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How to Study Inhomogeneous Phases?

• Usually, with Models of QCD:
• Gross-Neveu
• NJL
• QM
...

• By Direct Ansatz
• By Stability Analysis
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NJL

L = ψ̄(i/∂ −m)ψ + G
{
(ψ̄ψ)2 +

(
ψ̄iγ5~τψ

)2}

φS(x) = 〈ψ̄(x)ψ(x)〉, φP(x) =
〈
ψ̄(x)iγ5τ 3ψ(x)

〉
ΩMF = −T

V
Tr log

(
S−1

T

)
+ G 1

V

∫
d3x

(
φ2S(x) + φ2P(x)

)

4



NJL

L = ψ̄(i/∂ −m)ψ + G
{
(ψ̄ψ)2 +

(
ψ̄iγ5~τψ

)2}
φS(x) = 〈ψ̄(x)ψ(x)〉, φP(x) =

〈
ψ̄(x)iγ5τ 3ψ(x)

〉

ΩMF = −T
V
Tr log

(
S−1

T

)
+ G 1

V

∫
d3x

(
φ2S(x) + φ2P(x)

)

4



NJL

L = ψ̄(i/∂ −m)ψ + G
{
(ψ̄ψ)2 +

(
ψ̄iγ5~τψ

)2}
φS(x) = 〈ψ̄(x)ψ(x)〉, φP(x) =

〈
ψ̄(x)iγ5τ 3ψ(x)

〉
ΩMF = −T

V
Tr log

(
S−1

T

)
+ G 1

V

∫
d3x

(
φ2S(x) + φ2P(x)

)

4



Ansatz

• Chiral Density Wave:

φS(~x) = − ∆

2GS
cos(~q ·~x), φP(~x) = − ∆

2GP
sin(~q ·~x)

• Real-Kink-Crystal:

M(x) = ∆
√
ν sn(∆x|ν)
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Stability Analysis

φS(x) = φ̄S + δφS(x), φP(x) ≡ δφP(x)

ΩMF =
∞∑
n=0

Ω(n), Ω(n) ∝ O(δφn)

Ω(0) = −T
V
Tr log

(
S̄−1

T

)
+ G

(
φ̄2S + φ̄2P

)
Ω(1) ≡ 0

Ω(2) = 2G2
∑
qk

{∣∣δφS,qk∣∣2 Γ−1S (
q2k

)
+
∣∣δφP,qk∣∣2 Γ−1P (

q2k
)}
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Quantum Chromodynamics



Stability Analysis

• We start from a 2PI effective action

Γ[S] = Tr log
[
S−1

]
− Tr

[
1− S−10 S

]
+Φ2PI[S]

and we perturb the propagator (test-function)

S(x, y) = S̄(x, y) + δS(x, y)

• Fundamentally, we want a Taylor expansion

F[ϕ(u)] =F[ϕ0(u)] + Tr

 δF[ϕ(u)]
δϕ(u′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′))


+

1
2!
Tr

 δ2F[ϕ(u)]
δϕ(u′)δϕ(u′′)

∣∣∣∣∣
ϕ=ϕ0

× (ϕ(u) − ϕ0(u
′)) × (ϕ(u) − ϕ0(u

′′))

 + · · ·
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Stability Analysis

• So zero-th order is

Γ(0) = −Tr log[S̄]− Tr
[
1− S−10 S̄

]
+Φ2PI[S̄] = Γ[S̄]

• First order is zero, as it should

Γ(1) = Tr
[
δΓ

δS
δS

]
= Tr

[(
S̄−1 − S−10 − δΦ2PI

δS

)
δS

]
• Second order is the leading order

Γ(2) =
1
2!
Tr

[
δ2Γ

δSδS
δSδS

]
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Proofs of Principle

• Can this formalism reproduce the NJL stability analysis?

Yes.
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Proofs of Principle

• Can this formalism reproduce the homogeneous chiral
phase transition?
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A Test Case: The Chiral Phase Transition

−1 = −1 +

• Rainbow-Ladder

Γν(k,q; l) = Z1F γν .

• Not dynamical symmetric gluon

Dabµν(l) = δab
(
δµν −

lµlν
l2

)
D(l)

• Watson Model

D(l) = (Z2)2

g2 (Z1F)2
8π2

ω4
De−l2/ω2

13
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A Test Case: The Chiral Phase Transition

0 50 100 150 200
100

110

120

130

140

µ(MeV )

T(
M

eV
)

Phase Diagram
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A Test Case: The Chiral Phase Transition

0 50 100 150 200
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110

120

130
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µ(MeV )
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M
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• Chiral

S(k) = −i/~kAk − i(ω + iµ)γ4Ck
~k2A2k + (ω + iµ)2C2k

• Chiral Broken

S = Schiral + δSbreaks

δSbreaks =
δm(k)

~k2A2k + (ω + iµ)2C2k
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Conditions on the test-function

• Let’s look at my stability condition (Ω ∝ −Γ)

Ω(2)
µ [δm] =

∑∫
k

4δm(k)2

d(k)
− 12CFZ22

∑∫
q

δm(k)
d(k)

δm(k− q)
d(k− q)

G(q)



• Can δS (or, equivalently δm) be anything? No.
• It has to be a rapidly decreasing function.
• Another example: it has to abide by

δm(−ω,~k) = δm(ω,~k)?

So the
∑

ω is real. Otherwise Ω(2) could turn out complex.
• Also the imaginary part of the test-function has to be fixed

17
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The Test

• Ok, so after that you can chose δm(k)

• Choose a gaussian (for obvious resons?)

δm(k) = λ e−
k2
L2

• What about L and whatever other parameters you put in
your test-function? Let’s see!

0 25 50 75 100 125 150 175 200 225 250 275 300
0

50

100

150

200

250

µ(MeV)

|B
(0

,0
)|

Nambu-Goldstone
Wigner-Weyl
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The Test
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The Test
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The Test

• What if we didn’t know what the ”real answer” was?

• Take an ”Algebraic decaying function”

δm(k) = λ

(
1+ k2

L2

)−N

with N = 2, 3, 4, ...

21
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The Test
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The Test
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The Test
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The Test
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Inhomogeneous Tests
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Inhomogeneous Tests

• What do I define as ”inhomogeneous”?

S(k1, k2) = S̄(k1)δ(k1 − k2) + δS(k1, k2)

• We usually take

δS(k1, k2) = H(k1, k2)F(k1 − k2)

where H is symmetric. This way I can be completely
agnostic with respect to F.

• It’s nice if when d = k1 − k2 = 0, I recover my previous
test-function...

H(k, k) = δm(k)
~k2A2k + (ω + iµ)2C2k
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Inhomogeneous Tests
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Inhomogeneous Tests
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Outlook: Towards Inhom. Phases

• The goal now is to apply this to inhomogeneous phases.
• Some preliminar results:

• No local fluctuations
• Beyond local, Watson model is too simplistic
• Gluons have to be dynamic
• Etc...

• Results within Watson and with an improved truncations
to be released soon.

Thanks!
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Inhomogeneous Tests

• Test Functions?
δS(ω1,~k1, ω2,~k2)† = γ4δS(−ω2,~k2,−ω1,~k1)γ4

test function 1: δS(k1, k2) =
(
δm(k1)
d(k1)

+
δm(k2)
d(k2)

)
F(k1 − k2)

test function 2: δS(k1, k2) =
(
δm(k1 + k2)
d(k1 + k2)

)
F(k1 − k2)
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Fluctuations and mσ in QM
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How about QCD?

• You need an ansatz for the propagator that supports a
self-consistent solution of the Dyson-Schwinger Equations

S−1
(
p, p′

)
=
[
− i (ωn + iµ) γ4C(p) − ip3γ3E(p) − i~p⊥A(p)

− i (ωn + iµ) γ5γ4C5(p) − ip3γ5γ3E5(p) − iγ5~p⊥A5(p)
]
δ
(
p− p′

)
+

(
B
(
p, p′

)
− iγ4γ3F

(
p, p′

)
− iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
− iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I − γ5)

2
δ
(
p− p′ + Q

)

+

(
B
(
p, p′

)
+ iγ4γ3F

(
p, p′

)
+ iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
+ iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I + γ5)

2
δ
(
p− p′ − Q

)
.

• Then you solve the DSE and, in theory, you must calculate
whether or not this solution is favoured!



How about QCD?

• You need an ansatz for the propagator that supports a
self-consistent solution of the Dyson-Schwinger Equations

S−1
(
p, p′

)
=
[
− i (ωn + iµ) γ4C(p) − ip3γ3E(p) − i~p⊥A(p)

− i (ωn + iµ) γ5γ4C5(p) − ip3γ5γ3E5(p) − iγ5~p⊥A5(p)
]
δ
(
p− p′

)
+

(
B
(
p, p′

)
− iγ4γ3F

(
p, p′

)
− iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
− iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I − γ5)

2
δ
(
p− p′ + Q

)

+

(
B
(
p, p′

)
+ iγ4γ3F

(
p, p′

)
+ iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
+ iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I + γ5)

2
δ
(
p− p′ − Q

)
.

• Then you solve the DSE and, in theory, you must calculate
whether or not this solution is favoured!



How about QCD?

• You need an ansatz for the propagator that supports a
self-consistent solution of the Dyson-Schwinger Equations

S−1
(
p, p′

)
=
[
− i (ωn + iµ) γ4C(p) − ip3γ3E(p) − i~p⊥A(p)

− i (ωn + iµ) γ5γ4C5(p) − ip3γ5γ3E5(p) − iγ5~p⊥A5(p)
]
δ
(
p− p′

)
+

(
B
(
p, p′

)
− iγ4γ3F

(
p, p′

)
− iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
− iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I − γ5)

2
δ
(
p− p′ + Q

)

+

(
B
(
p, p′

)
+ iγ4γ3F

(
p, p′

)
+ iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
+ iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I + γ5)

2
δ
(
p− p′ − Q

)
.

• Then you solve the DSE and, in theory, you must calculate
whether or not this solution is favoured!



How about QCD?

• You need an ansatz for the propagator that supports a
self-consistent solution of the Dyson-Schwinger Equations

S−1
(
p, p′

)
=
[
− i (ωn + iµ) γ4C(p) − ip3γ3E(p) − i~p⊥A(p)

− i (ωn + iµ) γ5γ4C5(p) − ip3γ5γ3E5(p) − iγ5~p⊥A5(p)
]
δ
(
p− p′

)
+

(
B
(
p, p′

)
− iγ4γ3F

(
p, p′

)
− iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
− iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I − γ5)

2
δ
(
p− p′ + Q

)

+

(
B
(
p, p′

)
+ iγ4γ3F

(
p, p′

)
+ iγ4

~p⊥∣∣~p⊥∣∣ G
(
p, p′

)
+ iγ3

~p⊥∣∣~p⊥∣∣H
(
p, p′

)) (I + γ5)

2
δ
(
p− p′ − Q

)
.

• Then you solve the DSE and, in theory, you must calculate
whether or not this solution is favoured!



A plot twist? Gross-Neveu Model!



A plot twist? Gross-Neveu Model!



A plot twist? Gross-Neveu Model!



A plot twist? Gross-Neveu Model!


	Overview of Inhomogeneous Phases
	Quantum Chromodynamics
	Appendix

