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Why study isospin asymmetric matter

Isospin density nI ≡ nu − nd
Consequences of isospin asymmetric matter :

1 Excess of neutrons over protons
2 Excess of π− over π+

Relevance?
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Why study isospin asymmetric matter

Isospin density nI ≡ nu − nd
Consequences of isospin asymmetric matter :

1 Excess of neutrons over protons
2 Excess of π− over π+

Relevance?
1 Heavy Ion collisions, specifically RHIC isobar program
2 Neutron stars : interior and composition
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QCD Phase Diagram
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The sign problem

The partition function calculation in Lattice QCD produces a
fermion functional determinant :
DetM = Det

(
/D +m+ µγ0

)
Considering a complex value of µ if one takes the determinant
of both sides of the identity

γ5

(
/D +m+ µγ0

)
γ5 =

(
/D +m− µ∗γ0

)†
one obtains
Det

(
/D +m+ µγ0

)
=
[
Det

(
/D +m− µ∗γ0

)]∗
Unless µ = 0, I; DetM is not real → Sign problem.

So, for real µ it is not possible to carry out the direct sampling
on a finite density ensemble by Monte Carlo methods.
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No sign problem for finite isospin density

So, we need real DetM (not necessarily positive if we are
dealing with even number of flavors) which can correspond to
the identity: M † = PMP−1.

E.g. for µ = 0 and P = γ5, γ5

(
/D +m

)
γ−1

5 =
(
/D +m

)†
Now for 2 flavor QCD with finite isospin density, M has a
block diagonal structure

M(µI) =

(
L(µI) 0

0 L(−µI)

)
L(µI) being the Dirac operator for one flavor with µI .
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No sign problem for finite isospin density

In presence of finite Baryonic and Isospin chemical potentials, the
quark chemical potentials can be expressed as :

µu =
µB
3

+ µI

µd =
µB
3
− µI

When we have vanishing Baryonic chemical potential :

µu = µI

µd = −µI
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No sign problem for finite isospin density

M(µI) =

(
L(µI) 0

0 L(−µI)

)

L(µI) satisfies L†(µI) = γ5L(−µI)γ5.

Hence, the positivity condition is satisfied by setting

P =

(
0 γ5

γ5 0

)
So we have DetM(µI) = |DetL|2 ≥ 0.

DetM is real for QCD at non-zero isospin density → No sign
problem.
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LSMq Lagrangian

L =
1

2
(∂µσ)2 +

1

2
(∂µ~π)2 +

a2

2
(σ2 + ~π2)− λ

4
(σ2 + ~π2)2

+ iψ̄γµ∂µψ − igψ̄γ5~τ · ~πψ − gψ̄ψσ,

where ~τ = (τ1, τ2, τ3) are the Pauli matrices, ψL,R =

(
u
d

)
L,R

is a

SU(2)L,R doublet, σ is a real scalar field and ~π = (π1, π2, π3) is a
triplet of real scalar fields. π3 corresponds to the neutral pion (π0)
whereas the charged ones are represented by the combinations

π− =
1√
2

(π1 + iπ2), π+ =
1√
2

(π1 − iπ2).

The parameters a2, λ and g are real and positive definite.
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LSMq Lagrangian

L =
1

2
(∂µσ)2 +

1

2
(∂µ~π)2 +

a2

2
(σ2 + ~π2)− λ

4
(σ2 + ~π2)2

+ iψ̄γµ∂µψ − igψ̄γ5~τ · ~πψ − gψ̄ψσ,

can be written in terms of charged and neutral pion degrees of
freedom as

L =
1

2
[(∂µσ)2 + (∂µπ0)2] + ∂µπ−∂

µπ+ +
a2

2
(σ2 + π2

0) + a2π−π+

− λ

4
(σ4 + 4σ2π−π+ + 2σ2π2

0 + 4π2
−π

2
+ + 4π−π+π

2
0 + π4

0)

+ iψ̄ /∂ψ − gψ̄ψσ − igψ̄γ5(τ+π+ + τ−π− + τ3π0)ψ,

where we introduced the combination of Pauli matrices

τ+ =
1√
2

(τ1 + iτ2), τ− =
1√
2

(τ1 − iτ2).
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LSMq Lagrangian

L =
1

2
[(∂µσ)2 + (∂µπ0)2] + ∂µπ−∂

µπ+ +
a2

2
(σ2 + π2

0) + a2π−π+

− λ

4
(σ4 + 4σ2π−π+ + 2σ2π2

0 + 4π2
−π

2
+ + 4π−π+π

2
0 + π4

0)

+ iψ̄ /∂ψ − gψ̄ψσ − igψ̄γ5(τ+π+ + τ−π− + τ3π0)ψ,

The Lagrangian possesses the following symmetries:

A SU(Nc) global color symmetry,

A SU(2)L × SU(2)R chiral symmetry,

A U(1)B symmetry. The sub-index of the latter emphasizes
that the conserved charge is the baryon number B.
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LSMq + finite isospin

1 A conserved isospin charge multiplied by the isospin chemical
potential → ψ̄µIτ3γ0ψ .

2 For the charged pions → ordinary derivative becomes a
covariant derivative

∂µ → Dµ = ∂µ + iµIδ
0
µ, ∂µ → Dµ = ∂µ − iµIδµ0 ,

3 To include a finite vacuum pion mass, m0, we add an explicit
symmetry breaking term → h(σ + v). v is the non-vanishing
vacuum expectation value of σ (SCSB).
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LSMq + finite isospin

before

L =
1

2
[(∂µσ)2 + (∂µπ0)2] + ∂µπ−∂

µπ+ +
a2

2
(σ2 + π2

0) + a2π−π+

− λ

4
(σ4 + 4σ2π−π+ + 2σ2π2

0 + 4π2
−π

2
+ + 4π−π+π

2
0 + π4

0)

+ iψ̄ /∂ψ − gψ̄ψσ − igψ̄γ5(τ+π+ + τ−π− + τ3π0)ψ,

after

L′ = 1

2
[(∂µσ)2 + (∂µπ0)2] +Dµπ−D

µπ+ +
a2

2
(σ2 + π2

0) + a2π−π+

− λ

4

(
σ4 + 4σ2π−π+ + 2σ2π2

0 + 4π2
−π

2
+ + 4π−π+π

2
0 + π4

0

)
+ h(σ + v)

+ iψ̄ /∂ψ − gψ̄ψσ + ψ̄µIτ3γ0ψ − igψ̄γ5(τ+π+ + τ−π− + τ3π0)ψ.
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LSMq + finite isospin

Symmetry structures :
U(1)B × SU(2)L × SU(2)R → U(1)B × U(1)I3 .

Ansatz for further simplifications in the pseudoscalar channels

〈ψ̄iγ5τ3ψ〉 = 0,

〈ūiγ5d〉 = 〈d̄iγ5u〉∗ 6= 0.

Breaks the residual U(1)I3 symmetry → BEC.

The charged pion fields can be referred from their condensates

π+ → π+ +
∆√

2
eiθ, π− → π− +

∆√
2
e−iθ.

θ indicates the direction of the U(1)I3 symmetry breaking.
We take θ = π for definitiveness.
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One loop effective potential

In the condensed phase the tree-level potential can be written as

Vtree = −a
2

2

(
v2 + ∆2

)
+
λ

4

(
v2 + ∆2

)2 − 1

2
µ2
I∆

2 − hv.

The fermion contribution to the one-loop effective potential
becomes ∑

f=u,d

V 1
f = iV −1 ln(Z1

f ) = iV −1 ln
(
det
(
S−1

mf

))
= −2Nc

∫
d3k

(2π)3

[
Eu∆ + Ed∆

]
,

with

E
u[d]
∆ =

{(√
k2 +m2

f + [−]µI

)2

+ g2∆2

}1/2

,
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One loop effective potential

V 1
f is ultraviolet divergent which depends on µI .

To identify the divergent terms, we expand the fermion
energies in powers of µ2

I/[g
2(v2 + ∆2)]

∑
f=u,d

V 1
f = −2Nc

∫
d3k

(2π)3

(
2
√
k2 +m2

f + g2∆2 +
µ2
Ig

2∆2

(k2 +m2
f + g2∆2)3/2

)
Using dimensional regularization in the MS scheme,

∑
f=u,d

V 1
f = 2Nc

g4
(
v2 + ∆2

)2
(4π)2

[
1

ε
+

3

2
+ ln

(
Λ2/g2

v2 + ∆2

)]

− 2Nc
g2µ2

I∆
2

(4π)2

[
1

ε
+ ln

(
Λ2/g2

v2 + ∆2

)]
,

where Λ is the dimensional regularization ultraviolet scale and
the limit ε→ 0 is to be understood.
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Two distinct regimes : µI < mf and µI > mf

We focus on the µI < mf regime.
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Vacuum Stability

Term proportional to µ2
I∆

2 → same structure present in the
tree-level potential and divergent term.

Introduce counter-terms that respect the structure of the
tree-level potential and determine them by accounting for the
stability conditions

∂Vtree

∂v
=
[
λv3 − (a2 − λ∆2)v − h

]∣∣∣∣
v0,∆0

= 0

∂Vtree

∂∆
=
[
λ∆2 − (µ2

I − λv2 + a2)
]∣∣∣∣
v0,∆0

= 0.

µ2
I > λv2 − a2 = m2

0 → Condensed phase.

Simultaneous solutions (classical solution)

v0 =
h

µ2
I

, ∆0 =

√
µ2
I

λ
− h2

µ4
I

+
a2

λ
.
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One loop effective potential with counterterms

Veff = Vtree +
∑
f=u,d

V 1
f −

δλ

4
(v2 + ∆2)2 +

δa

2
(v2 + ∆2) +

δ

2
∆2µ2

I

The counter-terms δλ and δ are determined from the gap
equations

∂Veff

∂v

∣∣∣∣
v0,∆0

= 0,
∂Veff

∂∆

∣∣∣∣
v0,∆0

= 0.

These conditions suffice to absorb the infinities.
The counter-term δa is determined by requiring that the slope
of Veff vanishes at µI = m0,

∂Veff

∂µI

∣∣∣∣
µI=m0

= 0,

or in other words, that the transition from the non-condensed
to the condensed phase be smooth.
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Condensates
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Pressure (P = −Veff)
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NJL : Avancini, Bandyopadhyay, Duarte, Farias; Phys. Rev. D. 100, 116002 (2019)
χPT : Adhikari, Andersen, Kneschke; Eur. Phys. J. C 79, 874 (2019)
LQCD : Brandt, Cuteri, Endrödi; Pos LATTICE2022, 144 (2023)
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Isospin density (nI = dP/dµI)
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χPT : Adhikari, Andersen, Kneschke; Eur. Phys. J. C 79, 874 (2019)
LQCD : Brandt, Cuteri, Endrödi; Pos LATTICE2022, 144 (2023)
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Energy density (ε = −P + nIµI)
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EoS
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Speed of sound (c2
s = ∂P/∂ε)

χ��

���� ���×��

���� ���×��

���� �����

��� ����

��� ��(�)

��� ��� ��� ��� ���
���

���

���

���

���

μ�/��

�
�
�

NJL : Avancini, Bandyopadhyay, Duarte, Farias; Phys. Rev. D. 100, 116002 (2019)
χPT : Adhikari, Andersen, Kneschke; Eur. Phys. J. C 79, 874 (2019)
LQCD : Brandt, Cuteri, Endrödi; Pos LATTICE2022, 144 (2023)
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To summarize

LSMq, with 2 quark flavors, has been used to study the phase
structure of isospin asymmetric matter at zero temperature.

The meson degrees of freedom provide mean field on top of
which we include quark fluctuations at one-loop order.

Appropriate renormalization has been done to absorb UV
divergences with the addition of counter-terms that respect
the original structure of the theory.

Two phases in the condensed phase: µI < mf and µI > mf .

Evolution of the chiral and isospin condensates as well as the
pressure, energy and isospin densities and the sound velocity.
Good agreement with LQCD for the studied phase, µI < mf .

Phase with µI > mf is work in progress.
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Thanksgiving

Thank you for your kind attention.



Energy density (ε = −P + nIµI)

NJL : Avancini, Bandyopadhyay, Duarte, Farias; Phys. Rev. D. 100, 116002 (2019)
χPT : Adhikari, Andersen, Kneschke; Eur. Phys. J. C 79, 874 (2019)
LQCD : Brandt, Cuteri, Endrödi; Pos LATTICE2022, 144 (2023)



Speed of sound at finite T (LQCD results)

LQCD : Brandt, Cuteri, Endrödi; Pos LATTICE2022, 144 (2023)
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