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Introduction

» QCD phase diagram

Quark-gluon
plasma

Critical

Pion condensate

nr

» Strong magnetic field B - no sign problem

> Finite isospin chemical potential x; - no sign problem (see talks by Bandyopadhyay and Mannarelli)

@ NTNU | séonearremonsy



Introduction

» QCD phase diagram

Quark-gluon plasma phase

U(1)gxU(1),,

Hadronic phase

» This talk: Finite u; and finite ug at T =0

Norwegian University of
Science and Technology
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From linear to nonlinear sigma model
> Linear sigma model med SU(2)p x SU(2)g ~ O(4)-symmetry

1 1 1 A
L = 5 wooto + Eauwaurr — 5m2(0'2 +72)+ Ho — 2(0'2 +72)2

» Polar coordinates
(v+ 8T = (v+ S)eiTabalv

> Lagrangian

1 2 1 1 1
L = 1”2 (1 + §) (B, 2ToHs) + 5ausz«)#s +H@w+ 9% — ZF@E*@HZ) + Zf2m2<2T +%)
v
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Chiral perturbation theory

» Chiral perturbation theory is a low-energy theory for QCD based on its global symmetries and
degrees of freedom 2

> SU(2)L x SU(2)g for two flavors (pions). SU(3)r x SU(3)r for three flavors (pions, kaons, and eta)

L= PRSIV 4 PmAE s,

Y = eiTaa/S VL =0,E —ifvu, %],
vy = buodiag(pu, pa) = 6u0(3uB + Sur, 3B — Sp1)
f o~ fz m ~ Mz

> Results independent of up

2Gasser and Leutwyler ‘84 and '85
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Rotated ground state and pion condensation
> Ansatz for ground state 3
Yo = cosal+irsinag=em®
» Static Hamiltonian
Howie = =300 S10#, 2) - 372w (s! +3)
>

1
= —f*m2cosa— EfQ/ﬁ sin” «c .

» Competition between the two terms

3Son and Stephanov 01
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Second-order transition and Silver-Blaze property

» Landau-Ginzburg functional

1 1 1
Q(a) = —fPmPcosa— o fPudsinda = f2d —mla® + P lAud - mPat 4o

> Transition to a Bose-condensed phase is second order at uy = m

» Thermodynamic functions are independent of u; up to the transition point

2
1 5 5 m?2

po= —Q| ==,

2

a=ag I
00 m?

ngo= =220 = -2
da a=ag 5

e = —ptnrur=-p+/plp+2f2m?).
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Quadratic Lagrangian and spectrum
> Quadratic Lagrangian

rati 1 1 1
Lgradratic - 50" Gaduda + Sm12(910002 — 920001) — Smie] .

m? = m?cosa— plcos’a,
2 _ 2 2

m5 = m”cosa — ujcos2a,

m3 = micosa+ plsin®a,

mi2 = 2uycosa.

> Mass spectrum

- 2 p
© &« o

Mass(tree)im,,

o
o

e
°
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NLO Lagrangian and NLO pressure

> NLO Lagrangian

n (l3 —+ l4)m4

T+ xf)?
16 (E+20

! l
L4 = leuszzF+22(VH2TVV2><VH2TVU2)

lym?

+ A7 (9, SRS (8 4 ) + b (m) |

» NLO contributions to thermodynamic potential

Qjtatic (1 4 12)pt sin? o + 1ym? 2 cos asin? o + (I3 + 14)m* cos? o,

one—l1oo 1 1
QgreTioor — 5/Plog [(P2+m?)(P2+m§)+p3m?z]+5/Plog [P? +m3] .
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NLO pressure

»> Expansion of Q41 (a) shows second order transition at physical pion mass m, and not m.
> Silver-Blaze property

» Pressure

1.5 m? 2 m?* - - _
= = 1-—| ———— |1 +2l2-3l
2f 1253 ) 3(dm)? [l1 + 212 4]

5m8 4. 8. 6. 6 M?p2 i 2. 4. M
5 |1-th—Zle+-lz3— Clog Ly —L_N+h+-lb+log———
24(4m)2pd [ 5 5 5 5 7t —m? 4(4m)2 3 3 wy—

5m12 F 17 17 % m%?
_ 3 Fy _
12(4m)2 (4 — mA)pd 4,5 m2
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Parameter fixing

> Physical masses
2

2 2 m T 2 9 2m? -
= 1— ——13] = 14—l .
mt =m? | 2(m)2s? Joos=r| g |
» [, measured in experiment

»> Bare and physical quantitities

my = 131MeV |, f= =90.56MeV |
m = 132.56MeV , f =84.9MeV |
L5y —oe- aLo /__,_,_4-_{—“-""""
—T" aNLo /’.,4"/’;—
e
1.0 v
i
¢ ;
0.5 /
/
|
0.0 S —

0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Quark and pion condensates

> Calculate © in presence of pionic source (in addition to quark mass mg).

0.0},

— oN
@) = 5o
o0
+ — Pl
) = 5
LO
----- NLO (Ny=2)
----- - NLO (N;=3)
* Lattice

——

\

0.0 0.5 1.0 1.5 2.0 25 3.0

Hilmy

> Lattice results by Brandt et al "18-22 (here with finite source j)
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= (Pp)ocosa + ...
= (Y)osina + ...
20
Lo
150 ==--- NLO (N¢=2)
------ NLO (Ni=3)
. - |
510 o Lattice SamSmmmm =t
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00
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LO and NLO thermodynamics

> Speed of sound, energy density, pressure, and isospin density 4

0.8

0.6

2=1/3

-—- 1O
—:=: NLO

247 % 32
. 32° % 48

1.0 1.2

1.0

1.2

1.4 1.6 1.8
ur/ Mo

» BEC-BCS crossover(?) not within xPT >

4Lattice data Brandt et al "18-22
Skojo 23
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Adding electromagnetic interactions

» Extra terms since only U (1) symmetry
1 vyl Lo sty 4ot t
L = 2 w FPY 4+ Zf (VuEVHEE) + Ef (ETx +x'E) + C(QEQXET) + Lgr + Lghost

» Meson masses

5 . 2 2Ce?
m.+ = Mo 72
2 _ 2 2Ce?

Mg+ = Mgo— Iz

» Higgs phase - massive photons and no propagating photon

» (C determined by mass difference between charged and neutral mesons
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Phase diagram three flavors

» Chemical potentials

1 1
vg = g(NB —wps)l+ 5//40\3 +—

> Ansatze for ground state
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3 1
BB = §(uu + 1), pr = §(Mu — pa) s s = (pu + ftag — 24s)

1
V3

1 1
KsAg = %(MB —us)l+ EIU'Ki)\Q + 5MK0)\K )

Yo
Yo
Yo

Ui+ =

1
HI + —=ps s o =
\/7

3

ez/\ga
ei)\5a

ei)qa

1
—pr + —=ps
1223 \/g/JS



Phase diagram three flavors °

s/

» Thermodynamic potential independent of y; in the normal phase (Silver-Blaze property) etc

» Second-order phase transition from the vacuum for uy = m_+, pgp+ = %,u] + ps = my+ etc

i
i
________________ 37 (K § (K7)
3.6
Normal
35 phase
- |Normal + .
(=) Dhass (x) 4. 02 00 o2
. (K+)
T NG T 3.1 Normal
(K i & phase (x+)
H
H
-2 0 2 3.0 0.8 1.0 1.2

pirfmgo

> First-order transitions between the condensed phases

6Kogut and Toublan ‘01
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Dilute Bose gas
> Lagrangian

1
L = (00 + pnr)Y — %VW Ve — %(¢T¢)2 — Bty 4.,

g3
36

v

Phase symmetry ¢ — ¢*®¢ and Galilean symmetry

»> Non-renormalizable Lagrangian

v

g is related to the s-wave scattering length and gs encodes 3 — 3 scattering.

v

Perturbative expansion in gas parameter v'na3 ’

e(n) =

2
2man [1 128 7, <327r —24/3 .
m

W na p (na3) + C> na3:| .

7Bogoliubov ‘47, Lee, Huang, and Yang'57, Wu, Hugenholz and Pines, Sawada '59,. Braaten and Nieto '97.
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Nonrelativistic limit

> Nonrelativistic chemical potential u; = m~ + ungr and expansion of pressure etc

m 32
p = ‘41H§R[17‘4*V4"WNNR04 ,
157

8ma
m 8
ny = ——puNR {1 - *V4meNRCL2} )
4ma 3
4mwan 32
= 14 2% /na3
UNR mw[+3ﬁ nla:|
> Energy density 8
2man? 128
€ = —pHnjpur=many+ L 1+ ——=+/nsad| .
M 154/7

» aincludes one-loop corrections to the s-wave scattering length from xPT

8Bogoliubov ‘48, Lee, Huang, and Yang ‘57,
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Low-energy effective theory for the Goldstone boson

> Gaps and Goldstone mode at low p

4 4
Hp—m 2
E_ = Ly 0®p?),
(p) H%+3m2p+ (r°)
3m? 9
Eir(p) = pry/l4+—5 +00%),
BT
Bs(p) = \/ui+p*.

» Massive modes should decouple at low energies p < ur

» Construction of effective theory L. using symmetries and matching
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Son's effective theory °

> Effective Lagrangian given in terms of pressure p(u)

Lr = —p(y/(006 — ur)? + 0600
> Valid below the gap, coherence length...

> Derivative expansion

1 1 X
Log = 5ao¢ao¢ - 5c’;’(w)2 + c1009(0 " P) + c2(8,p0" )% + ¢3(8;90°$)? + ...
pg —mt
Cs = o A4 . 4
3m* + ui
o2m4 1
c1 =

fur 3m* +pt

> Free ultrarelativistic theory in chiral limit up to renormalization effects

Ison02
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Son'’s effective theory

» Same approach in CFL phase of QCD 0

1 1
Log = an¢ao¢>fgcg(w)?+clao¢>(aﬂ¢a“¢>)+..
2
Cs - l_ m; 3
3 9up
1+ ms
c = —F
! 9“28 4;1,23

» Damping rate goes as O(p®) for smallp

10Manuel etal’05,'07, and 10
n Beliaev '58
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Conclusions and outlook

» Conclusions

First calculations of quark and pion condensates at NLO. Good agreement with lattice
First calculations including LO electromagnetic effects.
Reduces to the dilute Bose gas in nonrelativistic limit

Phonon damping rate O(p®) for small p

LU

BCS phase not described within xPT

> Outlook
1. NLO electromagnetic effects?

2. Finite-temperature calculations for two flavors only valid for very low T'. Three flavors?

3. Systematic calculations of relativistic corrections. Effective Lagrangian '2

12Braaten, Hammer, and Hermans ‘03
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