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Baryons and mesons
• Baryon = Particle composed of quarks

' ✏a1a2a3qf1a1
qf2a2

qf3a3

• Pions = Nambu-Goldstone (NG) bosons :

• Degrees of freedom of the low-energy dynamics :
<latexit sha1_base64="PJ9DfYbY7mHMovp80EUP7YMFP1I="></latexit>
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Skyrmion
• Can the baryons be made by pions (rather than quarks)?

Skyrme (1961)• Baryon as soliton = Skyrmion

• Topological charge :
<latexit sha1_base64="eOeDF5ph4u2WtjkWVAPWxECWpv8="></latexit>
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- R3 surrounds the configuration space of the pions S3 : π3(S3)

Hedgehog



Solitonic phase in QCD
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Chiral Soliton Lattice (CSL)

• Solitons appear in the ground state of dense QCD at B.

- Based on the analysis with the chiral perturbation theory.

<latexit sha1_base64="H5O2DHGU4ucjXHdpltsgnkfApQE="></latexit>
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π0 DW

π0 Domain Wall (DW)

π0 DW

CSL is unstable

Son and Stephanov (2008); Brauner and Yamamoto (2017)
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ChPT w/ topological terms
• Normal terms :

<latexit sha1_base64="KyLagJPo1m9UmTBvTnPS5VVZS8g="></latexit>
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• Baryon current in terms of mesons = π3(S3) topological charge
<latexit sha1_base64="gfhgv/t3l3uulgLZ0ZYUMXVtuyo="></latexit>
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Skyrimon charge U(1)em gauged part

Son and Stephanov (2008); Goldstone and Wilczek (1981)

• Effective Lagrangian :
Son and Stephanov (2008)

<latexit sha1_base64="PghGzpp7NM6JErE6yvu0qTSMq5w="></latexit>

LB = �Aµ
BjBµ , Aµ

B = (µB,0)

- “trial and error” U(1)em gauging while preserving the baryon number
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sine-Gordon theory 
with the topological term

• Ignoring charged pions :

• Reduced Hamiltonian (B is oriented in z-direction) :

<latexit sha1_base64="UFqrBZ7c/vo7inZYusQNrSxzsKo="></latexit>

⌃ = ei�3⌧3

• B≠0 → Finite 1st derivative term → Favor φ inhomogenity

• What is a ground state at finite B?

- The last term stems from the 2nd term of the skyrmion term.
<latexit sha1_base64="b2EQjSfWFH3t0Spq1XPd2QSOJZg="></latexit>
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Brauner and Yamamoto (2017)
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Chiral Soliton Lattice (CSL)
• EOM :

<latexit sha1_base64="h7JOKOnOxkiUJ9e/aLcJYgncD4A="></latexit>
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• Energy :
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• Critical magnetic field :
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μB-B phase diagram

Brauner and Yamamoto (2017)
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What is a true ground state?
CSL
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What we overlooked
• The baryon current contains the Skyrmion charge, which is O(p2).

<latexit sha1_base64="AHx1LJ0cH9xrLLAhfTSolXoC77w="></latexit>

µBB@z�3 ⇢ LB

Skyrmion : π3(S3) Baby Skyrmion : π2(S2)

become stable at finite μB !

- In the unstable region, π± is important element.

- The Skyrmion charge term becomes finite only when π± is considered.
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Non-abelian soliton
• The single soliton :

• More general solution :

- The collective coordinate :

<latexit sha1_base64="k2lg0AEnJRGIrGATN9sc9Puhzm4="></latexit>
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⌃0 = ei�3✓ , ✓ = 4tan�1em⇡z
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⌃ = g⌃0g
† = exp(i✓g⌧3g

†) , g 2 SU(2)V

• Σ0 is invariant under U(1) transformation :

• SSB of SU(2)V → U(1)

<latexit sha1_base64="Z/lD3HshXkBc0p2UILW2G96BL4A="></latexit>

g = ei⌧3✓

<latexit sha1_base64="BZ3afbdtSNyThgim6itc8feJEI8="></latexit>

SU(2)/U(1) ⇠= S2

Nitta (2015); Eto and Nitta (2015)
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� : S2 moduli

Moduli (NG mode)



EFT of the DW
• Construct DW world effective theory via the moduli approximation.

• Promote the moduli to a field on D=2+1 world volume
<latexit sha1_base64="fWkq3Znh6LWRXL0RPqT1/BYm0Bs="></latexit>

� ! �(x↵) , (↵ = 0, 1, 2)

- The center of mass is also moduli, but it is not important in this talk.

• Integrating over the codimension z :
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� : S2 moduli on DW
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Z : center position of DW
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• Effective Lagrangian :

• DW tension :

• Kinetic term :
<latexit sha1_base64="pIKo9Bg2lrVfjvmBVQjLU9PoKLE="></latexit>
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• Topological terms :

- The condition that the DW tension is negative gives BCSL.

- This is the same as the CP1 Lagrangian.

<latexit sha1_base64="opsCXedZ8CMceYhkLkJeTkLU8tc="></latexit>
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O(3) nonlinear sigma model
<latexit sha1_base64="qdrHyk0kVYgFh70e5xFsuK59W30="></latexit>
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Eto, KN and Nitta (2023)

Stabilizing the baby Skyrmion at finite μB 

π2(S2) topological charge (density) :
<latexit sha1_base64="5+HIfuNhdxjqrn7eVHP4aWEAmoE="></latexit>
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Baby Skyrmion
• Configuration on DW surrounding S2 : = <latexit sha1_base64="oMWxc8RE7FvV2S7QUgJaqLPhIyU="></latexit>na
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- The figure below shows the baby Skyrmion with k = 1.
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Bogomol’nyi bound
• The effective Hamiltonian :

• Bogomol’nyi bound :

• BPS equation :
<latexit sha1_base64="iGHBOmMprMofNMlDCoPytZCPOIQ="></latexit>

= 0 → BPS equation → Baby Skyrmion!
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Can it be negative here? Nontrivial constraint
Eto, KN and Nitta (2023)
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Constraint on baby Skyrmion
<latexit sha1_base64="UHAdhO2VLMFAbw3osiBJoxNmkac="></latexit>

n3 =
1� |f |2

1 + |f |2 , f =
bk�1wk�1 + · · ·+ b0

wk + ak�1wk�1 + · · ·+ a0
• k-Baby Skyrmion solution :

• Total energy :
<latexit sha1_base64="/LbipZhgO9LBIxCFxxBkijhYmGk="></latexit>
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• k=1 :
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b0 =
p

2/(eB)

- A cancelation between the second and third terms happens!

- EDWSk is always positive, and k=1 case is not energetically stable.

• k=2 :

- The baby Skyrmion in this case can appear in the ground state!

Eto, KN and Nitta (2023)
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b1 = 0 (|b0| = 4/(eB))



Critical chemical potential
• The energy with k=>2 :

<latexit sha1_base64="4QF7hWOvZCKFg9wggr26A/W4xMo="></latexit>

EDWSk =
32⇡f2

⇡

3m⇡
|k|� 2µBk

• The condition that baby Skyrmions appear on the DW in the GS :

Eto, KN and Nitta (2023)
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• Configuration of  
   the baby Skyrmion  
   with k=2 :



Summary

Domain-wall Skyrmion

Chiral soliton Lattice

Vacuum
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Future direction
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Red to Yellow due to the interaction  
beteen the DWs !

• Interaction effect :

• O(p4) terms, such as dynamical elemag fields and Skyrm term
Evans and Schmitt (2022) Chen, Fukushima and Qiu (2021)

• Quantization of the baby Skyrmion

- When considering single DW, 
there is no interaction.

Eto, KN and Nitta, in preparation

Cf) Quantization of the Skyrmion Witten (1983)



Thank you 
for your attention!



Back up



sine-Gordon theory 
with the topological term

• Ignoring charged pions :

• Reduced Hamiltonian (B is oriented in z-direction) :

<latexit sha1_base64="UFqrBZ7c/vo7inZYusQNrSxzsKo="></latexit>

⌃ = ei�3⌧3

• B=0 → spatially homogeneous + potential minimum → φ=0

• B≠0 → Finite 1st derivative term → Favor φ inhomogenity

• What is a ground state at finite B?
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- The last term stems from the 2nd term of the skyrmion term.
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Brauner and Yamamoto (2017)



Superconducting ring
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n3 > 0
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n3 < 0

• n3 is zero on the red line → π± is condensate → superconducting ring !



Area quantization
• n1 and n2 without n3 are represented by the following equation :

• Minimization condition on the red line :

• Magnetic flux of integration form :
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Quantization of the size of the baby Skyrmion!



z-axis symmetric solution
• k=1 :

<latexit sha1_base64="UFzdxtbGdvq/5CZ0G/i+OZjwvWs="></latexit>

f = b0/w , n3 = (1� |f |2)/(1 + |f |2) = (|w|2 � |b0|2)/(|w|2 + |b0|2)

• SC ring :
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• Area of SC ring :
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z-axis symmetric solution
• k=2 :

• SC ring :

• Area of SC ring :
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Chiral Soliton Lattice
• EOM = Pendulum

• Analytic solution :

• Period :
<latexit sha1_base64="jkhIDv2BpMgJftrqrVwa4ZdkdC0="></latexit>
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: The complete elliptic integral of the first kind
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：Elliptic modulus
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Minimization 
of the total energy

• What is the most energetically stable period?

• Energy minimization condition :
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• Critical magnetic field :
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BCSL = 16⇡f2
⇡m⇡/µB

: The complete elliptic integral of the 2nd kind
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positive negative!
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Fluctuations of π±
• Fluctuation around the CSL background :

• CSL is unstable against fluctuations of π± above Bπ±BEC
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- Derive the effective action up to the 2nd of the fluctuations from the CSL

- When ω2<0, the fluctuation is tachyonic and CSL becomes unstable.

- Calculate the dispersion relation ω
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EOM of the fluctuations
• Fluctuation around the CSL background :

<latexit sha1_base64="M94V2gSOr74+FJOKZlRlGtBAFf0="></latexit>

!2⇡+ =


�@2

x +B2
⇣
x� py

B

⌘2
�
⇡+ + (@2

z + 2i@z +m2
⇡e

i�3)⇡+

Giving the Landau quantization

Deducing the energy!

• Chiral limit :
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• ω2<0 :
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Our Lagrangian
• The leading order Lagrangian up to O(p2) :

• The chiral anomaly is captured by Wess-Zumino-Witten term, but O(p4)
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Ltot = LChPT + LB

- For example, decay of π0 to two photon :
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⇡0E ·B

• The Maxwell term F2 is also O(p4). Then, the EM field is not dynamical.

Wess and Zumino (1971); Witten (1983)

Son and Stephanov (2008); Brauner and Yamamoto (2017); 
Eto, KN and Nitta (2023)



Isospin chemical potential
• Both μB and μI are finite in the interior of the neutron stars.

DWSk

CSL

Vacuum
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Since π± are finite in baby Skyrmion, 

DWSk may be easier to generate if μI is finite?



Elliptic integrals and functions

• The elliptic integral of the first kind :
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• The elliptic integral of the second kind :
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Chiral soliton lattice (CSL)
NG mode Explicit breaking 

（periodic potential）
surface term  

(stabilizing solitons)

Chiral magnets [1] Magnon magnetic field
Dzyaloshiinsky-Moriya 

interaction

Dense QCD under 
magnetic fields [2] π0 meson Quark masses

Anomaly-related topological 
term

Soliton
[1] Togawa et al., PRL (2012) 
[2] Son and Stephanov, PRD (2008); Brauner and Yamamoto, JHEP (2017)

monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.
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Counting scheme
• Consistent counting scheme :
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