Because of the relatively loose constraints, it comes to no surprise that a vast
amount of models have been theorized for the explanation of DM. The ones de-
picted in Fig.1.1 are only a subset of what is currently considered. Models can also
be extended to include scales not admitted in their original incarnation. It is the case
for Axion Like Particles (ALPs), that are an extension of the QCD Axion model origi-
nally developed to solve the strong CP problem [21]. Contrary to Axions, their mass

option (2) leads to MOdified Newtonian Dynamics (MOND).  
From E. Depero PhD Thesis (ETH 2020)

https://www.research-collection.ethz.ch/handle/20.500.11850/458684
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MOdified Newtonian Dynamics (MOND)
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Mordehai Milgrom

(1946-) 

Israeli astrophysicist 


Milgron’s idea: Newton's laws extensively tested in high-acceleration environments 
(in the Solar System and on Earth) but have not been verified for objects with 
extremely low acceleration, such as stars in the outer parts of galaxies.  
This led Milgrom to postulate a new effective gravitational force law:

where 

Thus, in the deep-MOND regime

→ the star's rotation velocity is independent of r, its distance from the centre of the 
galaxy,  the rotation curve is flat, as required.  By fitting his law to rotation curve data, 
Milgrom found  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The bullet cluster 
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The hot gas of the two colliding components. 
The gases of the Intracluster medium interact  
electromagnetically, causing the gases of both 
clusters to slow much more than the stars. 

The stars of the galaxies, 
observable in visible light,  
not greatly affected by the 
collision, and most passed right 
through, gravitationally  
slowed but not otherwise altered.

Dark matter, was detected indirectly by the gravitational lensing of background objects. In MOND, the 
lensing would be expected to follow the baryonic matter; i.e. the X-ray gas. However, the lensing is 
strongest in two separated regions near (possibly coincident with) the visible galaxies. This provides support 
for the idea that most of the gravitation in the cluster pair is in the form of two regions of dark matter, which 
bypassed the gas regions during the collision. This accords with predictions of dark matter as only 
gravitationally interacting, other than weakly/feebly interacting. 

The Bullet Cluster (1E 0657-56) consists of two colliding clusters of galaxies.

Chandra X-ray Observatory (CXO)



||Crivelli 30.09.2022

5%
27%

68%

Dark Matter: Astro + Cosmology through Gravitational effects  

74

GALACT IC   
ROTAT ION CURVES

GRAV ITAT IONAL  
 LENS ING

COSMIC  M ICROWAVE BACKGROUND

Standard Model

ΛCDM (Lambda Cold Dark Matter) 

Dark Energy
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Interaction DM-SM other than gravity? If so very weak…

Relic densities of Standard Matter (SM) and 
Dark Matter (DM) are “similar”

Only gravitationally? Nightmare scenario from a particle  
physicist point of view.

SUGGESTS COMMON ORIGIN BETWEEN SM and DM.

Can  t hose  be  re l a ted  w i t h  A S INGLE THEORY? 
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Weakly Interacting Massive Particles (WIMPs)
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Standard ModelDark Matter

Dark matter searches related by crossing symmetry:

WEAK FORCE?

.

How Dark Matter talks to the Standard Model
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Agashe, Cui, et al. (1405.7370). See talk by Yanou Cui.
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“WEAK SCALE”  MASS 

m X~100 GeV,  
g X=g WEAK

OBSERVED AMOUNT OF 
DARK MATTER TODAY 

ca
pt
ur
e

annihilation

�

�

SM

SM

Z

WEAK 
FORCE

annihilation                                  vs.                       expansion of universe

The rma l  a ve raged  
ANNIHILATION  RATE

IDEAL CANDIDATE:  
Lightest Super-symmetrical 
Particle 
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Status of direct Searches
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How Dark Matter talks to the Standard Model
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Annual modulation
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K. Freese, J. Frieman and A.Gould, Phys. Rev. D37, 3388  (1988) 

Phase and period are both predicted! 
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Tough times for the WIMP miracle? 
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D I R E C T
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How Dark Matter talks to the Standard Model
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So far no WIMP/SUSY

M. Klasen et al. et al. Prog.Part.Nucl.Phys. 85 (2015) 1-32  & MICHELANGELO  
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Light Mediators searches complementary to WIMPs
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recent review https://arxiv.org/pdf/1707.04591.pdf

Standard ModelMediatorDark Matter

The  WIMP less  MIRACLE 

J. Feng and J. Kumar Phys.Rev.Lett.101:231301,2008

OBSERVED AMOUNT OF 
DARK MATTER TODAY 

The WIMP miracle 
La rge  range  fo r  g X and  m X 
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Renormalizable Portals
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B. Batell, M. Pospelov and A. Ritz, Phys. Rev. D80 (2009) 095024.

Standard Model
�g W±, Z

Dark Sector
forces + particles

dark matter?

Portals?

?

only a few important interactions exist that 
are allowed by Standard Model symmetries

Portals

• “Axion”

• “Vector”

• “Higgs”

• “Neutrino”

✏FY,µ⌫F 0
µ⌫

�H
2
S
2 +µH

2
S

 (HL)N

1

fa
Fµ⌫ F̃

µ⌫a
axions & axion-like 
particles (ALPs) 

dark photon A′

exotic Higgs decays?

sterile neutrinos?
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B. Batell, M. Pospelov and A. Ritz, Phys. Rev. D80 (2009) 095024.

Standard Model
�g W±, Z

Dark Sector
forces + particles

dark matter?

Portals?

?

only a few important interactions exist that 
are allowed by Standard Model symmetries

Portals

• “Axion”

• “Vector”

• “Higgs”

• “Neutrino”

✏FY,µ⌫F 0
µ⌫

�H
2
S
2 +µH

2
S

 (HL)N

1

fa
Fµ⌫ F̃

µ⌫a
axions & axion-like 
particles (ALPs) 

dark photon A′

exotic Higgs decays?

sterile neutrinos?
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The Axion portal  -  CP violation in QCD
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CP violating term in QCD Lagrangian: 


Phases from Yukawa  
coupling: CKM matrix 

 
CP violating phase through CKM matrix 

→ Physically observable CP violation in strong interaction expected  
but so far no evidence

Random phase from  
QCD 𝚯-vacuum

Where
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The Axion portal  -  the strong CP problem
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CP violating term in QCD induces neutron electric dipole moment (EDM)

  


Current experimental bound: 


Two seemingly independent terms cancel each other at the level of 10-10   

Strong CP problem
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Axions as a solution to the strong CP problem
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The search for axion dark matter with a dielectric haloscope: 

28. Aug. – 2. Sep., Wien Béla Majorovits 7

−π < 𝚯 < π
𝚯 = 𝟎

QCD: 
explicit

symmetry
breaking

Make 𝚯 dynamical Æ U(1) with spontaneous
Peccei Quinn symmetry breaking

𝑎

𝑉(𝑎)

𝑎

𝑉(𝑎)

Axion as solution to strong CP problem

𝚯𝒊𝚯=0

𝚯𝒊

𝒎𝒂~ 𝟓. 𝟕μ𝑒𝑉
𝟏𝟎𝟏𝟐𝑮𝒆𝑽

𝒇𝒂

𝒇𝒂
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Axions as a solution to the strong CP problem
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The search for axion dark matter with a dielectric haloscope: 

28. Aug. – 2. Sep., Wien Béla Majorovits 8

𝚯 = 𝟎

𝑎

𝑉(𝑎)

If axion exists: 
Æ Contribution to Dark Matter:

as relic oscillations of 𝚯 around minimum

Axion as solution to strong CP problem

𝚯𝒊𝚯=0

𝚯𝒊

Oscillations amplitude (particle density) 
damped by expansion of universe H(t)

Damping depends on ratio 
oscillation frequency (𝒎𝒂) to H(t)



||Crivelli 30.09.2022

Axions as a solution to the strong CP problem

89

The search for axion dark matter with a dielectric haloscope: 

28. Aug. – 2. Sep., Wien Béla Majorovits 9

R. Peccei und H. Quinn, 
Phys. Rev. Lett. 38, 1440 (1977) 

S. Weinberg, Phys. Rev. Lett. 40, 223 (1978); 
F. Wilczek, Phys. Rev. Lett. 40, 279 (1978) 
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The search for axion dark matter with a dielectric haloscope: 

28. Aug. – 2. Sep., Wien Béla Majorovits 18

x

Real photon

γ

𝓛𝑎𝛾 =
𝛼
2𝜋

𝐶𝑎𝛾
𝑎(𝑡)
𝑓𝑎

𝑬 ∙ 𝑩

𝐸 = 𝑚𝑐2 = ℎ𝝂

Axion detection: Primakoff Effect:

B-Field
Suppressed 

by 
1
𝑓𝑎

Detection of Axions coupling to photons - Primakoff effect

90
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Detection of Axions coupling to photons - Primakoff effect
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The search for axion dark matter with a dielectric haloscope: 

28. Aug. – 2. Sep., Wien Béla Majorovits 19

B-Field

x

γ

𝐸 = 𝑚𝑐2 = ℎ𝝂

Æ Axion in B-field sources E-field oscillations!

Axion detection: Primakoff Effect:

Real photon

Suppressed by 
1
𝑓𝑎
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Axions detection - cavities in B-field 
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The search for axion dark matter with a dielectric haloscope: 

28. Aug. – 2. Sep., Wien Béla Majorovits 20Research Seminar at MPP, 2 June 2016

Axion detection: Cavities in B-Field:

HAYSTACADMX
U Washington, USA Yale University, USA

Adjusting resonance frequency: “Tuning Rod”

𝑷𝒔𝒊𝒈 ∝ 𝑩𝟐𝑽 𝑸𝒄𝒂𝒗
𝑷𝒔𝒊𝒈(B=6.8 T, V=136 l, Q=𝟏𝟎𝟓)~𝟐 ∙ 𝟏𝟎−𝟐𝟐 𝑾

Æ Use resonator to "pump cavity"

CAPP
IBS, S. Korea
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The Vector portal  - the Dark Photon

94

Standard ModelU(1)’ Kinetic 
Mixing

Dark  
Matter

NEW FORCE CARRIED BY MASSIVE VECTOR BOSON: DARK PHOTON  

Portals

Paolo Crivelli 

Portals

Paolo Crivelli 
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Standard ModelU(1)’ Kinetic 
Mixing

Dark  
Sector

DARK SECTOR (DS) charged under a new U(1)' gauge symmetry and interacts with SM 
through kinetic mixing (𝜀) of a MASSIVE VECTOR MEDIATOR (A’) with our photon.  
Dark matter with mass (mχ), part of DS.

 

Dark Matter Search in Missing Energy Events with NA64

D. Banerjee,4,5 V. E. Burtsev,2 A. G. Chumakov,13 D. Cooke,6 P. Crivelli,15 E. Depero,15 A. V. Dermenev,7 S. V. Donskov,11
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A search for sub-GeV dark matter production mediated by a new vector boson A0, called a dark photon,
is performed by the NA64 experiment in missing energy events from 100 GeV electron interactions in an
active beam dump at the CERN SPS. From the analysis of the data collected in the years 2016, 2017, and
2018 with 2.84 × 1011 electrons on target no evidence of such a process has been found. The most stringent
constraints on the A0 mixing strength with photons and the parameter space for the scalar and fermionic
dark matter in the mass range ≲0.2 GeV are derived, thus demonstrating the power of the active beam
dump approach for the dark matter search.

DOI: 10.1103/PhysRevLett.123.121801

The idea that in addition to gravity a new force between
the dark and visible matter transmitted by a vector boson,
A0, called dark photon, might exist is quite exciting [1–4].
The A0 can have a mass in the sub-GeV mass range, and
couple to the standard model (SM) via kinetic mixing with

the ordinary photon, described by the term ðϵ=2ÞF0
μνFμν

and parametrized by the mixing strength ϵ. An example of
the Lagrangian of the SM extended by the dark sector (DS)
is given by

L ¼ LSM −
1

4
F0
μνF0μν þ ϵ

2
F0
μνFμν þ

m2
A0

2
A0
μA0μ

þ iχ̄γμ∂μχ −mχ χ̄χ − eDχ̄γμA0
μχ; ð1Þ

where the massive A0
μ field is associated with the sponta-

neously broken UDð1Þ gauge group, F0
μν ¼ ∂μA0

ν − ∂νA0
μ,

and mA0 , mχ are, respectively, the masses of the A0 and dark

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.
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 Four parameters: mA’, mχ, 𝛼D=eD2 /4π,𝜀
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Standard ModelU(1)’ Kinetic 
Mixing

Dark  
Sector

I n  th i s  f ramework  DM can  be  p roduced  the r ma l l y  i n  the  ea r l y  Un ive rse  

OBSERVED AMOUNT OF 
DARK MATTER TODAY WHERE
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Thermal and Asymmetric Targets for DM-e Scattering

FIG. 17: Direct annihilation thermal freeze-out targets and asymmetric DM target for (left)
non-relativistic e-DM scattering probed by direct-detection experiments and (right) relativistic
accelerator-based probes. The thermal targets include scalar, Majorana, inelastic, and pseudo-
dirac DM annihilating through the vector portal. Current constraints are displayed as shaded ar-
eas. Both panels assume mMED = 3mDM and the dark fine structure constant ↵D ⌘ g2D/4⇡ = 0.5.
These choices correspond to a conservative presentation of the parameter space for accelerator-
based experiments (see section VIG).

dump experiments, the mediator can be emitted by the incoming proton, or if kine-
matically allowed, from rare SM meson decays, while detection could proceed through
DM-nucleon scattering. Thus, proton beam-dump experiments are uniquely sensitive
to the coupling to quarks. On the other hand, leptonic couplings can be studied in
electron beam-dump and fixed target experiments, where the mediator is radiated o↵
the incoming electron beam. The DM is identified through its scattering o↵ electrons
at a downstream detector, or its presence is inferred as missing energy/momentum.

C. Experimental approaches and future opportunities

The light DM paradigm has motivated extensive developments during the last few years,
based on a combination of theoretical and proposed experimental work. As a broad orga-
nizing principle, these approaches can be grouped into the following generic categories:

• Missing mass: The DM is produced in exclusive reactions, such as e+e� ! �(A0
!

��̄) or e�p ! e�p(A0
! ��̄), and identified as a narrow resonance over a smooth

background in the recoil mass distribution. This approach requires a well-known initial
state and the reconstruction of all particles besides the DM. A large background usually
arises from reactions in which particle(s) escape undetected, and detectors with good
hermeticity are needed to limit their impact.

70

Probed

 For a review see e.g https://arxiv.org/pdf/1707.04591.pdf

Solid lines  
predictions from DM 

relic abundance

DM -> SM annihilation rate is ~ y, 
useful variable to compare exp. sensitivities 
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Adapted from Natalia Toro, Dark Sectors 2017 (1608.03591)
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The muon (g-2): an additional motivation to search for dark photons  
 

100

This talk: a very simple possibility
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M. Pospelov, A. Ritz and M. B. Voloshin, Phys. Lett. B 662, 53  (2008) 
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anomaly

DMSM 

 B. Abi, et al. Phys. Rev. Lett. 126, 141801 (2021)  
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Searches for dark photons:  David and Goliath
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NA64

At rest  vs  100 GeV
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The NA64 search for A’ → 𝛘�̅�
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The NA64 method to search for A’ → 𝛘�̅�
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ELECTROMAGNETIC  
CALORIMETER (ECAL) 

HADRONIC CALORIMETER (HCAL) 

STANDARD MODEL: 
EECAL+EHCAL = 100 GeV

A’→ MISSING ENERGY: 
ECAL < 50 GeV 
HCAL < 2 GeV  
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The CERN SPS H4 electron beam 
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100 GeV electrons 
(tagged with S1,2,3)

✦ Up to 7x106  e-/spill,  2-4 spill/min, spill duration 5s 
✦ Low contamination: 𝜋 (<1%),  𝜇/K (0.1%) 
✦ Low energy tails (<1%) 
✦ Beam spot of 1.5 cm (FWHM)

30m
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The CERN SPS H4 electron beam 
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https://home.cern/science/accelerators
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The Electromagnetic Calorimeter (ECAL)  
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Active target
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The Hadronic Calorimeter (HCAL)   
 

109

High hermeticity 

✦ High hermeticity : 4 HCAL (∼7 λ/module)
✦ FeSc sandwich 3x3 matrix, cells 19.4x19.2x150 cm3 
✦ WLS fibers in spiral→ suppress energy leaks 
✦ Energy resolution ~ 60%/√(E[GeV])
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The NA64 search for A’ → 𝛘�̅� - results combined analysis 2016-2018 
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The overall signal efficiency ϵA0 is slightly mA0, EA0

dependent and is given by the product of efficiencies
accounting for the geometrical acceptance (0.97), the track
(≃0.83), SRD (≳0.95), VETO (0.94), and HCAL (0.94)
signal reconstruction, and the DAQ dead time (0.93). The
signal acceptance loss due to pileup was ≃8% for high-
intensity runs. The VETO and HCAL efficiency was
defined as a fraction of events below the corresponding
zero-energy thresholds. The spectrum of the energy dis-
tributions in these detectors from the leak of the signal
shower energy in the ECAL was simulated for different A0

masses [48] and cross-checked with measurements at the
e− beam. The uncertainty in the VETO and HCAL
efficiency for the signal events, dominated mostly by the
pileup effect from penetrating hadrons in the high-intensity
run III, was estimated to be ≲4%. The trigger efficiency
was found to be 0.95 with a small uncertainty 2%. The A0

acceptance was evaluated by taking into account the

selection efficiency for the e-m shower shape in the
ECAL from signal events [48]. The A0 production cross
section in the primary reaction was obtained with the exact
tree-level calculations as described in Ref. [49]. An addi-
tional uncertainty in the A0 yield ≃10% was conservatively
accounted for the difference between the predicted and
measured dimuon yield [36,38], which was the dominant
source of systematic uncertainties on the expected number
of signal events. The total signal efficiency ϵA0 for high-
(low-) intensity runs varied from 0.53! 0.09 (0.69! 0.09)
to 0.48! 0.08 (0.55! 0.07), decreasing for the higher A0

masses.
Using constraints on the cross section of the DM

annihilation freeze-out [see Eq. (2)], and obtained limits
on mixing strength, one can derive constraints on the LDM
models, which are shown in the (y;mχ) and (αD;mχ) planes
in Fig. 4 for masses mχ ≲ 1 GeV. On the same plot one
can also see the favored y parameter curves for scalar,

FIG. 4. The top row shows the NA64 limits in the (y;mχ) plane obtained for αD ¼ 0.5 (left panel) and αD ¼ 0.1 (right panel) from the
full 2016–2018 data set. The bottom row shows the NA64 constraints in the (αD; mχ) plane on the pseudo-Dirac (left panel) and
Majorana (right panel) DM. The limits are shown in comparison with bounds obtained in Refs. [12,13,25–27] from the results of the
LSND [24,34], E137 [35], MiniBooNE [37], BABAR [39], and direct detection [59] experiments. The favored parameters to account for
the observed relic DM density for the scalar, pseudo-Dirac, and Majorana type of light DM are shown as the lowest solid line in top
plots; see, e.g., [16].
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MASS OF THE DARK PHOTON

longitudinal shape of the shower in the ECAL should be
consistent with the one expected for the signal shower [48].
(iv) There should be no multiple hits activity in the straw-
tube chambers, which was an effective cut against hadron
electroproduction in the beam material upstream of the
dump, and no activity in VETO. Only ≃1.6 × 104 events
passed these criteria from combined runs.
There are several background sources shown in Table I

that may fake the signal: (i) loss of dimuons due to
statistical fluctuations of the signal or muon decays,
(ii) decays in flight of mistakenly SRD tagged π, K (iii) the
energy loss from the e− hadronic interactions in the beam
line due to the insufficient downstream detector coverage,
and (iv) punch-through of leading neutral hadrons ðn;K0

LÞ
produced in the e− interactions in the target. The back-
grounds (i) and (ii) were simulated with the full statistics of
the data. The background estimate in the case (iii) was
mainly obtained from data by the extrapolation of events
from the sideband C (EECAL > 50 GeV; EHCAL < 1 GeV)
shown in the right panel of Fig. 2 into the signal region and
assessing the systematic errors by varying the fit functions
selected as described in Ref. [38]. The shape of the
extrapolation functions was taken from the analysis of a
much larger data sample of events from case (iv), and cross-
checked with simulations of the e− hadronic interactions
in the dump. For case (iv), events from the region A
(EECAL < 50 GeV; EHCAL > 1 GeV) of Fig. 2, which are
pure neutral hadronic secondaries produced in the ECAL,
were used. The background (iv) was extracted from the
data themselves by using the longitudinal segmentation of
HCAL for the conservative punch-through probability
estimate. After determining all the selection criteria and
background levels, we unblind the data. No event in the
signal box was found, as shown in Fig. 2, allowing us to
obtain the mA0 -dependent upper limits on the mixing
strength.
In the final combined statistical analysis, runs I–III were

analyzed simultaneously using the multibin limit setting
technique [38] based on the RooStats package [52]. First,
the background estimate, efficiencies, and their corrections
and uncertainties were used to optimize the main cut
defining the signal box, by comparing sensitivities, defined
as an average expected limit calculated using the profile
likelihood method. The calculations were done with

uncertainties used as nuisance parameters, assuming their
log-normal distributions [53]. For this optimization, the
most important inputs were the expected values from the
background extrapolation into the signal region from
the data samples of runs I–III with their errors estimated
from the variation of the extrapolation functions. The
optimal cut was found to be weakly dependent on the A0

mass choice and can be safely set to EECAL ≲ 50 GeV for
the whole mass range.
The combined 90% confidence level (C.L.) upper

limits for ϵ were determined by using the modified
frequentist approach for confidence levels, taking the
profile likelihood as a test statistic in the asymptotic
approximation [54–56]. The total number of expected
signal events in the signal box was the sum of expected
events from the three runs,

NA0 ¼
X3

i¼1

Ni
A0 ¼

X3

i¼1

niEOTϵ
i
A0niA0ðϵ; mA0 ;ΔEeÞ; ð3Þ

where ϵiA0 is the signal efficiency in run i, and
niA0ðϵ; mA0 ;ΔEA0Þ is the signal yield per EOT generated
in the energy range ΔEe. Each ith entry in this sum was
calculated with simulations of signal events and processing
them through the reconstruction program with the same
selection criteria and efficiency corrections as for the data
sample from run i. The combined 90% C.L. exclusion
limits on the mixing strength as a function of the A0 mass,
calculated by taken into account the expected backgrounds
and estimated systematic errors, can be seen in Fig. 3. The
derived bounds are currently the best for the mass range
0.001≲mA0 ≲ 0.2 GeV obtained from direct searches of
A0 → invisible decays [17].

TABLE I. Expected background for 2.84 × 1011 EOT.

Background source Background, nb

(i) Dimuons 0.024$ 0.007
(ii) π, K → eν, Ke3 decays 0.02$ 0.01
(iii) e− hadron interactions in the beam line 0.43$ 0.16
(iv) e− hadron interactions in the target <0.044
(v) Punch-through γ’s, cracks, holes <0.01

Total nb (conservatively) 0.53$ 0.17

FIG. 3. The NA64 90% C.L. exclusion region in the (mA0 , ϵ)
plane. Constraints from the E787 and E949 [32,33], BABAR [39],
and recent NA62 [40] experiments, as well as the muon αμ
favored area are also shown. For more limits from indirect
searches and planned measurements see, e.g., Refs. [12–14].

PHYSICAL REVIEW LETTERS 123, 121801 (2019)

121801-4

NA64 collaboration, Phys. Rev. Lett. 118, 011802 (2017)
MASS OF THE DARK PHOTON

2.8 x 1011 electrons on target
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The Massless Dark photon case - Positronium
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•

S. L. Glashow, Phys. Lett. B167, 35 (1986)

Coupling between oPs and oPs’ ⇒ breaking of degeneracy

Rabi oscillation:

Energy splitting
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Experimental signature: oPs → invisible decay (missing energy)
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Standard model decay: o-Ps → 3𝛾 
→ energy deposition of 1022 keV (Ps mass, E = mc2 )
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Experimental signature: oPs → invisible decay (missing energy)
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Invisible decay: o-Ps → oPs’ → 3𝛾’ 
→ no energy deposition (event compatible with 0 energy)
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Figure 14. Setup used for the measurements with the tagging system. In order to accelerate the SEs from
the target a voltage difference between the sample holder (green) and the carbon foil has to be applied. A
ceramic ring electrically insulates the carbon foil holder and the target holder.

from the target is suppressed by the angular spread introduced by crossing the carbon foil, when
propagating in the backward direction. This introduces in the trajectories larger spirals along the
magnetic field axis with respect to the SE from the CF, and thus, reduces the probability of the SE
to hit the MCP active area. An example of an event recorded with the oscilloscope is shown in Fig.
15. The START signal is given by SEs produced at the target and the pulse at 20 ns is from the SEs
produced at the CF. The data in Fig. 16 show the time delay spectrum with respect to the START
signal for the electrons arriving at the MCP with 105 triggers. These results confirm qualitatively
the prediction of the simulation6. Note, that in this distribution the time is inverted with respect to
the simulations. In the simulation the time t=0 is defined by the positron arrival time at the CF.

The first peak at about 2ns (and a tail extending to 5 ns) is due to the MCP dead time: the first
electron in the SE cloud from the target (or carbon foil) makes a START signal and after the dead
time a second electron of the same cloud produces another signal. The second peak between 10
and 17 ns is triggered by the SEs from the CF when the START signal is produced by SE from the
target; only the events in this peak are used for the positron tagging. The broadening of this peak
is due to the angular spread of the SEs emitted from the target and scattering in the carbon foil.

The time separation of 15 ns between the START and the second peak is consistent with a
simple estimation considering a straight propagation of the SE electrons produced at the carbon
foil and the SEs from the sample (see Table 1).

Voltage [kV] Flight time [ns]
1.2 39
3.8 22 Δt 17 ns

Table 1. Estimated flight time for SE emerging from CF (1.2 kV) and from the sample 3.8 kV for a distance
of 80 cm. The expected delay time is 17 ns.

To estimate the trigger efficiency and the fake trigger suppression of our system, we compare
two measurements:

6As will be discussed later in this section, Geant 4 does not reproduce correctly the transmission, scattering angles
and backscattering coefficients of charged particles with few keV energies.

– 20 –

Results and Outlook for massless dark photon searches with oPs
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▪ Latest results: no excess above expected background observed  
→ for the first time limit comparable to constraints from cosmology.

Possible improvements 
▪ Higher e+ flux (Neon moderator) and better 

energy spread (Ni/W remoderator)  
▪ Implementation of 10-20 nm carbon foil  

to block Ps escaping the detection region 

▪ Main limitations: accidental triggers, positronium escaping the detection region

▪ GOAL: reach a sensitivity on mixing strength of 𝝐 ∼10-9 

(not excluded by cosmology, motivated by BSM theories…)

3

FIG. 1. A sketch of the newly designed cavity. The high
resistance germanium layer connecting the target with the
grounded pipe reduces the extreme fields near the target.

FIG. 2. The hermetic calorimeter of 91 BGO crystals sur-
rounding the porous silica target. Positrons are injected in
the ECAL through a thin 16 mm diameter vacuum pipe to
reduce the losses of annihilation photons through the aper-
ture. Orthopositronium atoms can only escape the detection
region along the beam direction which is about 200mm deep
within the ECAL.

BGO scintillators

e+ beam

o-Ps converter
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4

BGO scintillators

e+ beam

o-Ps converter
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FIG. 3. Sketch showing o-Ps: 1) escaping the detection region
and 2) decaying inside the ECAL.

from the target. Electron emission from the target is
strongly dependent on the set potential. At 2 kV the
electron emission is less than 1Hz, while at a potential of
3 kV it increases to 50Hz. Dark counts in the MCP are
at a rate of approximately 0.1Hz. The contribution from
false triggers can be measured from the data by using a
control region away from the positron pulse arrival.

The emission energy of o-Ps depends on the positron
implantation energy as studied in detail for the used con-
verters with time of flight and Doppler broadening tech-
nique [32, 33]. In the range of voltages used for this
measurement the mean o-Ps energy decreases approxi-

mately linearly from 450 to 170 meV for 2 kV to 3 kV
implantation energies. Therefore, increasing the energy
of the incoming positrons reduces the background from
o-Ps events escaping the detection region as shown in
Fig. 3. The probability for this process was studied with
a detailed Monte Carlo (MC) simulation with Geant 4
validated with previous data [25, 32] and is at a level of
3⇥ 10�5 for 2 keV positron implantation energy.
Moreover, some backscattered positrons can capture

an electron close to the surface of the target and are re-
leased in vacuum before thermalization occurs [34]. The
energy of this fast o-Ps can be up to several eV, whereas
thermalized o-Ps has energies of around several hundred
meV. This fraction of fast o-Ps is also likely to escape the
detection region [35].

DATA ANALYSIS AND RESULTS

The analysis strategy for the search is as follows. We
search for the o-Ps ! invisible decays in the signal region
of data taken at energies E = 2.75 and E = 3.0 keV. For
data taken at these energies the contribution from the
irreducible background arising from fast o-Ps escaping
the detection region, Birr, is expected to be the smallest.
In order to estimate this background, we use a sideband
region of data taken at E = 2.0, 2.25 and 2.5 keV en-
ergies. Since any production of a signal or a signal-like
background must completely be driven by the positron
arrival at the target, we model the shape of both the ir-
reducible background and the expected signal following
the measured pulse shape, as shown in Fig. 4 (left).
The irreducible background in the sideband region

gives the dominant contribution in the data, therefore
it allows to estimate its contribution in the signal region.
The statistical likelihood model used to estimate the ir-
reducible background in the sideband region is as follows:

P (~n|Bc,BRirr) =
Y

i

(Bc +Birr(i))ni

ni!
e�(Bc+Birr(i)) (4)

where Bc is the coincident background, Birr(i) =
BRirr · K · �(Ni) is the irreducible background predic-
tion from the pulse shape of the beam in time bin i, with
�(Ni) the positron flux with Ni the number of observed
events in each time bin, while K = ⌘ · fo-Ps is the factor
taking into account the o-Ps fraction (fo-Ps = 0.30±0.02)
and the detector e�ciency (⌘ = 0.91± 0.01). Using this
model we performed an evaluation of the Bayes theo-
rem and extracted the factor BRirr at each energy. The
agreement between the data and the fit model is shown
in Fig. 4 (right), while the result of the evolution of
the irreducible background and the extrapolation to the
signal region is illustrated in Fig. 5. The irreducible
background contribution is in fair agreement with the es-

C. Vigo, P. Crivelli et al., PRL 124,101803 (2020)
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Another way to search for new bosons - muonium (M) atom
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M (positive muon-electron bound state) 
Predicted in 1957 (Friedmann, Telegdi, Hughes)
Unstable with lifetime of 2.2 μs. 
Main decay channel: μ+ -> e+ + �̄�μ  + 𝝂e  

Discovered in 1960 (Hughes) by detecting muonium  
spin (Larmor) precession in an external magnetic  
field perpendicular to the spin direction.
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Figure 8: Left: Muon decay showing the preferential emission of the positron.

Right: schematic of a segmented positron detector to measure the

muon precession signal.

and �⇡ ' 0.99, the velocity was measured with a time of flight technique by

using two scintillators and a Cherenkov detector was used as a veto, i.e. only

pions would produce Cherenkov light with an angle that could be detected

(see Fig. 10).

In 1970, the first antiprotonic atoms were detected at CERN [32]. The

antiprotonic X-ray spectra were used to derive the most precise data on

the properties of the antiproton itself. The construction of the Low Energy

Antiproton Ring (LEAR) at CERN increased by orders of magnitude the

intensity of the available antiproton beams. In 1995, the first antihydro-

gen atoms were produced by passing antiprotons through Xenon clusters.

15
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Muonium Lamb shift
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2S1/2

C .J. Oram et al. Phys. Rev. Lett. 52, 910 (1984). DOI 10.1103/PhysRevLett.52.910. @ TRIUMF  
K. Woodle, et al., Phys. Rev. A 41, 93 (1990). DOI 10.1103/ PhysRevA.41.93  @ LAMPF 
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On the theoretical side, the muonium energy levels have
been computed completely up to Oðmμα5Þ [33] and the
leading logarithmic correctionOðmμα6 ln αÞ [34]. The 1S −
2S transition has reached howeverOðmμα7Þ [35] and so the
QED error should be estimated by the Oðmμα8 ln3 αÞ term,
which would give ∼10 kHz. However, the main source of
uncertainty is not the QED computation but the value of the
muon mass. The best value for the muon mass gives an
uncertainty ∼0.3 MHz, but this muon mass relies on the
measurement of 1S − 2S and hyperfine splittings in muo-
nium and so we cannot use it as an independent input of our
theoretical estimate if wewant to use it to set bounds on new
physics. Therefore, we chose to consider themeasurement of
the muon mass determined from the study of Breit-Rabi
magnetic sublevels of the Mu ground state in an external
magnetic field [36], which would be unaffected by the new
scalar particle. This gives rise to the theoretical prediction:

ðEð2S1=2Þ−Eð1S1=2ÞÞthMu¼ 2455528935.8ð1.4ÞMHz: ð8Þ

2. Lamb Shift

The theoretical prediction for the Lamb shift in muonium
can be obtained from the expressions in [33,35]. It reads

ðEð2S1=2Þ − Eð2P1=2ÞÞthMu ¼ 1047.284ð2Þ MHz: ð9Þ

In this case, the error is in fact dominated by the QED
computation and estimated by the Oðmμα8 ln3 αÞ contri-
bution. The best experimental measurement at the moment
[37] is

ðEð2S1=2Þ − Eð2P1=2ÞÞ
exp
Mu ¼ 1042ð22Þ MHz: ð10Þ

Its large uncertainty is the biggest limit to reach to new
physics.
Figure 3 shows the sensitivity to new physics of the state-

of-the-art precise Mu spectroscopy. In the massless limit
the Mu bound is an order of magnitude stronger than the
product of the two gyromagnetic factors (even though a 5σ
bound is taken here to account for the current tension in the
value of aμ). However, as discussed in the previous section,
the electron coupling is constrained by astrophysics for
mediators lighter than 300 keV, while the Mu constraint
reads as:

ge × gμ ≲ 10−10 ×
Δ

9.8 MHz
; ð11Þ

whereΔ is the experimental/theoretical error. It is thus clear
that it would be extremely challenging to compete with
Eq. (6). For this reason, Fig. 4 focuses on the heavy mass
region showing that even a modest improvement of the
experimental precision to match the current theoretical
precision could deliver interesting results.
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FIG. 3. Constraint on the dimensionless coupling ge × gμ as a
function of the scalar/vector mass. The blue curve represents
the bound coming from the product of the measurement of
the electron gyromagnetic factor ae [14,15] and the muonic
(5σ bound) aμ [16], while the red curve is the current bound
extracted by Mu 1S − 2S transition, Eqs. (7) and (8). The green
curve corresponds to the current sensitivity of the Lamb Shift
measurement [37].
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FIG. 4. Constraint on the dimensionless coupling ge × gμ as a
function of the scalar/vector mass. As in Fig. 3, the blue curve
represents the bound coming from the product of the measurement
of the electron gyromagnetic factor ae [14,15] and the muonic aμ
[16] while the red curve is the current bound extracted by Ps
1S − 2S transition [13,23]. The green curve corresponds to the
current sensitivity of theLambShiftmeasurement [37]. The dashed
red curve is the 1S − 2S projected sensitivity assuming that the
experimental precision will match the theoretical one [21]. The
dashed purple is the 1S − 2S sensitivity considering an improve-
ment of the theoretical and experimental error (Mu-MASS [7])
down to 3 kHz. This would require an improvement of the
muon mass measurement like the one planned at MUSEUM
(J-PARC) [7,8].
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QED error should be estimated by the Oðmμα8 ln3 αÞ term,
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uncertainty is not the QED computation but the value of the
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measurement of 1S − 2S and hyperfine splittings in muo-
nium and so we cannot use it as an independent input of our
theoretical estimate if wewant to use it to set bounds on new
physics. Therefore, we chose to consider themeasurement of
the muon mass determined from the study of Breit-Rabi
magnetic sublevels of the Mu ground state in an external
magnetic field [36], which would be unaffected by the new
scalar particle. This gives rise to the theoretical prediction:

ðEð2S1=2Þ−Eð1S1=2ÞÞthMu¼ 2455528935.8ð1.4ÞMHz: ð8Þ

2. Lamb Shift

The theoretical prediction for the Lamb shift in muonium
can be obtained from the expressions in [33,35]. It reads

ðEð2S1=2Þ − Eð2P1=2ÞÞthMu ¼ 1047.284ð2Þ MHz: ð9Þ

In this case, the error is in fact dominated by the QED
computation and estimated by the Oðmμα8 ln3 αÞ contri-
bution. The best experimental measurement at the moment
[37] is

ðEð2S1=2Þ − Eð2P1=2ÞÞ
exp
Mu ¼ 1042ð22Þ MHz: ð10Þ

Its large uncertainty is the biggest limit to reach to new
physics.
Figure 3 shows the sensitivity to new physics of the state-

of-the-art precise Mu spectroscopy. In the massless limit
the Mu bound is an order of magnitude stronger than the
product of the two gyromagnetic factors (even though a 5σ
bound is taken here to account for the current tension in the
value of aμ). However, as discussed in the previous section,
the electron coupling is constrained by astrophysics for
mediators lighter than 300 keV, while the Mu constraint
reads as:

ge × gμ ≲ 10−10 ×
Δ

9.8 MHz
; ð11Þ

whereΔ is the experimental/theoretical error. It is thus clear
that it would be extremely challenging to compete with
Eq. (6). For this reason, Fig. 4 focuses on the heavy mass
region showing that even a modest improvement of the
experimental precision to match the current theoretical
precision could deliver interesting results.
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function of the scalar/vector mass. The blue curve represents
the bound coming from the product of the measurement of
the electron gyromagnetic factor ae [14,15] and the muonic
(5σ bound) aμ [16], while the red curve is the current bound
extracted by Mu 1S − 2S transition, Eqs. (7) and (8). The green
curve corresponds to the current sensitivity of the Lamb Shift
measurement [37].
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red curve is the 1S − 2S projected sensitivity assuming that the
experimental precision will match the theoretical one [21]. The
dashed purple is the 1S − 2S sensitivity considering an improve-
ment of the theoretical and experimental error (Mu-MASS [7])
down to 3 kHz. This would require an improvement of the
muon mass measurement like the one planned at MUSEUM
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48 HOURS DATA TAKING (100x statistics compared to previous measurements)
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FIG. 3. Measured resonance with the best line shape fit
to the data (solid line). The MW o↵ data point (not shown
in the figure) lies at (2.96 ± 0.05) ⇥ 10�3. The filled areas
correspond to the individual contributions as described in the
main text.

+0.26(2)MHz as given in table I. We evaluate the mag-
nitude of several smaller systematic e↵ects, namely the
2nd-order Doppler, motional Stark-shift from the Earth’s
magnetic field, and quantum interference-shift from the
presence of M3S [37]. These are given in table I.

Adding the various corrections, the determined
frequency of the 2SF=1�2P1/2,F=1 transition is
1140.2(2.3)stat(1.1)syst MHz and the corresponding LS
is 1047.2(2.5)MHz, where we added the statistical and
systematic uncertainties in quadrature. Our result is
within one standard deviation from the theoretical value
quoted in the literature of 1047.5(3)MHz [21] (to be
updated with recent bound state QED developments
in hydrogen [38]) and a recent calculation based using
e↵ective field theory giving 1047.284(2)MHz [13].

Since our result is in agreement with the theoretical
calculations, we can use it to place stringent limits on
new physics scenarios. Here we focus on possible Lorentz
and CPT violation e↵ects, and new bosons interacting
with muons and electrons. The M Lamb shift is sensitive
to two of the isotropic nonrelativistic e↵ective coe�cients
for Lorentz and CPT violation [11]: namely

�
aNR
4 and

�
cNR
4 . Taking conservatively 2�, we can set a bound on
the linear combination:

���aNR
4 +

�
cNR
4

�� < 1.7⇥ 105 GeV-3 , (1)

which translates into Table II, when considering only one
coe�cient at a time to be non-zero. These bounds are
of the same order as the current ones obtained from the
measurement of the 1S�2S transition in M [39], and im-
prove by an order of magnitude the previous bounds from
the M Lamb Shift.

M spectroscopy o↵ers also the possibility to search for
new light bosons coupled to electrons and muons [13]. A
dark force between the electron and the antimuon could

Central Value Uncertainty

Fitting 1139.9 2.3

4S contribution < 1.0

MW-Beam alignment < 0.32

MW field intensity < 0.04

M velocity distribution < 0.01

AC Stark 2P3/2 +0.26 < 0.02

2nd-order Doppler +0.06 < 0.01

Earth’s Field < 0.05

Quantum Interference < 0.04

2SF=1�2P1/2,F=1 1140.2 2.5

Hyperfine �93.0 0.0

Lamb Shift 1047.2 2.5

Theoretical value [13] 1047.284 0.002

TABLE I. Central values and uncertainty contributions in
MHz.

provide an explanation of the muon g � 2 anomaly if
this would be mediated either by a new scalar or a new
vector gauge boson [40]. For the scalar case, one has a
Yukawa-like attractive potential of the form [41]:

Vss(~r) = �gseg
s
µ
e�msr

4⇡r
, (2)

where ms is the scalar boson mass and gse , g
s
µ are the cou-

pling strengths to electrons and anti-muons, respectively.
For small coupling strengths, the e↵ect of such a poten-
tial can be calculated by applying perturbation theory.
The vector potential can be found in [41]. In Fig. 4,
we present the sensitivity of Muonium spectroscopy to
new physics. The constraints on gse , g

s
µ as a function of

the scalar/vector mass, which are nearly identical in the
mass range considered here, are compared to the region
favored by the g � 2 muon anomaly [42], considering the
bounds from the electron gyromagnetic factor [43]. In
fact, the experimental value of the electron anomalous
magnetic moment is in agreement with the theoretical
one when using as an input the recent new determina-
tions of the fine structure constant [44, 45]. We do not
present results from experiments at the intensity fron-
tier since those can be argued to be model dependent,

Coe�cient Constraint

���aNR
4

�� < 1.7⇥ 105 GeV-3

���cNR
4

�� < 1.7⇥ 105 GeV-3

TABLE II. Single constraints from the Lamb Shift measure-
ment on isotropic nonrelativistic coe�cients for CPT viola-
tion.

Results in agreement with theoretical calculations. Precision not 
enough to test b-QED but can be used to constraint new physics.
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FIG. 3. Measured resonance with the best line shape fit
to the data (solid line). The MW o↵ data point (not shown
in the figure) lies at (2.96 ± 0.05) ⇥ 10�3. The filled areas
correspond to the individual contributions as described in the
main text.

+0.26(2)MHz as given in table I. We evaluate the mag-
nitude of several smaller systematic e↵ects, namely the
2nd-order Doppler, motional Stark-shift from the Earth’s
magnetic field, and quantum interference-shift from the
presence of M3S [37]. These are given in table I.

Adding the various corrections, the determined
frequency of the 2SF=1�2P1/2,F=1 transition is
1140.2(2.3)stat(1.1)syst MHz and the corresponding LS
is 1047.2(2.5)MHz, where we added the statistical and
systematic uncertainties in quadrature. Our result is
within one standard deviation from the theoretical value
quoted in the literature of 1047.5(3)MHz [21] (to be
updated with recent bound state QED developments
in hydrogen [38]) and a recent calculation based using
e↵ective field theory giving 1047.284(2)MHz [13].

Since our result is in agreement with the theoretical
calculations, we can use it to place stringent limits on
new physics scenarios. Here we focus on possible Lorentz
and CPT violation e↵ects, and new bosons interacting
with muons and electrons. The M Lamb shift is sensitive
to two of the isotropic nonrelativistic e↵ective coe�cients
for Lorentz and CPT violation [11]: namely

�
aNR
4 and

�
cNR
4 . Taking conservatively 2�, we can set a bound on
the linear combination:

���aNR
4 +

�
cNR
4

�� < 1.7⇥ 105 GeV-3 , (1)

which translates into Table II, when considering only one
coe�cient at a time to be non-zero. These bounds are
of the same order as the current ones obtained from the
measurement of the 1S�2S transition in M [39], and im-
prove by an order of magnitude the previous bounds from
the M Lamb Shift.

M spectroscopy o↵ers also the possibility to search for
new light bosons coupled to electrons and muons [13]. A
dark force between the electron and the antimuon could

Central Value Uncertainty

Fitting 1139.9 2.3

4S contribution < 1.0

MW-Beam alignment < 0.32

MW field intensity < 0.04

M velocity distribution < 0.01

AC Stark 2P3/2 +0.26 < 0.02

2nd-order Doppler +0.06 < 0.01

Earth’s Field < 0.05

Quantum Interference < 0.04

2SF=1�2P1/2,F=1 1140.2 2.5

Hyperfine �93.0 0.0

Lamb Shift 1047.2 2.5

Theoretical value 1047.47 0.02

TABLE I. Central values and uncertainty contributions in
MHz.

provide an explanation of the muon g � 2 anomaly if
this would be mediated either by a new scalar or a new
vector gauge boson [40]. For the scalar case, one has a
Yukawa-like attractive potential of the form [41]:

Vss(~r) = �gseg
s
µ
e�msr

4⇡r
, (2)

where ms is the scalar boson mass and gse , g
s
µ are the cou-

pling strengths to electrons and anti-muons, respectively.
For small coupling strengths, the e↵ect of such a poten-
tial can be calculated by applying perturbation theory.
The vector potential can be found in [41]. In Fig. 4,
we present the sensitivity of Muonium spectroscopy to
new physics. The constraints on gse , g

s
µ as a function of

the scalar/vector mass, which are nearly identical in the
mass range considered here, are compared to the region
favored by the g � 2 muon anomaly [42], considering the
bounds from the electron gyromagnetic factor [43]. In
fact, the experimental value of the electron anomalous
magnetic moment is in agreement with the theoretical
one when using as an input the recent new determina-
tions of the fine structure constant [44, 45]. We do not
present results from experiments at the intensity fron-
tier since those can be argued to be model dependent,

Coe�cient Constraint
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���cNR
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tion.

B. Ohayon, P.Crivelli, et al. Phys. Rev Lett. 128, 011802 (2022)
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Muonium highlights from report 

 

Listed below are the potentials we will be examining here, as given by the article [1]: 

The Scalar-Scalar Potential: 

 𝑉𝑠𝑠(𝑟) = −𝑔1
𝑠𝑔2

𝑠 𝑒−𝑀𝑟

4𝜋𝑟
  (2) 

The Pseudoscalar-Scalar Potential:  

𝑉𝑝𝑠(𝑟) = −𝑔1
𝑝𝑔2

𝑠�⃗�1 ∙ �̂� ( 1
𝑟2 + 𝑀

𝑟
) 𝑒−𝑀𝑟

8𝜋𝑚1
  (3) 

The Pseudoscalar-Pseudoscalar Potential: 

 𝑉𝑝𝑝(𝑟) = − 𝑔1
𝑝𝑔2

𝑝

4
(�⃗�1 ∙ �⃗�2 ( 1

𝑟3 + 𝑀
𝑟2 + 4𝜋

3
𝛿(𝑟)) − (�⃗�1 ∙ �̂�)(�⃗�2 ∙ �̂�) ( 3

𝑟3 + 3𝑀
𝑟2 + 𝑀2

𝑟
)) 𝑒−𝑀𝑟

4𝜋𝑚1𝑚2
    (4) 

The Vector-Vector Potential: 

𝑉𝑉𝑉(𝑟) = 𝑔1
𝑉𝑔2

𝑉 𝑒−𝑀𝑟

4𝜋𝑟
+ 

+ 𝑔1
𝑉𝑔2

𝑉

4
(�⃗�1 ∙ �⃗�2 ( 1

𝑟3 + 𝑀
𝑟2 + 𝑀2

𝑟
− 8𝜋

3
𝛿(𝑟)) − (�⃗�1 ∙ �̂�)(�⃗�2 ∙ �̂�) ( 3

𝑟3 + 3𝑀
𝑟2 + 𝑀2

𝑟
)) 𝑒−𝑀𝑟

4𝜋𝑚1𝑚2
  (5) 

The Pseudotensor-Vector Potential: 

𝑉𝐴𝑉(𝑟) = 𝑔1
𝐴𝑔2

𝑉�⃗�1 ∙ { �⃗�1
𝑚1

− �⃗�2
𝑚2

, 𝑒−𝑀𝑟

8𝜋𝑟
} − 1

2
(�⃗�1 × �⃗�2) ∙ �̂� ( 1

𝑟2 + 𝑀
𝑟

) 𝑒−𝑀𝑟

4𝜋𝑚2
    (6) 

The Pseudotensor-Pseudotensor Potential: 

𝑉𝐴𝐴(𝑟) = −𝑔1
𝐴𝑔2

𝐴�⃗�1 ∙ �⃗�2
𝑒−𝑀𝑟

4𝜋𝑟
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− 𝑔1
𝐴𝑔2

𝐴𝑚1𝑚2
𝑀2 (�⃗�1 ∙ �⃗�2 ( 1

𝑟3 + 𝑀
𝑟2 + 4𝜋

3
𝛿(𝑟)) − (�⃗�1 ∙ �̂�)(�⃗�2 ∙ �̂�) ( 3

𝑟3 + 3𝑀
𝑟2 + 𝑀2

𝑟
)) 𝑒−𝑀𝑟

4𝜋𝑚1𝑚2
  (7) 

 

 

 

 

 

 

 

▪  New bosons could mediate new forces resulting in shifts of Ps and M energy levels.
C Frugiuele et al., Phys. Rev. D100, 015010  (2019) 

 ▪  Scattering between two fermions described by different potentials  
(scalar-scalar, vector-vector…)  
 
We focus on the scalar-scalar potential:
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Muonium highlights from report 
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− 

− 𝑔1
𝐴𝑔2

𝐴𝑚1𝑚2
𝑀2 (�⃗�1 ∙ �⃗�2 ( 1

𝑟3 + 𝑀
𝑟2 + 4𝜋

3
𝛿(𝑟)) − (�⃗�1 ∙ �̂�)(�⃗�2 ∙ �̂�) ( 3

𝑟3 + 3𝑀
𝑟2 + 𝑀2

𝑟
)) 𝑒−𝑀𝑟

4𝜋𝑚1𝑚2
  (7) 

 

 

 

 

 

 

 

▪  New bosons could mediate new forces resulting in shifts of Ps and M energy levels.

▪  Scattering between two fermions described by different potentials  
(scalar-scalar, vector-vector…)  
 
We focus on the scalar-scalar potential:

▪ Do you have an idea on how we could calculate the shift on the M energy  
levels induced by such a new scalar boson? 

P.Fadeev et al.,Phys. Rev. A 99, 022113 (2019) 

C Frugiuele et al., Phys. Rev. D100, 015010  (2019) 
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Leading order corrections: 

We characterize their first order energy corrections in the following, with 𝑛, 𝑙, 𝑚, 𝑠 and 𝑚𝑠 
denote the principal quantum number, quantum angular momentum number, magnetic 
quantum number, primary quantum spin number and secondary quantum spin number 
respectively: 

〈𝑉𝑠𝑠〉 = −
𝑔1𝑠𝑔2𝑠

4𝜋
 𝐹𝑛,𝑙1 (𝑀)   (8) 

〈𝑉𝑝𝑠〉 = 0   (9) 

〈𝑉𝑝𝑝〉 = −
𝑔1
𝑝𝑔2

𝑝

16𝜋𝑚1𝑚2
[(𝐺𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) + 

1
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) −𝑀2𝐻𝑙,𝑚

𝑠,𝑚𝑠𝐹𝑛,𝑙1 (𝑀)]   (10) 

〈𝑉𝑉𝑉〉 =
𝑔1𝑉𝑔2𝑉

4𝜋
𝐹𝑛,𝑙1 (𝑀) +

𝑔1𝑉𝑔2𝑉

16𝜋𝑚1𝑚2
[(𝐺𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) − 

2
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) +𝑀2(𝐺𝑠 − 𝐻𝑙,𝑚

𝑠,𝑚𝑠)𝐹𝑛,𝑙1 (𝑀)]   (11) 

〈𝑉𝐴𝑉〉 = 0   (12) 

〈𝑉𝐴𝐴〉 = −
𝑔1𝐴𝑔2𝐴

4𝜋
𝐺𝑠𝐹𝑛,𝑙1 (𝑀) −

𝑔1𝐴𝑔2𝐴

4𝜋𝑀2 [(𝐺
𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) + 

1
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) −𝑀2𝐻𝑙,𝑚

𝑠,𝑚𝑠𝐹𝑛,𝑙1 (𝑀)]   (13) 

Where: 

𝐺𝑠 = { 1, 𝑠 = 1−3, 𝑠 = 0   (14) 

𝐻𝑙,𝑚
𝑠,𝑚𝑠 = {

1
2𝑙+1

(𝑙
2−𝑚2

2𝑙−1
+ (𝑙+1)2−𝑚2

2𝑙+3
) , 𝑠 = 1 𝑚𝑠 = ±1

1 − 2𝐻𝑙,𝑚
1,±1, 𝑠 = 1 𝑚𝑠 = 0
−1, 𝑠 = 0 

 (15) 

𝐹𝑛,𝑙𝑘 (𝑀) =

{
  
 

  
 〈𝑒

−𝑀𝑟

𝑟
〉𝑛,𝑙 , 𝑘 = 1

〈𝑒
−𝑀𝑟

𝑟2
〉𝑛,𝑙  , 𝑘 = 2

〈𝑒
−𝑀𝑟

𝑟3
〉𝑛,𝑙 , 𝑘 = 3

〈𝛿(𝑟)𝑒
−𝑀𝑟

𝑟2
〉𝑛,𝑙  , 𝑘 = 4

 (16) 

 

 

 

▪ Using perturbation theory and plugging in the hydrogen wave functions  
(for positronium one needs to correct for the reduced mass, i.e me → me /2

▪ Leading order corrections: 
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Leading order corrections: 

We characterize their first order energy corrections in the following, with 𝑛, 𝑙, 𝑚, 𝑠 and 𝑚𝑠 
denote the principal quantum number, quantum angular momentum number, magnetic 
quantum number, primary quantum spin number and secondary quantum spin number 
respectively: 

〈𝑉𝑠𝑠〉 = −
𝑔1𝑠𝑔2𝑠

4𝜋
 𝐹𝑛,𝑙1 (𝑀)   (8) 

〈𝑉𝑝𝑠〉 = 0   (9) 

〈𝑉𝑝𝑝〉 = −
𝑔1
𝑝𝑔2

𝑝

16𝜋𝑚1𝑚2
[(𝐺𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) + 

1
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) −𝑀2𝐻𝑙,𝑚

𝑠,𝑚𝑠𝐹𝑛,𝑙1 (𝑀)]   (10) 

〈𝑉𝑉𝑉〉 =
𝑔1𝑉𝑔2𝑉

4𝜋
𝐹𝑛,𝑙1 (𝑀) +

𝑔1𝑉𝑔2𝑉

16𝜋𝑚1𝑚2
[(𝐺𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) − 

2
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) +𝑀2(𝐺𝑠 − 𝐻𝑙,𝑚

𝑠,𝑚𝑠)𝐹𝑛,𝑙1 (𝑀)]   (11) 

〈𝑉𝐴𝑉〉 = 0   (12) 

〈𝑉𝐴𝐴〉 = −
𝑔1𝐴𝑔2𝐴

4𝜋
𝐺𝑠𝐹𝑛,𝑙1 (𝑀) −

𝑔1𝐴𝑔2𝐴

4𝜋𝑀2 [(𝐺
𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) + 

1
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) −𝑀2𝐻𝑙,𝑚

𝑠,𝑚𝑠𝐹𝑛,𝑙1 (𝑀)]   (13) 

Where: 

𝐺𝑠 = { 1, 𝑠 = 1−3, 𝑠 = 0   (14) 

𝐻𝑙,𝑚
𝑠,𝑚𝑠 = {

1
2𝑙+1

(𝑙
2−𝑚2

2𝑙−1
+ (𝑙+1)2−𝑚2

2𝑙+3
) , 𝑠 = 1 𝑚𝑠 = ±1

1 − 2𝐻𝑙,𝑚
1,±1, 𝑠 = 1 𝑚𝑠 = 0
−1, 𝑠 = 0 

 (15) 

𝐹𝑛,𝑙𝑘 (𝑀) =

{
  
 

  
 〈𝑒

−𝑀𝑟

𝑟
〉𝑛,𝑙 , 𝑘 = 1

〈𝑒
−𝑀𝑟

𝑟2
〉𝑛,𝑙  , 𝑘 = 2

〈𝑒
−𝑀𝑟

𝑟3
〉𝑛,𝑙 , 𝑘 = 3

〈𝛿(𝑟)𝑒
−𝑀𝑟

𝑟2
〉𝑛,𝑙  , 𝑘 = 4

 (16) 
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Leading order corrections: 

We characterize their first order energy corrections in the following, with 𝑛, 𝑙, 𝑚, 𝑠 and 𝑚𝑠 
denote the principal quantum number, quantum angular momentum number, magnetic 
quantum number, primary quantum spin number and secondary quantum spin number 
respectively: 

〈𝑉𝑠𝑠〉 = −
𝑔1𝑠𝑔2𝑠

4𝜋
 𝐹𝑛,𝑙1 (𝑀)   (8) 

〈𝑉𝑝𝑠〉 = 0   (9) 

〈𝑉𝑝𝑝〉 = −
𝑔1
𝑝𝑔2

𝑝

16𝜋𝑚1𝑚2
[(𝐺𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) + 

1
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) −𝑀2𝐻𝑙,𝑚

𝑠,𝑚𝑠𝐹𝑛,𝑙1 (𝑀)]   (10) 

〈𝑉𝑉𝑉〉 =
𝑔1𝑉𝑔2𝑉

4𝜋
𝐹𝑛,𝑙1 (𝑀) +

𝑔1𝑉𝑔2𝑉

16𝜋𝑚1𝑚2
[(𝐺𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) − 

2
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) +𝑀2(𝐺𝑠 − 𝐻𝑙,𝑚

𝑠,𝑚𝑠)𝐹𝑛,𝑙1 (𝑀)]   (11) 

〈𝑉𝐴𝑉〉 = 0   (12) 

〈𝑉𝐴𝐴〉 = −
𝑔1𝐴𝑔2𝐴

4𝜋
𝐺𝑠𝐹𝑛,𝑙1 (𝑀) −

𝑔1𝐴𝑔2𝐴

4𝜋𝑀2 [(𝐺
𝑠 − 3𝐻𝑙,𝑚

𝑠,𝑚𝑠) (𝐹𝑛,𝑙3 (𝑀) +𝑀𝐹𝑛,𝑙2 (𝑀)) + 

1
3
𝐺𝑠𝐹𝑛,𝑙4 (𝑀) −𝑀2𝐻𝑙,𝑚

𝑠,𝑚𝑠𝐹𝑛,𝑙1 (𝑀)]   (13) 

Where: 

𝐺𝑠 = { 1, 𝑠 = 1−3, 𝑠 = 0   (14) 

𝐻𝑙,𝑚
𝑠,𝑚𝑠 = {

1
2𝑙+1

(𝑙
2−𝑚2

2𝑙−1
+ (𝑙+1)2−𝑚2

2𝑙+3
) , 𝑠 = 1 𝑚𝑠 = ±1

1 − 2𝐻𝑙,𝑚
1,±1, 𝑠 = 1 𝑚𝑠 = 0
−1, 𝑠 = 0 

 (15) 

𝐹𝑛,𝑙𝑘 (𝑀) =

{
  
 

  
 〈𝑒

−𝑀𝑟

𝑟
〉𝑛,𝑙 , 𝑘 = 1

〈𝑒
−𝑀𝑟

𝑟2
〉𝑛,𝑙  , 𝑘 = 2

〈𝑒
−𝑀𝑟

𝑟3
〉𝑛,𝑙 , 𝑘 = 3

〈𝛿(𝑟)𝑒
−𝑀𝑟

𝑟2
〉𝑛,𝑙  , 𝑘 = 4

 (16) 
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The following tables summarize the first few values for 𝐹𝑛,𝑙
1 (𝑀), 𝐹𝑛,𝑙

2 (𝑀), 𝐹𝑛,𝑙
3 (𝑀) and 𝐻𝑙,𝑚

𝑠,𝑚𝑠: 

 𝒍 = 𝟎 𝒍 = 𝟏 𝒍 = 𝟐 

𝒏 = 𝟏 4
𝑎0(𝑀𝑎0 + 2)2 X X 

𝒏 = 𝟐 2𝑀2𝑎0
2 + 1

4𝑎0(𝑀𝑎0 + 1)4 
1

4𝑎0(𝑀𝑎0 + 1)4 X 

𝒏 = 𝟑 4(243𝑀4𝑎0
4 + 216𝑀2𝑎0

2 + 16)
9𝑎0(3𝑀𝑎0 + 2)6  

64(9𝑀2𝑎0
2 + 1)

9𝑎0(3𝑀𝑎0 + 2)6 
64

9𝑎0(3𝑀𝑎0 + 2)6 

 

 𝒍 = 𝟎 𝒍 = 𝟏 𝒍 = 𝟐 

𝒏 = 𝟏 4
𝑎0

2(𝑀𝑎0 + 2) X X 

𝒏 = 𝟐 2𝑀2𝑎0
2 + 2𝑀𝑎0 + 1

4𝑎0
2(𝑀𝑎0 + 1)3  

1
12𝑎0

2(𝑀𝑎0 + 1)3 X 

𝒏 = 𝟑 4(243𝑀4𝑎0
4 + 324𝑀3𝑎0

3 + 288𝑀2𝑎0
2 + 96𝑀𝑎0 + 16)

27𝑎0
2(3𝑀𝑎0 + 2)5  

64(9𝑀2𝑎0
2 + 3𝑀𝑎0 + 1)

81𝑎0
2(3𝑀𝑎0 + 2)5  

64
135𝑎0

2(3𝑀𝑎0 + 2)5 

 

 𝒍 = 𝟎 𝒍 = 𝟏 𝒍 = 𝟐 

𝒏 = 𝟏 Diverges X X 
𝒏 = 𝟐 Diverges 1

24𝑎0
3(𝑀𝑎0 + 1)2 X 

𝒏 = 𝟑 Diverges 16(6𝑀2𝑎0
2 + 4𝑀𝑎0 + 1)

81𝑎0
2(3𝑀𝑎0 + 2)4  

16
405𝑎0

3(3𝑀𝑎0 + 2)4 

Additionally, we have an explicit term for 𝐹𝑛,𝑙
4 (𝑀): 

〈𝛿(𝑟)𝑒−𝑀𝑟

𝑟2 〉𝑛,𝑙 = {
4

𝑎0
3𝑛3  ,   𝑙 = 0

0 ,   𝑙 ≠ 0
   (17) 

Where 𝑎0 denotes the Bohr radius in Eq.17 and the previous 3 tables. (which for Muonium is 
within 0.5% of the Bohr radius of neutral Hydrogen). 

 

 

Table (1): Radial contribution factors to expectation values of perturbations of the radial form of  𝑒
−𝑀𝑟

𝑟
. The 

results presented in the table are for the first 6 radial quantum states of a Hydrogen-like system. 

Table (2): Radial contribution factors to expectation values of perturbations of the radial form of  𝑒
−𝑀𝑟

𝑟2 . The 
results presented in the table are for the first 6 radial quantum states of a Hydrogen-like system. 

Table (3): Radial contribution factors to expectation values of perturbations of the radial form of  𝑒
−𝑀𝑟

𝑟3 . The 
results presented in the table are for the first 6 radial quantum states of a Hydrogen-like system. 
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Specific Transition expression for Lyman-α, hyperfine and Lamb shift 

We have chosen here Lyman-α and Lamb shift transitions preserving spin singlet states for 
simplicity and convenience. 

2𝑆0 → 1𝑆0: 

Perturbed by 𝑉𝑠𝑠: 

Δ𝐸𝑠𝑠(2𝑆0 → 1𝑆0) = 𝑔1𝑠𝑔2𝑠

4𝜋
( 4
𝑎0(𝑀𝑎0+2)2

− 2𝑀2𝑎02+1
4𝑎0(𝑀𝑎0+1)4

)   (18) 

Perturbed by 𝑉𝑝𝑝: 

Δ𝐸𝑝𝑝(2𝑆0 → 1𝑆0) = 𝑔1
𝑝𝑔2

𝑝

16𝜋𝑚1𝑚2
(𝑀2 ( 4

𝑎0(𝑀𝑎0+2)2
− 2𝑀2𝑎02+1

4𝑎0(𝑀𝑎0+1)4
) − 7

2𝑎0
3)   (19) 

Perturbed by 𝑉𝑉𝑉: 

Δ𝐸𝑉𝑉(2𝑆0 → 1𝑆0) = 𝑔1𝑉𝑔2𝑉

16𝜋𝑚1𝑚2
(𝑀2 ( 8

𝑎0(𝑀𝑎0+2)2
− 2𝑀2𝑎02+1

2𝑎0(𝑀𝑎0+1)4
) − 7

𝑎0
3) +  

𝑔1𝑉𝑔2𝑉

4𝜋
( 2𝑀2𝑎02+1
4𝑎0(𝑀𝑎0+1)4

− 4
𝑎0(𝑀𝑎0+2)2

)   (20) 

Perturbed by 𝑉𝐴𝐴: 

Δ𝐸𝐴𝐴(2𝑆0 → 1𝑆0) = 𝑔1𝐴𝑔2𝐴

4𝜋
( 2𝑀2𝑎02+1
2𝑎0(𝑀𝑎0+1)4

− 8
𝑎0(𝑀𝑎0+2)2

− 7
2𝑎0

3𝑀2) (21) 

 

1𝑆1 → 1𝑆0:   

(Is not perturbed by 𝑉𝑠𝑠) 

Perturbed by 𝑉𝑝𝑝: 

Δ𝐸𝑝𝑝(1𝑆1 → 1𝑆0) = 𝑔1
𝑝𝑔2

𝑝

16𝜋𝑚1𝑚2
( 16𝑀2

3𝑎0(𝑀𝑎0+2)2
− 16

3𝑎0
3)   (22) 

Perturbed by 𝑉𝑉𝑉: 

Δ𝐸𝑉𝑉(1𝑆1 → 1𝑆0) = 𝑔1𝑉𝑔2𝑉

16𝜋𝑚1𝑚2
( 32𝑀2

3𝑎0(𝑀𝑎0+2)2
− 32

3𝑎0
3)   (23) 

Perturbed by 𝑉𝐴𝐴: 

Δ𝐸𝐴𝐴(1𝑆1 → 1𝑆0) = −𝑔1𝐴𝑔2𝐴

4𝜋
( 32
3𝑎0(𝑀𝑎0+2)2

+ 16
3𝑎0

3𝑀2)      (24) 

 

2𝑆0 → 2𝑃0: 

Perturbed by 𝑉𝑠𝑠: 
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Δ𝐸𝑠𝑠(2𝑆0 → 2𝑃0) = 𝑔1𝑠𝑔2𝑠

4𝜋
( 1
4𝑎0(𝑀𝑎0+1)4

− 2𝑀2𝑎02+1
4𝑎0(𝑀𝑎0+1)4

)   (25) 

Perturbed by 𝑉𝑝𝑝: 

Δ𝐸𝑝𝑝(2𝑆0 → 2𝑃0) = 𝑔1
𝑝𝑔2

𝑝

16𝜋𝑚1𝑚2
( 1
2𝑎0

3 +𝑀2 ( 1
4𝑎0(𝑀𝑎0+1)4

− 2𝑀2𝑎02+1
4𝑎0(𝑀𝑎0+1)4

))   (26) 

Perturbed by 𝑉𝑉𝑉: 

Δ𝐸𝑉𝑉(2𝑆0 → 2𝑃0) = 𝑔1𝑉𝑔2𝑉

4𝜋
( 2𝑀2𝑎02+1
4𝑎0(𝑀𝑎0+1)4

− 1
4𝑎0(𝑀𝑎0+1)4

) +  

𝑔1𝑉𝑔2𝑉

16𝜋𝑚1𝑚2
(𝑀2 ( 1

2𝑎0(𝑀𝑎0+1)4
− 2𝑀2𝑎02+1

2𝑎0(𝑀𝑎0+1)4
) − 1

𝑎0
3)   (27) 

Perturbed by 𝑉𝐴𝐴: 

Δ𝐸𝐴𝐴(2𝑆0 → 2𝑃0) = 𝑔1𝐴𝑔2𝐴

4𝜋
( 1
2𝑎0

3𝑀2 −
1

2𝑎0(𝑀𝑎0+1)4
+ 2𝑀2𝑎02+1

2𝑎0(𝑀𝑎0+1)4
)  (28) 
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Finding the bounds on New Physics 

With these first-order deviations for our chosen transitions, we can now estimate the minimum 
value of 𝑔𝜁

1𝑔𝜁
2 (coupling constants) required for a given 𝑀 to exceed 2 standard errors of the 

experimental and theoretical results, and the discrepancy between the experimental and 
theoretical frequencies of the transitions. From here, the condition that serves as the bounds for 
new physics is: 

𝑔𝜁
1𝑔𝜁

2 >
ℎ max

±
|(𝜈𝑒𝑥𝑝−𝜈𝑡ℎ𝑒 )±2𝜌𝑡ℎ𝑒,𝑒𝑥𝑝|

𝐶𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛(𝑀)
   (29) 

Where ℎ is Planck’s constant, 𝜈𝑒𝑥𝑝 and 𝜈𝑡ℎ𝑒 are the experimental and theoretical transition 

frequencies respectively, 𝜌𝑡ℎ𝑒,𝑒𝑥𝑝 = √𝜌𝑡ℎ𝑒
2 + 𝜌𝑒𝑥𝑝

2  is the standard error of both theoretical and 

experimental uncertainties of these frequencies and 𝐶𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛(𝑀) = Δ𝐸𝜁𝜁(𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛)
𝑔𝜁

1𝑔𝜁
2  is simply 

the term for the transition omitting the coupling constants. 

The following table shows the known transition frequencies for Muonium (Mu) The numbers in 
the brackets are the errors and represent the value of 𝜌 we are interested in. 

  2𝑆0 → 1𝑆0 1𝑆1 → 1𝑆0 2𝑃0 → 2𝑆0 
𝐌𝐮 Experiment 245 528 941.0(9.8) MHz [2] 4463 302.765(53) kHz [3] 1042(22) MHz [5] 

Theory 245 528 935.8(1.4) MHz [3] 4463 302.89(27) kHz [6] 1047.28(2) MHz [4] 

 

  

Table (5): The experimental and theoretical values of the transition frequencies for 2𝑆0 → 1𝑆0, 2𝑃0 → 2𝑆0 and 
1𝑆1 → 1𝑆0 in Muonium (Mu). References are also noted. 
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▪ To set a bound calculate the minimal value  for a given M to exceed 2σ of 
theoretical result

▪ Perturbations

where and

Searches for new bosons via positronium/muonium spectroscopy
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Muonium spectroscopy as a probe for new muonic forces
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L. Morel et al, Nature 588, 61 (2020),  
R. H. Parker et al., Science 360, 191 (2018).  
D. Hanneke et al. e Phys. Rev. Lett. 100, 120801 (2008) 

 

 B. Abi, et al. Phys. Rev. Lett. 126, 141801 (2021)  

combined with bound from (g-2)e

 Bands: region suggested by (g-2)μ
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This talk: a very simple possibility

consider not a photon…
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B. Ohayon, P.Crivelli, et al. Phys. Rev Lett. 128, 011802 (2022)
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Baryon/anti-baryon asymmetry 
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Baryon/anti-baryon asymmetry 
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▪ Why does the universe contain 
matter? 
▪ After the Big Bang there should 

have been equal amounts of matter 
and anti-matter 

▪ Where did all the anti-matter go? 
▪ We (matter) have annihilated anti-

matter. 
▪ We won at the expense of a billion 

of twins. 
▪ Why was there a tiny asymmetry 

such that we could survive?
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How do we know that there are no anti-stars/anti-galaxies out  
there and that we leave in a matter dominated region of the Universe? 

131
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How to generate such an asymmetry?

132

Andrei Sakharov 
1921-1989  

Russian physicist 

(1) Baryon number B violation;  
(2) C-symmetry and CP-symmetry violation; needed so that interactions producing 
more baryons than anti-baryons are not counterbalanced by interactions producing 
more anti-baryons than baryons. 
(3) Interactions out of thermal equilibrium; otherwise, CPT symmetry would assure 
compensation between processes increasing and decreasing the baryon number.[

Three necessary conditions to generate
Baryon-Antibaryon-Asymetry (BAU) 

https://en.wikipedia.org/wiki/Baryogenesis#cite_note-FarrarShaposhnikov1993-5
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The Standard Model is not enough
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Current status of the Standard Model CKM fit
and constraints on �F = 2 New Physics

The CKMfitter Group
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This article summarises the status of the global fit of the CKM parameters within the Standard
Model performed by the CKMfitter group. Special attention is paid to the inputs for the CKM
angles ↵ and � and the status of Bs ! µµ and Bd ! µµ decays. We illustrate the current situation
for other unitarity triangles. We also discuss the constraints on generic �F = 2 New Physics. All
results have been obtained with the CKMfitter analysis package, featuring the frequentist statistical
approach and using Rfit to handle theoretical uncertainties.

PACS numbers: 12.15.Hh,12.15.Ji, 12.60.Fr,13.20.-v,13.38.Dg

I. INTRODUCTION

In the Standard Model (SM), the weak charged-current
transitions mix quarks of di↵erent generations, which
is encoded in the unitary Cabibbo-Kobayashi-Maskawa
(CKM) matrix [1, 2]. In the case of three generations of
quarks, the physical content of this matrix reduces to four
real parameters, among which one phase, the only source
of CP violation in the SM (neglecting CP -violating ef-
fects induced by the strong-interaction ✓-term or neutrino
masses):

�2 =
|Vus|2

|Vud|2 + |Vus|2
, A2�4 =

|Vcb|2

|Vud|2 + |Vus|2
,

⇢̄+ i⌘̄ = �VudV ⇤
ub

VcdV ⇤
cb

, (1)

One can exploit the unitarity of the CKM matrix to de-
termine all its elements (and when needed, to obtain their
Wolfenstein expansion in powers of �) [3–5].

Extracting information on these parameters from data
is a challenge for both experimentalists and theorists,
since the SM depends on a large set of parameters
which are not predicted within its framework, and must

be determined experimentally. An additional di�culty
stems from the presence of the strong interaction bind-
ing quarks into hadrons, which is responsible for most
of the theoretical uncertainties discussed when determin-
ing the CKM matrix parameters. The CKMfitter group
aims at this goal by combining a large set of constraints
from flavour physics, using a standard �2-like frequen-
tist approach, in addition to a specific (Rfit) scheme to
treat theoretical uncertainties [5, 6] (see refs. [7–10] for
alternative approaches in this context).
As will be illustrated below, the SM global fit has

reached a remarkable accuracy from both the experimen-
tal and theoretical points of view. In this context, and
following a long history of flavour as a probe for “New
Physics” (existence of the charm quark, bounds on the
top quark mass. . . ), one can also use flavour observables
to constrain models of New Physics (NP), either in a par-
ticular scenario or with a rather generic scope. We will
follow the second avenue, providing results for generic
New Physics in �F = 2 and updating ref. [11].
The results presented here correspond to the most re-

cent update performed by the CKMfitter collaboration,
including results obtained until the CKM 2014 workshop
in Vienna [6].
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▪ CP violation well established in the quark 
sector (described by phase of CKM matrix)  
▪ Too small to explain baryon asymmetry  

(SM only explains 10-10 of what we need!) 
▪ Need new phenomena such as:  

▪ CP violation in the leptonic sector 

▪ Lorentz/CPT violation
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The Standard Model Extension (SME) 

134

Colladay and Kostelecky., PRD 55, 6760 (1997)  
Colladay and Kostelecky., PRD 58, 116002 (1998)  
Kostelecky., PRD 69, 105009 (2004)  

Conventional physics Lorentz violaDon 

L SME =L SM +L GR! "#### $####
+L LV!
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High precision spectroscopy as a sensitive test

135HFS-splitting

F=1

F=0

nS1/2

mF=1
mF=0
mF=-1

↑↑

↓↓

1
2
↑↓ + ↓↑( )

1
2
↑↓ − ↓↑( ) Zeeman-splitting

ε= ε0+δε

Conventional case

Lorentz-violating contribution

Conventional case
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High precision spectroscopy as a sensitive test

136HFS-splitting
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↑↓ + ↓↑( )
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2
↑↓ − ↓↑( ) Zeeman-splitting

Conventional case
Lorentz violating case

ε= ε0+δε Lorentz-violating contribution

Conventional case
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𝑆 𝑛 = ⋯
𝛼𝑚𝑟
𝑛

2
𝒄200
NR − 𝒂200

NR … 

Lorentz-violating energy shift for hydrogen 

𝛿𝜖 ≃ 𝑆 + 𝛽 ∙ 𝑉 +
𝑚𝐹

𝐵
 𝐵 ∙ 𝐴  + 𝐵𝐼𝑇 𝐼𝐾𝛽𝐾  

𝛿𝜖 ≃ 𝑆 + 𝛽 ∙ 𝑉 +
𝑚𝐹

𝐵
 𝐵 ∙ 𝐴 + 𝐵𝐼𝑇𝐼𝐾𝛽𝐾  

𝑆 𝑛 = ⋯
𝛼𝑚𝑟
𝑛

2
𝒄200
NR + 𝒂200

NR … 

Coefficients for CPT violation 
Coefficients of  CPT invariant operators Lorentz-violating energy shift for antihydrogen 

overbars  

overbars  

The SME allows clocks and anti-clocks 
to tick at different rates 

137

▪ Lorentz-violating  
energy shift for  
anti-matter

▪ Lorentz-violating  
energy shift for  
matter 

≠

High precision spectroscopy of anti hydrogen as a sensitive test
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Anti-hydrogen - hydrogen comparison

138

2 466 061 413.187035(10)  MHz
An extremely well measured number in atomic physics
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Challenges of creating antihydrogen

139

e⁺

e⁻

p̄

e⁺

Both exotic

µ⁺

e⁻

Positive particle

positronium

muonium

True onium! (particle-antiparticle)
Coulomb-pairs 

(protonium, pion-kaon…)

Negative particle

, µ⁻

muonic / pionic /  
antiprotonic… atom

anti-atoms

In trap

In accelerator

In matter

Hard! A bound system occupies 
small part of the phase-space 
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Formation of antihydrogen

140

Formation of anti-hydrogen
• To conserve energy and momentum requires
a third body to partecipate the collision

⇒ p̄+ e+ → H̄∗ (NOT allowed)

1) p̄+ e+ + e+ → H̄∗ + e+ σ ∼
1

T
9/2

e+

2) p̄+ e+ → H̄∗ + γ σ ∼
1

T
1/2

e+

3) p̄+ Ps∗ → H̄∗ + e− σ ∼ πa2on
4
Ps

• Is desirable to have large cross sections
and to produce cold anti-hydrogen

A. Antognini, Low-energy particle physics, Atomic physics, ETH Zurich WS 2015 – p. 25
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Necessary ingredients: high density, low 
energy antiprotons and positrons 

1) Direct spontaneous radiative recombination  

Dipole allowed free-bound transition that favours capture into 
strongly bound state.

2) Three body recombination  

Elastic encounter of 2 e+ in the p̅ continuum thus energy transfer 
around kTe -> capture into weakly bound state

3) Charge- exchange with Ps



||Crivelli 16.01.2023

CERN facilities - creating antiprotons

141
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The Antiproton Decelerator at CERN 

142

Operation cycle is long: 100 s storage is needed 
Multiple stages of deceleration in RF cavities 
Deceleration from 3.5 GeV/c to 100 MeV/c (5.3 MeV 
kinetic energy) 
Needs active cooling of the beam, otherwise 
compressing the phase-space in the longitudinal 
direction results in blow-up in the transverse direction 
(Liouville-theorem)

ASACUSA

ALPHA

ATRAP

St
oc

ha
st

ic 
Co

ol
in

g

Electron Cooling

Antiproton
Production

1

Injection at 3.5 GeV/c2

Deceleration and
Cooling
(3.5 - 0.1 GeV/c)

3

Extraction
( 2x107 in 200 ns)

4

100 20 m

p(beam) + p(target) → p + p + p + p̄
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Production of low energy anti-hydrogen ATHENA&ATRAP (2002)

143

p̅
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Penning-Malberg trap working principle
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Trapping of antiprotons

145

p̅

  

Figure 47: Anti-proton trapping sequence.

region, and the mass scaling precludes the use of this method for cooling

charged particles other than electrons and positrons at fields obtainable in

the laboratory.

About 10000 antiprotons per shot can be trapped and cooled in about 30

s thus when the next AD shot arrives those are in the lowest well together

with the electrons. Therefore, the lowering of the well will not a↵ect them

and up to 107 anti-protons can be stacked in this way. The other necessary

to form anti-hydrogen (the positrons), is accumulated in a bu↵er gas trap

similar to the one described in Sec. 4.1 with an additional third stage where

the pressure is as low as 10�8 mBar to increase the positron lifetime. In this

way about 5 minutes, 108 can be accumulated.

These positrons are then transferred to the so called mixing trap with an

e�ciency of about 35%. In this so called nested trap the positrons sit on a

well as indicated in fig. 48 while the anti-protons sit on an adjacent well with

opposite sign (having the opposite charge). Those are then injected into the

positron cloud. This has to be done gently not to heat up the positron cloud.

Anti-hydrogen is formed by two mechanisms dependent on positron plasma

84
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Cooling and trapping of positrons

146

(3) In main solenoid: 3 regions of decreasing density N2 buffer gas and potential: 
- The gas provides the dissipation mechanism. To prevent annihilation: differential pumping. 
- Rotating wall: makes the plasma spin faster, and squeeze axially (angular momentum conservation) 
- Lowering the electrode voltage evaporative cooling: plasma reaches several 10’s of degree Kelvin

(1) Source: Na-22, 545 keV, but moderation on solid neon

(2) Transport to main solenoid

Few million 
e+ / sec
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Transfer to mixing trap

147

Transfer efficiency ~ 35%:  
50 x 106 in mixing trap 

Positron plasma :  
r~2mm, l~32mm,  
n~2.5 x 108 / cm3 

Lifetime:  ~hours 

Penning-Malberg trap
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Positron-antiproton mixing

▪ Low energy antihydrogen formation 

▪ Interaction of anti-hydrogen with radiation 

▪ Antihydrogen spectroscopy

148

Oscillating RF field excite the p̄ 
so that it overlaps with the e+
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Antihydrogen detection - ATHENA (2002)
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Opening angle  
distribution
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The ALPHA experiment (2006) - magnetic trapping
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Magnetic trap for neutral (anti-) atoms

Trappable states

Trapping condition

Anti-Helmholtz coil 
configuration - magnetic 
quadrupole field

Requires cold atoms: 
0.6 K for 1T field 

Force

Atoms with magnetic moment acquire a potential in a magnetic field 
according to the formula:

Zeeman-splitting,
Breit-Rabi diagram

https://en.wikipedia.org/wiki/Magnetic_field
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The ALPHA experiment (2009) 
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- Background from cosmics: rejected by topology

- Potential problem:  „mirror trapping“ of 
 bare p̅ in homogenous B field —> Solution: 

To demonstrate trapping ramp down magnetic field and look for annihilations on the beam pipe 

- Mixing with heated e+ (suppresses anti-H 
production) 

- Release anti-H while applying E field: pbars 
would be deflected 
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Antihydrogen trapping rates and confinement time

▪ Low energy antihydrogen formation 

▪ Interaction of anti-hydrogen with radiation 

▪ Antihydrogen spectroscopy

153

Confinement time up to 1000 s -> allows for precision spectroscopy of anti-hydrogen:  
- H̅ in the ground state  (remember H̅ formed in highly excited Rydberg state takes about 1 second to de-excite 
to ground state)    
- Present numbers: ~20 antihydrogen atoms every 4 minutes, accumulating more than 1000 H̄ in 8 hours
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First interaction of Antihydrogen with radiation
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ALPHA-2: First detection of the 1S-2S transition
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M Ahmadi et al. Nature 541, 506–510 (2017) doi:10.1038/nature21040 

Two-photon transition at 243-nm 
driven by a resonant cavity 

locked to the frequency, passing 
through the centre of the trap 
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Question: detection of the 1S-2S transition
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https://www.youtube.com/watch?v=DRieNGDMxPM
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ALPHA-2: First detection of the 1S-2S transition
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When laser on resonance —> number of trapped H̅ 
depleted because of photoionisation of atoms in the  
same excitation laser. 

No difference between hydrogen and 
antihydrogen transition frequency at the level  
of 10-10
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Measurement of the 1S-2S line shape
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remove c-c states

f
d−d

=2,466,061,103,079.4(5.4)kHz

f
d−d

=2,466,061,103,080.3(0.6)kHz

Measured transition:

Calculation for hydrogen in 1T field

2 × 10−12

Results in agreement within 

Prospects: laser cooling to decrease the temperature —> narrower line

Laser drives 1S-2S transition (2-photon) 
A third photon drives it to continuum: lost in the trap 
Microwave removes 1Sc states, then ramping down 
the  magnet probes 1Sd atoms



||Crivelli 16.01.2023

Summary
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▪ Low-energy particle physics addresses fundamental questions of the standard 
model and can be sensitive to BSM physics at very large energy.

▪ Low-energy, precision experiments are complementary to high-energy physics 

▪ Low-energy particle physics can do more than BSM searches:  
determination of fundamental constant, QCD at low energy, hadron structure, 
nuclear structure test of QED, bound-state QED, gravity, fundamental symmetry 
tests and technology development ….. 


