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Single-Modulated (Chiral) Inhomogeneous Phases

ü Critical temperature to erase the inhomogeneous condensate at each density

ü Does it have the Landau-Pierls instability of single modulated phases?

ü Relevance of Fluctuations with increasing T
 



3

Magnetars:
Core:  B < 8 x1018 G
Cardall, Prakash, and Lattimer, ApJ 554, 2001 

Magnetars
surface: B ~ 1015G
core B ~ 1017- 1018 G 

Tsokaros, Ruiz, Shapiro, & Uryu, PRL 128, 2022

GRMHD simulations of magnetars’ 
field evolution leads to several times 
1017 G for Bz at the core

Broderick, Prakash, and Lattimer, ApJ 537, 2000 

B can be considered uniform and 
constant as far as effects on the EOS
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Magnetic Dual Chiral Density Wave Model

2-flavor NJL model at finite baryon density and with magnetic field B∥ 𝑧

It favors the formation of a single-modulated inhomogeneous chiral condensate 

Mean-field Lagrangian

Frolov, et al PRD82,’10
Tatsumi et al PLB743,’15

LLL mode is Asymmetric! b=q/2, 
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Anomalous. Leads to a quark number proportional 
to the Atiyah-Singer invariant

Nontrivial Topology of the MDCDW Phase

Come 
from the 

LLL



The anomaly makes the MDCDW 
energetically favored over the 
homogeneous condensate.

Solution exists even at low

Condensate never disappears! 

Nontrivial Topology of the MDCDW Phase
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Topology emerges due to the LLL spectral asymmetry

Anomalous baryon 
number density
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Gyory and VI, PRD 106, 016011, 2022 
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Found analytical expressions for the coefficients as functions of 
𝜇, T, and B that allowed quick calculation of arbitrarily high-

order coefficients and led to much higher precision results than 
in previous works.

Gyory and VI, PRD 106, 016011, 2022 

All 𝛽 are negative, thus the 
LLL topology always favors 
the inhomogeneity

Improved GL Expansion & Origin of the beta (odd in b) terms
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MDCDW Resilience

Gyory and VI, PRD 106, 016011, 2022 
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Remnant mass
Condensate strengthens 
at high densities
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+

Quark-antiquark
condensate

Quark-hole
condensate

Quark-hole
condensate

Pairing Mechanisms’ Roles in the Condensate Behavior
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Relevant for
old Magnetars

Relevant for 
transient NS in 
NSB mergers

Relevance for NS

Gyory and VI, PRD 106, 016011, 2022 
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Goldstone Bosons in the MDCDW Phase

M0 𝑧 	= 𝑚𝑒!"# with m and q solutions 
of the stationary equations:

𝑀 𝑥 = 𝑀# 𝑧 + 𝑢 𝑥 𝑒$% = 𝑀#𝑒$('()%)

𝜕Ω
𝜕𝑚 = 0,

𝜕Ω
𝜕𝑞 = 0

Two global continuous symmetries broken: translation and chiral

To go beyond mean-field we study the effect of low-energy 
phonon fluctuations u(x) on the condensate M0 𝑧

Translational and chiral symmetries are locked, just like in the zero-B case. 
Only one independent Goldstone boson 
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Low-Energy Theory of Fluctuations

Ferrer & VI, PRD‘2020

We start with the generalized GL expansion in powers of the order parameter 

and its derivatives with symmetry UV(1)xUA(1)xSO(2)xR3

M0 𝑧 	= 𝑚𝑒$'2
𝑀 𝑥 = 𝑀# 𝑧 + 𝑢 𝑥 = 𝑀# z + 𝑀#

3	(𝑧)𝑢 𝑥 + !
" 𝑀#

33	(𝑧)𝑢5 𝑥 +⋯

Consider the phonon fluctuations of the MDCDW ground state 



13

Low-energy Theory of Fluctuations in the MDCDW

𝜃(x)=qmu(x)

denotes 𝑎$,$! for even n, and 𝑏$,$! for odd n

Anisotropic spectrum, linear in each direction. 
No soft transverse mode

Ferrer, Gyory & VI, arXiv:2307.05621



Ferrer, Gyory & VI, arXiv:2307.05621

Group Velocities at B≠0
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Landau-Peierls Instability at B=0

Hidaka et.al., PRD 92; Lee et al. PRD 92

Infrared divergent

= 0

Soft transverse mode

Single-modulation is destroyed by phonon fluctuations at any 
temperature. The system exhibits the Landau-Peierls instability
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Role of Topology in the Lack of 
Landau-Peierls Instability at B≠0 

Ferrer and VI, PRD 102, 014010, 2020

Infrared Finite. No Landau-Peierls 
instability. 

Topology ensures the 
absence of the LP instability!

leads to
𝜕Ω
𝜕𝑞 = 0 ≠ 0
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The threshold temperature is the T at which 

Threshold and Critical Temperatures

Ferrer, Gyory & VI, arXiv:2307.05621



Robustness of the MDCDW Phase

• arXiv:2307.05621  - E.J. Ferrer, W. Gyory, and VI
• PRD 106, 016011, 2022 -  W. Gyory and VI 
• Universe 7, 458, 2021 -  E.J. Ferrer and VI
• PRD 103, 123013, 2021 - E.J. Ferrer, VI, and P. Sanson
• PRD 102, 014010, 2020 - E.J. Ferrer and VI
• NPB 931,192, 2018 - E.J. Ferrer and VI
• PRD 92, 105018, 2015 -  S. Carignano, E.J. Ferrer, VI, L. Paulucci
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ü Compatible with NS’s densities and temperatures

ü Stable against fluctuations at low and high T

ü Consistent with observed NS heat capacity limit

ü Compatible with 2 𝑀⊙

ü A candidate for transient NS in BNS Mergers?
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• B alone is not enough to eliminate the LPI. The fermion 

dynamics must have nontrivial topology. LLL spectrum 

here is the same as the DW in NJL2

• Check the MDCDW phase against Tidal Deformability 

constraints. Is topology important there too? 

• Compare MDCDW with color superconducting phases. 

Inhomogeneous ones?

• Compatibility with new multimessenger NS observations? 

Conclusions & Outlook:



Auxiliary Slides
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Isospin Asymmetric Magnetic DCDW Compatible with 2 M⨀

Carignano, Ferrer, VI, Paulucci, Phys.Rev. D92 (2015) no.10, 105018
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MDCDW Resilience

Gyory and VI, PRD 106, 016011, 2022 
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Relevance for NS even in the Remnant Mass Region
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GL Expansion & Origin of the beta (odd in b) terms

Expanding Ω	 in powers of m and b=q/2 we obtain  

MDCDW Condensate ansatz

Odd in b=q/2 terms! 
They come from the antisymmetric part of the LLL 

asymmetric modes, so are topological in origin.


