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can be written in terms of the masses of the particles, while for 4-point functions these can

be written in terms of the Mandelstam variables s and t and the masses of the SM particles.

An example of a BSM correction to an on-shell 4-point amplitude is
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where the numbering scheme matches the convention in the later table. Here, the first term

in each line defines the ‘primary’ vertex, while the infinite series in Mandelstam variables

are the ‘descendants.’ Although the choice of primary operators is not unique, any choice

defines a basis for the same linear space of on-shell amplitudes.

We now consider the relative importance of the various terms above for low-energy ex-

periments. The couplings c1 and c9 depend on the couplings of the heavy particles to the SM

fields, as well as the mass scale M of the new physics. However, very generally, we expect

that the coe�cients ↵1,9 and �1,9 will be of order unity. The reason is that the higher order

terms in the expansion in Mandelstam variables probes the kinematic corrections to the am-

plitudes coming from the momentum expansion of heavy propagators, as in Eq. (1.1). This

tells us that we expect that we can neglect the e↵ects proportional to ↵1 and �1 compared

to the term proportianal to c1, but this argument gives us no information about whether c1
is expected to give larger e↵ects than c9. The second operator has a higher mass dimension

than the first, but the coe�cient c1 may be suppressed compared to c9 due to the structure

of the couplings of the new physics to the SM fields.

The primary e↵ective operators that correspond to Eq. (1.2) are given by
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Note that the operators are written in terms of physical mass eigenstate fields, as in HEFT.

Although there is no a priori limit on the dimensionality of the primary operators, there are

finitely many such operators that are relevant for collider searches, because such searches

are only sensitive to 3- and 4-point functions. Therefore, we only need to consider functions

with up to 4 fields, and the expansion in derivatives is truncated if we drop the descendants.1

The result is that there is a finite basis of primary operators relevant for collider searches.

The argument that primary operators dominate over descendants can fail if the fun-

damental physics has special features that suppress the primary operators, but not their

1Note that the derivative expansion is in general ill-defined until an operator basis is specified, since

the equations of motion (field redefinitions) relate operators with di↵erent numbers of derivatives. We are

defining the derivative expansion using the correspondence with on-shell amplitudes.
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New Physics via EFT

2

EFTs parametrize new physics, but make assumptions  
(e.g. linear vs nonlinear EWSB, power counting) and are nonintuitive
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On-shell amplitudes as intermediary between theory 
(EFT, models) and experiment
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On-shell local 
amplitudes in one to 
one correspondence 
with independent EFT 
operators


(e.g. SMEFT operator 
basis from amplitudes 
Ma et.al. 1902.06752)



On-shell amplitudes as intermediary between theory 
(EFT, models) and experiment

Theory Experiment
Experiments directly 
search for amplitudes 
not Wilson coefficients.


Since EFT is indirect, 
this motivated signal 
mapping (e.g. BSM 
primaries 1405.0181, 
pseudo-observables 
1412.6038, Higgs basis)
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EFT operator redundancies 
and on-shell amplitudes

Total Derivatives
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Mass Shell
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Independent Amplitudes
On-shell amplitudes Mi can be related to an operator Oi of  

lowest mass dimension, work in increasing dimension

5Spencer Chang (U. Oregon) 



Independent Amplitudes
On-shell amplitudes Mi can be related to an operator Oi of  

lowest mass dimension, work in increasing dimension

5Spencer Chang (U. Oregon) 

Example: hhhh 4-Point Interaction

Dimension M # Independents O

4 1 1

6 s+t+u=4mh2 None None

8 s2+t2+u2 1

10 stu 1

@µO
µ
⇡ 0 (1)

X

ext

pµX
µ = 0 (2)

�S

��
O = �(⇤� +m

2
� + · · · )O ⇡ 0 (3)

(p2 �m
2)X = 0 (4)

Hhhhh =
q
4

(1� q4)(1� q6)
= q

4 + q
8 + q

10 + · · ·

(5)

h
4

h
2
@
µ
@
⌫
h@µ@⌫h @

µ
@
⌫
@
⇢
h@µh@⌫h@⇢h

(6)

1

@µO
µ
⇡ 0 (1)

X

ext

pµX
µ = 0 (2)

�S

��
O = �(⇤� +m

2
� + · · · )O ⇡ 0 (3)

(p2 �m
2)X = 0 (4)

Hhhhh =
q
4

(1� q4)(1� q6)
= q

4 + q
8 + q

10 + · · ·

(5)

h
4

h
2
@
µ
@
⌫
h@µ@⌫h @

µ
@
⌫
@
⇢
h@µh@⌫h@⇢h

(6)

1

@µO
µ
⇡ 0 (1)

X

ext

pµX
µ = 0 (2)

�S

��
O = �(⇤� +m

2
� + · · · )O ⇡ 0 (3)

(p2 �m
2)X = 0 (4)

Hhhhh =
q
4

(1� q4)(1� q6)
= q

4 + q
8 + q

10 + · · ·

(5)

h
4

h
2
@
µ
@
⌫
h@µ@⌫h @

µ
@
⌫
@
⇢
h@µh@⌫h@⇢h

(6)

1

p1

p2

p3

p4

s = (p1+p2)2 
t = (p1-p3)2 
u = (p1-p4)2



2 to 2 scattering analysis 
(w/ Chen, Liu, Luty)

Amplitude redundancies 
(M = 0), Taylor expansion 

of M in  
cos Θ, |pinitial|, |pfinal|, Ecom 

all coefficients must 
vanish 

Allows numerical 
determination of 

independent amplitude 
terms (which we can 

check w/ Hilbert Series)
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ūR�µ

$
D⌫uR

�

6 hF̃µ⌫@
µ
�
 ̄R�

⌫ R

�
� |H|2B̃µ⌫

Dµ

�
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Table 3: Primary operators for couplings of the form hZf̄f and h�ff̄ . As noted

in the text, the hWf̄f
0 operators can be obtained from the hZf̄f operators by the

replacement Zf̄f ! Wf̄f
0, and the hgf̄f operators can be obtained from the h�f̄f

operators by the replacement Fµ⌫ ! Gµ⌫ .
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More detailed case hZff

We find for primary operators  
 2 at dim 5, 6 at dim 6,  

4 at dim 7 

To get all amplitudes need to 
multiply by arbitrary 

polynomial in s, t
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More detailed case hZff

We find for primary operators  
 2 at dim 5, 6 at dim 6,  

4 at dim 7 

To get all amplitudes need to 
multiply by arbitrary 

polynomial in s, t
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to give conservative proxy for 

unitarity bound
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3) Unitarity bounds  
(e.g. 2009.11293)  
WW→ee:   c≲ 0.1/(TeV/Emax)3 
WWW→Wee: c≲ 4/(TeV/Emax)6
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WW→ee:   c≲ 0.1/(TeV/Emax)3 
WWW→Wee: c≲ 4/(TeV/Emax)6

This interferes with SM 
amplitude, sensitivity 
estimate Nnew ≳√NSM 

At HL-LHC, requires 
 Emax ≲ 5 TeV, so this should 

be studied in detail
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point for Higgs (agree w/ spinor helicity results, which are up to 
dim 8 for SM content)

An intermediary between experiment and theory (EFTs, models) 
which allow new physics searches with (fewer) assumptions 

Point to new Higgs decay amplitudes worth exploring at the 
HL-LHC, e.g. h→ff(Z,W,γ) and Zγγ (and potentially production 
amplitudes)

Understanding of primary and descendant amplitudes may 
enable approach to higher order uncertainties (work under 
discussion w/ Luty, Ma and Wulzer)
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Amplitude redundancies

These have branch point singularities at 4 points, Ecm = ±(m1 ± m2),±(m3 ± m4). The

energies Ek can be written in terms of Ecm using Erational

E1 =
m

2

1
�m

2

2
+ E

2

cm

2Ecm

, E2 =
m

2

2
�m

2

1
+ E

2

cm

2Ecm

, (3.20a)

E3 =
m

2

3
�m

2

4
+ E

2

cm

2Ecm

, E4 =
m

2

4
�m

2

3
+ E

2

cm

2Ecm

. (3.20b)

We can use Eqs. (3.19) and (3.20) to eliminate the dependence on Ek and even powers of pi,f .

The resulting function of Ecm has 1/En

cm
singularities, which we eliminate by multiplying by

E
N

cm
for some su�ciently large N . The result has the form of a polynomial in Ecm, s, c, pi,

pf with at most linear powers of s, pi, and pf :

0 = E
N

cm

X

a

CaMa

= P +Qs+Rpi + Spf + Tspi + Uspf + V pipf +Wspipf , polyful(3.21)

where P, . . . ,W are polynomials in Ecm and x. Because s, pi, and pf all have di↵erent

singularity structure when written as functions of Ecm and c, we can treat all of the variables

in Eq. (3.21) as independent when solving the constraints, which again requires that all of

the polynomials separately vanish.

Extending these ideas to amplitudes involving fermions is nontrivial because the spinor

wavefunctions contain factors of
p
E ± pi,f . We were able to extend the method to ampli-

tudes involving 2 fermions, for special choices of the fermion masses. Taking the fermions to

be the incoming particles, the spinor wavefunctions are functions of
p

E1,2 ± pi, for example

(u1)s =

0

BBB@

✓p
E1 � pi 0
0

p
E1 + pi

◆
⇠s

✓p
E1 + pi 0
0

p
E1 � pi

◆
⇠s

1

CCCA
. (3.22)

where s = 1, 2 is the spin label and ⇠1,2 are a basis for 2-component spinors. The analytic

method can be extended for the following special cases:

• m1 = m2: In this case E1 = E2 = Ei. The amplitude is proportional to the product

of spinor wavefunctions for particles 1 and 2, which contain the following square root

structures:

�p
Ei ± pi

�2
= Ei ± pi, (3.23)

p
Ei + pi

p
Ei � pi = m1 = m2. (3.24)

The constraints therefore have the same form as Eq. (3.21).
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P, Q, R, S, T, U, V, W are finite polynomials in Ecom, which due to  
singularity structures, each polynomial must vanish exactlyc

v4

�
Q̄3LH̃uR + t̄RHQ1L

� �
Bµ⌫B

µ⌫
�

(9)

X
i
↵ =

@d↵

@ci

(10)

M(f1f̄2 ! Z3h4) =

✏⇤3µv̄2
⇥
c1p

µ
1 + c2p

µ
2 + c3p

µ
1�5 + c4p

µ
2�5 + c5�

µ + c6p
µ
1 /p3 + c7p

µ
2 /p3

+ c8�
µ�5 + c9p

µ
1 /p3�5 + c10p

µ
2 /p3�5 + c11�

µ⌫p3 ⌫

+ ✏µ⌫⇢�p1 ⌫p2 ⇢p3�

�
c12 + c13�5 + c14 /p3

�

+ ✏µ⌫⇢��⌫ (c15p1 ⇢p2� + c16p1 ⇢p3� + c17p2 ⇢p3�)

+ ✏µ⌫⇢�p1 ⌫p2 ⇢p3�

�
c18 /p3�5

�

+ ✏µ⌫⇢��⌫�5 (c19p1 ⇢p2� + c20p1 ⇢p3� + c21p2 ⇢p3�)

+ c22✏⌫⇢���
µ⌫p⇢1p

�
2p

�
3

+ ✏µ⌫⇢��⌫�p
�
3(c23p1 ⇢p2� + c24p1 ⇢p3� + c25p2 ⇢p3�)

+ ✏µ⌫⇢��⌫⇢(c26p1� + c27p2� + c28p3�)

+ ✏↵����↵p1 �p2 �p3 � (c29p
µ
1 + c30p

µ
2 + c31p

µ
1�5 + c32p

µ
2�5)

⇤
u1

2

Choose random particle masses and 
numerically take singular value 

decomposition of this matrix  
to find number of independent  

amplitudes (dα are polynomial coefficients, 
ci are operator coefficients)
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hZff
i O

hZf̄f

i
CP dOi

SMEFT c Unitarity
Operator Bound

1 hZ
µ ̄L�µ L +

5
i
�
H

†
$
DµH

�
Q̄L�

µ
QL 0.6

E
2
TeV

,
5

E
4
TeV2 hZ

µ ̄R�µ R + i
�
H

†
$
DµH

�
ūR�

µ
uR

3 hZ
µ⌫ ̄L�µ⌫ R + h.c. +

6
Q̄L�

µ⌫
uR�

a
H̃W

a
µ⌫ + h.c.

2

E
2
TeV

,
10

E
4
TeV4 hZ̃µ⌫i ̄L�

µ⌫ R + h.c. � Q̄L�
µ⌫
uR�

a
H̃W̃

a
µ⌫ + h.c.

5 i hZ
µ
�
 ̄L

$
@ µ R

�
+ h.c. +

6

�
H

†
$
DµH

��
Q̄L

$
D

µ
uR

�
H̃ + h.c.

0.1

E
3
TeV

,
4

E
6
TeV

6 hZ
µ
@µ

�
 ̄L R

�
+ h.c. � i

�
H

†
$
DµH

�
D

µ
�
Q̄LuR

�
H̃ + h.c.

7 i hZ
µ
@µ

�
 ̄L R

�
+ h.c. +

�
H

†
$
DµH

�
D

µ(Q̄LuR)H̃ + h.c.

8 hZ
µ
�
 ̄L

$
@ µ R

�
+ h.c. � i

�
H

†
$
DµH

��
Q̄L

$
D

µ
uR

�
H̃ + h.c.

9 i hZ̃µ⌫

�
 ̄L�

µ
$
@
⌫ L

�
+

7

i|H|2W̃ aµ⌫
�
Q̄L�µ�

a
$
D⌫QL

�

0.4

E
3
TeV

,
1

E
4
TeV

10 hZ̃µ⌫@
µ
�
 ̄L�

⌫ L

�
� |H|2W̃ aµ⌫

Dµ(Q̄L�⌫�
a
QL)

11 i hZ̃µ⌫

�
 ̄R�

µ
$
@
⌫ R

�
+ i|H|2B̃µ⌫

�
ūR�µ

$
D⌫uR

�

12 hZ̃µ⌫@
µ
�
 ̄R�

⌫ R

�
� |H|2B̃µ⌫

Dµ

�
ūR�⌫uR

�

i O
h�f̄f

i
CP dOi

SMEFT c Unitarity
Operator Bound

1 hF
µ⌫ ̄L�µ⌫ R + h.c. +

6
Q̄L�

µ⌫
uRH̃Bµ⌫ + h.c.

2

E
2
TeV

,
20

E
4
TeV2 hF̃µ⌫i ̄L�

µ⌫ R + h.c. � iQ̄L�
µ⌫
uRH̃B̃µ⌫ + h.c.

3 i hF̃µ⌫

�
 ̄L�

µ
$
@
⌫ L

�
+

7

i|H|2B̃µ⌫
Q̄L�µ

$
D⌫QL

0.4

E
3
TeV

,
1

E
4
TeV

4 hF̃µ⌫@
µ
�
 ̄L�

⌫ L

�
� |H|2B̃µ⌫

Dµ

�
Q̄L�⌫QL

�

5 i hF̃µ⌫

�
 ̄R�

µ
$
@
⌫ R

�
+ i|H|2B̃µ⌫

�
ūR�µ

$
D⌫uR

�

6 hF̃µ⌫@
µ
�
 ̄R�

⌫ R

�
� |H|2B̃µ⌫

Dµ

�
ūR�⌫uR

�

7 i hF
µ⌫
@µ ̄L@⌫ R + h.c. +

8
iB

µ⌫
DµQ̄LD⌫uRH̃ + h.c.

0.09

E
4
TeV

,
0.9

E
6
TeV8 hF

µ⌫
@µ ̄L@⌫ R + h.c. � B

µ⌫
DµQ̄LD⌫uRH̃ + h.c.

Table 3: Primary operators for couplings of the form hZf̄f and h�ff̄ . As noted

in the text, the hWf̄f
0 operators can be obtained from the hZf̄f operators by the

replacement Zf̄f ! Wf̄f
0, and the hgf̄f operators can be obtained from the h�f̄f

operators by the replacement Fµ⌫ ! Gµ⌫ .
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@µO
µ
⇡ 0 (1)

X

ext

pµX
µ = 0 (2)

�S

��
O = �(⇤� +m

2
� + · · · )O ⇡ 0 (3)

(p2 �m
2)X = 0 (4)

Hhhhh =
q
4

(1� q4)(1� q6)
= q

4 + q
8 + q

10 + · · ·

(5)

1

Interpretation: A term c qn indicates c operators at dimension n 
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X
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Interpretation: A term c qn indicates c operators at dimension n 
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Note: Consistent with amplitude analysis, higher dimension  
operators are Mandelstam descendants of a single primary  
operator h4, where denominator expansion gives factors of  

s2+t2+u2 and stu



Hilbert Series (Higgs)

An important check of our results is the Hilbert series that counts the number of independent

EFT operators, described in Refs. [14–17, 20]. The Hilbert series counts the number of

operators at a given mass dimension, taking into account symmetry constraints as well

redundancies due to integration by parts are field redefinitions.8

The Hilbert series for our trilinear interactions are the following:

Hhf̄f = 2q4, Hh�Z = Hh�� = Hhgg = 2q5, HhZZ = HhWW = q
3 + 2q5,

HhhZ = Hhh� = 0, Hhhh = q
3
,

H�f̄f = 2q5, HZf̄f = HWf̄f 0 = 2q4 + 2q5,

HWWZ = 5q4 + 2q6, HWW� = 2q4 + 2q6, Hggg = 2q6,

HZZZ = HZZ� = HZ�� = HZgg = 0.

(3.28)

Here q is a parameter that counts the mass dimension of the operators. The power of q in

each term is the mass dimension of the operator, and the coe�cient gives the number of

operators at that dimension. So for example, Hhf̄f = 2q4 implies that there are 2 operators

with dimension 4.

The Hilbert series for our four-point interactions are the following:

HhZf̄f = HhWf̄ 0f =
2q5 + 6q6 + 4q7

(1� q2)2
, Hh�f̄f = Hhgf̄f =

2q6 + 4q7 + 2q8

(1� q2)2
,

HhZ�� = HhZgg =
3q7 + 7q9 + 2q11

(1� q2)(1� q4)
, Hhggg =

2q7 + 2q9 + 4q11 + 6q13 + 2q15

(1� q4)(1� q6)
,

Hh�gg =
4q9 + 4q11

(1� q2)(1� q4)
, Hh��� =

2q11 + 4q13 + 2q15

(1� q4)(1� q6)
,

HhWW� =
2q5 + 14q7 + 2q9

(1� q2)2
, HhZZ� =

8q7 + 8q9 + 2q11

(1� q2)(1� q4)
,

HhWWZ =
9q5 + 18q7

(1� q2)2
, HhZZZ =

q
5 + 6q7 + 8q9 + 7q11 + 5q13

(1� q4)(1� q6)
,

Hhhf̄f =
2q5 + 2q8

(1� q2)(1� q4)
,

HhhWW =
q
4 + 3q6 + 5q8

(1� q2)(1� q4)
, HhhZZ =

q
4 + 3q6 + 2q8

(1� q2)(1� q4)

HhhZ� =
2q6 + 4q8

(1� q2)(1� q4)
, Hhh�� = Hhhgg =

2q6 + q
8

(1� q2)(1� q4)
,

HhhhZ =
q
7 + q

9 + q
13

(1� q4)(1� q6)
, Hhhh� =

2q13

(1� q4)(1� q6)
,

Hhhhh =
1

(1� q4)(1� q6)
.

(3.29)

8We thank X. Lu for patiently explaining Hilbert series to us.
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