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We did not calculate the µ = 3 (i.e., sz = 0) compo-
nents of ρ mesons. It is too difficult to calculate them in
lattice QCD. In the background magnetic field, the π-ρ3
mixing exists even for in the connected diagram. Thus,
the µ = 3 component of a ρ meson is an excited state of
a pion. At least in the weak magnetic field limit, there
is a large number of magnetic-splitting states of the pion
below the energy level of the ρ-meson state. We cannot
calculate such a highly excited state in the lattice QCD
simulation.
For neutral π and ρ mesons, we calculated only the

connected diagram, which is necessary for the QCD in-
equality. While the disconnected diagram is forbidden
in the absence of the magnetic field, it is allowed in the
presence of the magnetic field because the magnetic field
breaks isospin symmetry. We ignored the disconnected
diagram in this simulation. In this sense, our neutral
mesons are not physical ones.

B. Meson masses

We performed the standard mass analysis of ground-
state mesons in lattice QCD. The meson masses were
extracted from the fitting function

GX(t) = AX cosh[mX(t− aNt/2)] (18)

in large t. The lattice volume is N3
s ×Nt = 163×32. The

numerical results are shown in Fig. 1.
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FIG. 1: The meson masses in a magnetic field. The broken
curves are m2

π+(B) = m2

π+(B = 0) + eB and m2

ρ+(B) =

m2

ρ+(B = 0)− eB.

The charged pion mass increases in the magnetic field.
This mass shift can be explained by the naive mass for-
mula m2

π+(B) = m2
π+(B = 0) + eB. As shown in the

figure, this formula well reproduces the present lattice
result in a weak magnetic field. This behavior was also
observed in the full QCD simulation [20]. The lattice

data slightly deviate from this formula in a strong mag-
netic field.
The charged ρ meson mass shows a nontrivial depen-

dence on the magnetic field. When the magnetic field is
weak, the mass is a decreasing function of the magnetic
field. The naive mass formula, m2

ρ+(B) = m2
ρ+(B =

0) − eB, reproduces the lattice data. At eB # 1 GeV2,
the mass has a nonzero minimum. When the magnetic
field is stronger than this value, the mass becomes an
increasing function of the magnetic field. As a conse-
quence, the charged ρ meson is always massive and heav-
ier than the connected neutral pion in the whole range
of the magnetic field. Although the Wilson fermion does
not have the exact positivity, the present lattice result is
consistent with the Vafa-Witten theorem and the QCD
inequality.
The neutral mesons are much more nontrivial. In the

naive mass formula, neutral particles are independent of
a magnetic field. The lattice result suggests, however,
that the neutral meson masses depend on the magnetic
field. This is due to the internal structure of the mesons.
To know how the physical neutral mesons behave in a
magnetic field, we have to take into account the discon-
nected diagram.
When the magnetic field is extremely strong, i.e.,

eB $ 1 GeV2, the masses of all the mesons monoton-
ically increase. This is interpreted as a sign that the
internal quarks obtain the large magnetic-induced mass.
The underlying mechanism is unknown in the present
analysis.

C. Meson condensations

To exclude the possibility of the charged ρ meson con-
densation in lattice QCD, we performed another analysis.
If a meson condensation exists, the ground state becomes
massless and a long-range correlation appears. The cor-
relation function becomes

G′
X(t) = AX cosh[mX(t− aNt/2)] + CX (19)

in large t. If the constant parameter CX is finite in the
limit Nt → ∞, CX corresponds to the squared meson
condensation 〈X〉2, and mX corresponds to the mass of
the first excited state. A similar analysis was performed
in a previous work [16]. However, such a constant term
can be easily generated by a finite-volume artifact. We
must carefully check the finite-volume artifact. In par-
ticular, we need a larger size in the fitting direction, i.e.,
in the t-direction in Eq. (19), because CX coincides 〈X〉2
only in the limit Nt → ∞.
We calculated the correlation functions GX(t) with

three lattice volumes N3
s ×Nt = 163 × 32, 203 × 40 and

243×48, and fitted the results with Eq. (19). The numer-
ical settings are summarized in Table I. In Fig. 2, we show
CX as a function of the lattice volume V = a4N3

sNt. The
magnetic field is fixed at a large value eB # 4.3 GeV2.

Hidaka-Yamamoto (2012)
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magnetic field to those at zero magnetic field as a function of eB. We found that the masses of all neutral mesons
decrease with increasing eB and has a tendency to saturate at eB ! 2.5 GeV2. By comparing the normalized masses
of π0

u, π
0
d, K

0, ηs, it is obvious that the lighter hadrons are more affected by magnetic field, i.e. in the strongest
magnetic field (eB ! 3.35 GeV2) we have it can be seen that Mη0

s
and Mπ0

u
(Mπ0

d
) are about 70% and 60% of their

values at B=0, respectively. The amount of reduction in ūu and d̄d components of pion mass is roughly consistent
with results presented in SU(2) gauge theory [51] and SU(3) quenched QCD [52] as well as in Nf = 2 + 1 QCD with
stout fermions and physical pion mass in the vacuum [9], while in the former case Mπ0

u
[52] decreases faster while the

latter Mπ0
u
[9] decrease slower with eB compared to our current study. This could be partly due to the fact that the

hadrons with larger masses are less affected by the magnetic field, as in [52] the pion mass in the vacuum is about
415 MeV, while in [9] it is 135 MeV. Due to the presence of a nonzero magnetic field the SUV (2) symmetry is broken
and mixture of the uū and dd̄ flavor contents in the neutral pion could depend on eB [52]. To determine the mixture
coefficient is beyond the scope of our current paper, and for demonstration we nevertheless show in the left plot of
Fig. 5 the ground state mass of π0 extracted from the averaged correlation functions of uū and dd̄ in the pseudo-scalar
channel, i.e. Gπ0 = (Gπ0

u
+Gπ0

d
)/2 assuming that the contribution of the disconnected diagram is negligible and the

mixture coefficients are the same as the B = 0 case [54]. As seen from the plot the ratio for π0 is in between those
for π0

u and π0
d as expected.
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FIG. 5. Left: Masses of π0
u, π

0
d, K, η0s normalized by their corresponding masses at eB=0 as a function of eB. Right: Ratio

Mπ0
u
(|quBu|)/Mπ0

d
(|qdBd|) as a function of |qB|. Here qu and qd stand for the electrical charges of u and d quarks, and Bu and

Bd are different values of B which makes |qB| ≡ |quBu| = |qdBd|.

Since M(B)/M(B = 0) deviates from unity at all the values of eB we simulated the pseudo-scalar mesons studied
here thus cannot be considered as neutral point-like particles whose masses should be independent of eB. Also the
different magnitudes of the mass reduction between π0

u and π0
d may come from the different electric charges of up and

down quarks which again indicates that the inner structure of meson has been revealed. Since the internal structure
of the neutral pion is probed within our current window of magnetic field, we intend to investigate the influence of
the electrical charge of quarks on the mass of neutral pion. We thus show the ratio of Mπ0

u
to Mπ0

d
as a function of

qB instead of eB in the right plot of Fig. 5. We found for the first time to our knowledge that after rescaling x axis
from eB into qB, Mπ0

u
(|quBu|) is almost the same as Mπ0

d
(|qdBu|) at |qB| = |quBu| = |qdBd| and differs at most by

2%. Here qu and qd are the electric charges of u and d quarks, respectively, and Bu,d stands for different values of
B the quark feels to make |qB| the same for up and down quarks. We call this behavior the qB scaling. This again
supports that the internal structure of pions is probed, and may reveal that the dominant degree is represented by
the single quark already starting at the smallest magnetic field we simulated, i.e. eB ≈ 0.05 GeV2. Note that this
smallest value of eB is about the value of M2

π(B = 0) in our simulation.
We now turn to the case of charged pseudo-scalar mesons, i.e. π− and K−, and show the differences of their squared

masses from the case of zero magnetic field, i.e. M2(eB) −M2(eB = 0) in the left plot of Fig. 6 4. We see that for
both π− and K− the differences show a non-monotonous behavior in the magnetic field, i.e. first increase and then
decrease with the magnetic field strength eB and seem to saturate at eB ! 2.5 GeV2. In the small magnetic field, i.e.

4 Due to the parity in eB, the masses of their anti-particles should be the same.

Larger binding 
energy with 
increasing B ?
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Distinct homotopy connected?

⇡3(SU(2)) = Z
<latexit sha1_base64="Ho5ao3MaSibINR7uuwuZpqDFnDg="></latexit>

⇡1(U(1)) = Z
<latexit sha1_base64="vs9KMcClUlSVib9GQehHFE7fCdE="></latexit>

B = 0
<latexit sha1_base64="nDFnBXQllnnLap7CvpFw/oKjCkQ="></latexit>

B ! 1
<latexit sha1_base64="lrJct68koC52Dzq4ofYYk5ZB1Ko="></latexit>?

Without B the baryon number is given by
⇡3(SU(2)) = Z

<latexit sha1_base64="Ho5ao3MaSibINR7uuwuZpqDFnDg="></latexit>

Phase transition, Crossover, ???

S1
<latexit sha1_base64="XalQXHlFeTNhdzFAGRmCuhQd2vI="></latexit>

S1
<latexit sha1_base64="XalQXHlFeTNhdzFAGRmCuhQd2vI="></latexit>
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an extra coupling, SB = q
R
d4xAµJ

µ
B with q ⌘ Nc

Nf
trQ

and

j
µ
B =

1

24⇡2
✏
µ⌫↵�

n
tr
�
`⌫`↵`�

�
+i

3

2
F↵� tr

⇥
Q(`⌫�¯̀⌫)

⇤o
(3)

where we denote ¯̀
µ⌘⌃Dµ⌃† and ✏0123=�✏

0123=1.
We focus on the Nf = 2 case; then SWZW is simply a

Z2 ✓-angle from ⇡4(SU(2)), which is nontrivial for odd
Nc, agglutinating U(1)B to other transformations via
the fermionic statistics [22]. For Nc = 3, the physical
charge Q = diag( 23 ,�

1
3 ) breaks isospin symmetry to axial

iso-rotation. We introduce a homogeneous downward
magnetic field B = �Bẑ with B � 0, adopting A0 = 0
and A = 1

2Br ⇥ ẑ.

Skyrmion deformed by a magnetic field: We adopt an
axial hedgehog Ansatz for a static Skyrmion on account of
the pseudo-axial symmetry, ⌃(re⇥↵ẑ) = ei↵Q⌃(r)e�i↵Q.
Parametrizing ⌃ = i⌧ ·⇧+⇧4 as

⇧1 = sin f sin g cos' , ⇧3 = sin f cos g ,

⇧2 = sin f sin g sin' , ⇧4 = cos f ,
(4)

we can express the axial hedgehog as f = f(r, ✓), g =
g(r, ✓), ' = '0(r, ✓) + � with the spherical coordinates
(r, ✓,�). The request of a unit baryon number stipulates
boundary conditions: f(1, ✓) = 0, f(0, ✓) = ⇡, g(r, 0) =
0, g(r,⇡) = ⇡. En passant, the spherical hedgehog [26] is
recovered provided f = f(r), g = ✓, and ' = �.

The static Euler-Lagrange equation minimizes the
energy functional M(f, g,'0), i.e., the spatial integral
of T 00, with T

µ⌫ the energy-stress tensor. Our Ansatz
yields M = 2⇡

R1
0 dr r2

R 1
�1d cos✓ T

00(r, ✓) with

T
00 =

f
2
⇡

2

⇢
|rf |2 + sin2f

h
|rg|2 + sin2g

�
⌥2 + |r'0|2

�i�

+
1

2a2
sin2f

⇢
|rf⇥rg|2+ sin2g

h
⌥2

�
|rf |2+sin2f |rg|2

�

+ |rf⇥r'0|2 + sin2f |rg⇥r'0|2
i�

, (5)

where ⌥ ⌘ 1
r sin ✓ � B r sin ✓

2 . We note |rh|2 = (@rh)2 +
1
r2 (@✓h)

2 and |rh⇥rw|2 = 1
r2 (@rh @✓w � @✓h @rw)2 for

any h(r, ✓) and w(r, ✓).
A uniform '0(r, ✓) minimizes the energy functional

quadratic in r'0. Then employing the finite element
method, we solve the Dirichlet problem of f(r, ✓) and
g(r, ✓) from �M/�f = 0 and �M/�g = 0 with the
boundary conditions prescribed below Eq. (4). Figure 1
shows the topological winding maintained in the spatial
profile at finite B = 3.00f2

⇡a
2. The orange inner and

the blue outer tori in Fig. 1 (Left) represent surfaces
of ⇧2

1 + ⇧2
2 = 0.90 and ⇧2

3 + ⇧2
4 = 0.90, respectively.

Evidently, the inner torus is laced with a brace from
the outer torus, which is a graphical representation of
⇡3(SU(2)); see also [29]. Besides, as shown in Fig. 1,

FIG. 1. (Left) Graphical representation of ⇡3(SU(2)) with
B = 3.00f2

⇡a
2; ⇧2

1 + ⇧2
2 = 0.90 on the inner torus (orange)

and ⇧2
3 +⇧2

4 = 0.90 on the outer torus (blue). (Right) g(r, ✓)
with B = 3.00f2

⇡a
2. (x, y, z and r are of unit f�1

⇡ a�1.)

our numerical solutions turn out to satisfy: f(r,⇡� ✓) =
f(r, ✓), g(r,⇡ � ✓) = ⇡ � g(r, ✓). Uniform '0 and these
relations show pseudo-reflection symmetry which will be
revisited below Eq. (7).
Magnetic e↵ects are characterized by a virtual “barrel”

whose wall locates at ⌥ = 0, i.e., r sin ✓ =
p

2/B. To
minimize ⌥2 sin2 f sin2 g = ⌥2(⇧2

1 + ⇧2
2) in the energy

functional, ⇧1,2 tend to inhabit the barrel wall. For B .
0.4f2

⇡a
2, a broad barrel mildly expands the Skyrmion

profile transversely (i.e., oblate deformation). For B &
0.4f2

⇡a
2, constricted by a narrow barrel, the profile

shrinks drastically, especially in transverse directions
(i.e., prolate deformation), as shown in Fig. 1 (Left).
Since the B-term dominates ⌥ < 0, the exterior ⇧1,2 is
radically suppressed, as shown by the angular distortion
of g(r, ✓) in Fig. 1 (Right). A sharp leap from g ⇠ 0 to ⇡

near ✓ = ⇡
2 for r &

p
2/B implies that the Skyrmion pulls

its ⇡± cloud in and leaves a sheer ⇡0 dipole outside. We
shall later discuss how transversely contiguous ⇡0 dipoles
can condense into a ⇡

0 domain wall.
We found an electric circumfluence right-handed to B

inside the barrel and a left-handed one outside. The net
overall e↵ect of the Lorentz force on electric current jQ is
captured by the magnetic momentm ⌘

R
d3x 1

2r⇥jQ via
a pressure sum rule,

R
d3x p(r) = � 2

3m ·B, derived from
@
µ
Tµ⌫ = j

↵
QF↵⌫ . The right hand side of the sum rule is

encoded in the Skyrmion mass through dM = �m · dB.
Numerically evaluated M(B) consists of an expected
descent and a subsequent increase, featuring a minimum
M(B0) = 59.6f⇡a�1 at B0 = 2.77f2

⇡a
2 [whereas M(0) =

72.9f⇡a�1]. This non-monotonicity implies that, starting
with zero at B = 0,

R
d3x p gets negative for 0 < B < B0

and turns positive for B > B0. To elaborate this
behavior we illustrate in Fig. 2 the transverse distribution
of p(r) for B = 0, 0.58f2

⇡a
2 (where

R
d3x p is minimized),

2.77f2
⇡a

2 (B0), and 7.62f2
⇡a

2 (where |m| in B > B0 is
maximized). Based on these expositions we propose that
a weak B produces a liberating force, while a strong B

stimulates a confining force.
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radically suppressed, as shown by the angular distortion
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near ✓ = ⇡
2 for r &

p
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Figure 2: Mass di↵erence after quantization, mn � mp, under the strong magnetic field (left).
The magnetic moments of the proton and the neutron, µp,n in the unit of the nuclear magneton,
µN = e~/(2mN) (right).

This relation appears consistent with our intuition. Since the neutron enjoys a
stronger B-induced assistance for confinement, the neutron can store more energy
inside and thus become heavier.

5. Discussions and Conclusions

This work extends the analysis in our previous work where the technical for-
mulation was established [21]. The major update is that we have taken into
account the finite pion mass e↵ect. The overall qualitative behavior is hardly
changed by m⇡ , 0, but it may be useful to clarify some di↵erences. In our pre-
vious work [21], we observed that the B-induced deformation on the soliton starts
from the oblate direction for B . 0.4 f

2
⇡ a

2. Then, for B & 0.4 f
2
⇡ a

2, the defor-
mation changes into the prolate direction. In contrast, in the present study with
m⇡ = 138 MeV, there is no such turnover in the deformation and the prolate shape
is always favored. The profile is optimized to minimize the energy or the inte-
gration of T

00. The pion mass term enters T
00 via f

2
⇡m

2
⇡(1 � cos f ), which repels

⇡0 / sin f to an outer torus region inside the soliton. This ⇡0 surrounding from
the outer torus would prevent ⇡± from expanding transversely for a weak B, which
makes a contrast to the argument in Ref. [21].

An intriguing feature is also recognized in the soliton mass M as a function
of m⇡. We have numerically verified that M grows up with increasing m⇡ mono-
tonically. The growth rate, however, becomes slower for larger B. This is easily
understood through the structure in T

00; a large B e↵ectively makes ⇡± very mas-

12
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“Matter” candidates: Normal Crystal & Domain Wall

2λ

Π4(0,0,0) = − 1
Π4(λ, λ,0) = + 1

The baryon number from  
is localized at the center and the edges.

π3(SU(2))

3

FIG. 2. Illustration of the CSL as approximated by the 2D
Skyrme Crystal layers.

magnetic scale ⇠ 0.4f2
⇡a

2 reflects the original Skyrmion
size. For r far from the barrel of ⌥ = 0 the exterior
⇧1,2 are suppressed, as shown by the angular distortion
of g(r, ✓) in Fig. 1 (Right), because of large |⌥| there. A
sharp leap from g ⇠ 0 to ⇡ near ✓ = ⇡

2 for r &
p

2/B
implies that the Skyrmion pulls its ⇡± cloud in and leaves
a sheer ⇡0 dipole outside. We shall soon later discuss how
transversely contiguous ⇡0 dipoles can condense into a ⇡0

domain wall.

Domain wall formation from a Skyrme Crystal: Now
we address the ⇡0 domain wall formation. As argued in
[19] dense nuclear matter under strong B exhibits the
CSL, which is approximately viewed as stacked layers of
the ⇡0 domain walls as illustrated in Fig. 2. Other phase
candidates [17, 18] also exhibit a multilayer structure on
account of the anisotropy induced by B. Hereafter we
focus on a single 2D layer for simplicity, and 3D analyses
are ongoing [36].

We follow the prescription in [37] to actualize a
static 2D Skyrme Crystal on a square lattice with
pseudo-periodicity that blends crystalline translations
with ei⇡I3 (see also [38] for crystallization in a holographic
QCD model). In the presence of the vector potential,
crystalline translation should incorporate appropriate
gauge transformations, i.e., the pseudo-translation
symmetry reads,

⌧3 ⌃(x, y, z) ⌧3 = ei�ByQ ⌃(x+2�, y, z) e�i�ByQ ,

⌧3 ⌃(x, y, z) ⌧3 = e�i�BxQ ⌃(x, y+2�, z) ei�BxQ ,
(7)

where we introduced the lattice constant 2�. We set one
baryon in each unit cell. Inspired by the single baryon
result, we impose the pseudo-reflection symmetry (6) to
simplify the problem: We can focus on an octant cell with
0  x  �, 0  y  �, and z � 0, thanks to ⌧1⌃(x)⌧1=
⌃†(�x), ⌧2⌃(y)⌧2 = ⌃†(�y), and ⌧3⌃(z)⌧3 = ⌃†(�z)
easily verified from the pseudo-reflection symmetry.

The solution in this octant cell is subject to the
following boundary conditions. Our vacuum convention
is ⇧4(x, y,+1) = 1. Equation (6) requires ⇧1(0, y, z) =
⇧2(x, 0, z) = ⇧3(x, y, 0) = 0. We can also derive

⇧1(�, y, z) sin(
1
2�By)�⇧2(�, y, z) cos(

1
2�By) = 0 ,

⇧1(x,�, z) cos(
1
2�Bx)�⇧2(x,�, z) sin(

1
2�Bx) = 0

(8)

FIG. 3. (Left) ⇧3,4 winding contributions to the baryon
number contributions N0 at x = y = 0 and N� at x = y = �
from the surface of the octant cell (shaded region). (Right)
⇡3(SU(2)) in a unit cell with B = 0.40f2

⇡a
2 and 1/⇤ = 0.29 (&

1/⇤c).

from Eqs. (6) and (7). We can show that there are
two distinct classes of solutions from a condition for
the baryon number to be 1/8 in the octant cell. We
recast the baryon number, NB ⌘

R
d3x j0B = 1

4⇡2

R �
d'�

A
�
^
�
⇧4d⇧3 �⇧3d⇧4

�
, as a surface integral. Foregoing

conditions force it to vanish except on two edges; that
is, NB = N0 + N� where N0 = 1

8n0 is from an edge at
x = y = 0 and N� = 1

8n�(
2
⇡�

2B � 1) from another edge
at x = y = �, with n0,� 2 Z being the ⇧3,4 winding
number from z = +1 to �1 along the according edges
[see Fig. 3 (Left)]. We find that NB = 1

8 is to be realized
as N0 = 1

8 (with n0 = 1) and N� = 0, leading to two
types of crystal solutions; the condition of N� = 0 needs
either n� = 0 or 2

⇡�
2B = 1 and correspondingly we

have additional boundary conditions for ⇧4. Once the
boundary conditions are all fixed, we should minimize
the energy functional M(⇧1,2,3,4)/8 with a Lagrange

multiplier that constrains
P4

i=1 ⇧
2
i = 1. Due to the lack

of pseudo-axial symmetry, it is technically convenient to
treat ⇧i rather than f , g, ', and the energy functional
is then given by

M

8
=

Z
d3x

✓
f2
⇡

2

��D⇧i

��2 + 1

4a2
��D⇧i ⇥D⇧j

��2
◆
, (9)

where D⇧1 = r⇧1 �A⇧2 and D⇧2 = r⇧2 +A⇧1.
First, we refer to the solution with n� = 0 as the

Normal Crystal. In this case the boundary conditions,
⇧4(0, 0, 0) = �1 and ⇧4(�,�, 0) = 1, should be satisfied
as illustrated in Fig. 3 (Left). On the layer ⇧4 is
inhomogeneous, as depicted in the top left corner on
the phase diagram in Fig. 5, and we can regard it
as a regional ⇡0 domain wall. In Fig. 4 we plot the
crystalline baryon mass M calculated from Eq. (9) as
a function of the specific transverse area ⇤ ⌘ 4�2

under di↵erent B. We have confirmed that the isolated
baryon mass is recovered asymptotically by M(⇤ !
1). The crystalline structure is stable as seen from the
energy minimum whose location is denoted by ⇤0. We

Unit Cell (Area:                 )
<latexit sha1_base64="QEPtN4697nBALcMgqARFgWGRzr0="></latexit>

⇤ = 4�2
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2λ

Π4(0,0,0) = − 1
Π4(x, y,0) = − 1

The baryon number from  is homogeneously 
distributed on the  domain walls.

π1(U(1))
π0

The baryon density and the magnetic flux are quantized

Unit Cell (Area:                 )
<latexit sha1_base64="QEPtN4697nBALcMgqARFgWGRzr0="></latexit>

⇤ = 4�2

<latexit sha1_base64="3rr1p7oRppHXfDwt7EXtcjM8B9k="></latexit>

B⇤⇤ = 2⇡ Dirac quantization is strict!

Chen-Fukushima-Qiu (2021)

“Matter” candidates: Normal Crystal & Domain Wall
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FIG. 4. Crystalline baryon mass M(⇤) for various B. The
square dots denote the location of ⇤c.

find that the specific binding energy, M(1) � M(⇤0),
grows monotonically from 6.40f⇡a�1 at B = 0 up to
a saturated value ⇠ 30f⇡a�1 with increasing B. Such
magnetically facilitated crystallization confirms our ⇡0-
dipole condensation scenario.

Second, we call the solution with 2
⇡�

2B = 1 or ⇤B =
2⇡ the Anomalous Crystal. In this case N� = 0 holds
for any n� and, we find that a transversely uniform ⇡0

domain wall with ⇧4(x, y, 0) = �1 solves the Anomalous
Crystal. Thus, our Anomalous Crystal turns out to be a
synonym of the conventional global ⇡0 domain wall [20].

Interestingly, two di↵erent boundary conditions,
⇧4(�,�, 0) = +1 and �1, signify two distinct windings,
⇡3(SU(2)) and ⇡1(U(1), respectively. In fact, the
Normal Crystal with inhomogeneous ⇧4 can sustain the
⇡3(SU(2)) linkage as shown in Fig. 3 (Right), that is a
crystalline version of winding in Fig. 1 (Left), but the
Anomalous Crystal cannot.

Thermodynamics and phase transition: Figure 4
indicates an optimal ⇤, but in thermodynamics we
are rather interested in a problem to locate the phase
boundary, ⇤c, where one topological phase overwhelms
the other. We can simply identify the crystalline baryon
mass M as the free energy per baryon, which is denoted
by E here to emphasize the thermodynamic nature of our
problem. For an N -baryon Normal Crystal, the total
Helmholtz free energy F (T,B,N,N⇤) ⌘ NE(T,B,⇤)
yields canonical quantities such as the intralayer pressure
� ⌘ �(@F/@(N⇤))T,B,N = �(@E/@⇤)T,B and the
chemical potential µ ⌘ (@F/@N)T,B,N⇤ = E + �⇤.
In contrast, for an N⇤-baryon Anomalous Crystal, the
constraint by ⇤ = ⇤⇤ = 2⇡/B eliminates one degree of
freedom, F ⇤(T,B,N⇤) ⌘ N⇤E⇤(T,B). We use “⇤” for
quantities of the Anomalous Crystal. The Anomalous
Crystal is incompressible at a fixed B and neither �⇤ nor
µ⇤ is defined.

At fixed T (where T = 0 in the present problem) and
B, let us consider a mixed system of two crystals and

FIG. 5. ⇤c and ⇤⇤ = 2⇡/B as functions of B. In the top left
region above 1/⇤c the Normal Crystal is favored, where a 2D
density profile is overlaid. The Anomalous Crystal appears
only on the bottom right solid line of 1/⇤⇤.

study the phase equilibration by minimizing the total
Helmholtz free energy, provided the conservation of the
total baryon number and volume (area), i.e.,

�(F + F ⇤)
��
T,B,N+N⇤,N⇤+N⇤⇤⇤ = 0 . (10)

Specifically, we have �F = µ�N � ��(N⇤) and �F ⇤ =
E⇤�N⇤. With explicit expressions of � and µ, the
equilibrium criterion is

E � E⇤ = (⇤� ⇤⇤) E 0 , (11)

where E 0 is a shorthand for (@E/@⇤)T,B . Let us define ⇤c

as the critical ⇤ that satisfies Eq. (11). To evaluate ⇤c

concretely, we note that E⇤ = 16⇡f2
⇡m⇡/B = 0 [20] in the

chiral limit and E(⇤) = M(⇤) was presented in Fig. 4.
The shape of M(⇤)-curves, with a repulsive core at small
⇤, ensures the existence of ⇤c for any B > 0. In Fig. 4,
we pinpoint ⇤c by a square dot on each M(⇤)-curve.

In Fig. 5 we plot ⇤c(B) and ⇤⇤ = 2⇡/B, that serves
as a phase diagram on the plane of the magnetic field vs.
the baryon density. The Normal Crystal manifests itself
as a dense high-pressure phase for ⇤�1 � ⇤�1

c . For a
better intuitive picture we overlay a 2D baryon density
profile (at a fixed B and ⇤) in the Normal Crystal region
in Fig. 5. The Anomalous Crystal appears only on the
line of ⇤⇤. These two topological phases characterized
by ⇡3(SU(2)) and ⇡1(U(1)) are separated by a first-order
phase transition. We have numerically verified that the
specific latent heat, E(⇤c) � E⇤, remains finite with a
minimum 61.8f⇡a�1 at B = 0.69f2

⇡a
2 (the green dot

in Fig. 4). We will report more details in a separate
publication [36].

Summary and outlooks: We investigated an isolated
baryon under B using the Skyrme model, revealing an
elliptic deformation. We formulated two 2D Skyrme
Crystals: a Normal Crystal realizes a regional ⇡0

domain wall, while an Anomalous Crystal exhibits a

 domain wallπ0

Inhomogeneous 
Skyrme Crystal

Chen-Fukushima-Qiu (2021)

<latexit sha1_base64="9XFgf3grBB6agDL+iijaqE3/lFc="></latexit>
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@µTµ⌫ = jµQFµ⌫
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Pz =

Z
d3x pz =

Z
d3xTzz = 0

Conservation law:

Spatial integration with :xμ
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Z

d3xxµj
�
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Pressure sum rule:

Chen-Fukushima-Qiu (2023)
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Figure 1: Longitudinal pressure pz (left) and rotationally averaged pressure p (right) after the
angular integration multiplied by 4⇡r2. For B < B0 (and B > B0) in the right figure, the positive
area with p > 0 is smaller (and larger, respectively) than the negative area with p < 0. Specially
with |µ| = 0 at B = B0, the pressure balance is realized.

B > B0, the Skyrmion is squeezed into a smaller transverse radius due to heavy
⇡±, i.e., prolate deformed, as we demonstrated in our previous work [21]. This
transverse shrinking results in a stronger repulsive force with P > 0. Because less
confining pressure can saturate the balance condition, we can interpret Eq. (13)
with µ · B < 0 as enhanced confinement assisted by the magnetic e↵ect.

Let us take a closer look at the local pressure distribution inside the soliton.
The left panel in Fig. 1 shows the angular-averaged longitudinal pressure, i.e.,
pz(r) = 1

2

R ⇡
0 d✓ sin ✓ Tzz(r, ✓), multiplied by 4⇡r2, so that the positive area and the

negative area should be the same and the r integration is vanishing according to
the sum rule (12). We can indeed confirm that the sum rule holds for any magnetic
field in the figure, and the stronger magnetic field tends to squeeze the pressure
distribution to smaller spatial region. For the rotationally averaged pressure, the
sum rule should be Eq. (13), and this is the case in the right panel in Fig. 1. In
the weak magnetic region, 0 < B < B0 (where B0 is defined for |µ(B0)| = 0
as discussed earlier), the right-hand side in Eq. (13) is negative, and the dashed
curve for B = 0.5B0 in the figure certainly has a larger negative area. For B =

B0, the magnetic moment is vanishing, and as seen by the dotted curve in the
figure, the total area becomes vanishing, while the positive area is enhanced in
the dot-dashed curve for B = 1.5B0 in the figure. For B > B0 the peak positions
are close for 4⇡r2

pz(r) and 4⇡r2
r(z), and the repulsive cores are squeezed by the

strong magnetic field in a similar way. However, the tail behaviors associated with
confining shells are di↵erent, and this is because quark confinement is assisted by

8

Chen-Fukushima-Qiu (2023)

Pressure sum rule 
holds along the 
magnetic direction.

Oblate deformation 
is favored by B.
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Figure 2: Mass di↵erence after quantization, mn � mp, under the strong magnetic field (left).
The magnetic moments of the proton and the neutron, µp,n in the unit of the nuclear magneton,
µN = e~/(2mN) (right).

This relation appears consistent with our intuition. Since the neutron enjoys a
stronger B-induced assistance for confinement, the neutron can store more energy
inside and thus become heavier.

5. Discussions and Conclusions

This work extends the analysis in our previous work where the technical for-
mulation was established [21]. The major update is that we have taken into
account the finite pion mass e↵ect. The overall qualitative behavior is hardly
changed by m⇡ , 0, but it may be useful to clarify some di↵erences. In our pre-
vious work [21], we observed that the B-induced deformation on the soliton starts
from the oblate direction for B . 0.4 f

2
⇡ a

2. Then, for B & 0.4 f
2
⇡ a

2, the defor-
mation changes into the prolate direction. In contrast, in the present study with
m⇡ = 138 MeV, there is no such turnover in the deformation and the prolate shape
is always favored. The profile is optimized to minimize the energy or the inte-
gration of T

00. The pion mass term enters T
00 via f

2
⇡m

2
⇡(1 � cos f ), which repels

⇡0 / sin f to an outer torus region inside the soliton. This ⇡0 surrounding from
the outer torus would prevent ⇡± from expanding transversely for a weak B, which
makes a contrast to the argument in Ref. [21].

An intriguing feature is also recognized in the soliton mass M as a function
of m⇡. We have numerically verified that M grows up with increasing m⇡ mono-
tonically. The growth rate, however, becomes slower for larger B. This is easily
understood through the structure in T

00; a large B e↵ectively makes ⇡± very mas-

12
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Figure 1: Longitudinal pressure pz (left) and rotationally averaged pressure p (right) after the
angular integration multiplied by 4⇡r2. For B < B0 (and B > B0) in the right figure, the positive
area with p > 0 is smaller (and larger, respectively) than the negative area with p < 0. Specially
with |µ| = 0 at B = B0, the pressure balance is realized.

B > B0, the Skyrmion is squeezed into a smaller transverse radius due to heavy
⇡±, i.e., prolate deformed, as we demonstrated in our previous work [21]. This
transverse shrinking results in a stronger repulsive force with P > 0. Because less
confining pressure can saturate the balance condition, we can interpret Eq. (13)
with µ · B < 0 as enhanced confinement assisted by the magnetic e↵ect.

Let us take a closer look at the local pressure distribution inside the soliton.
The left panel in Fig. 1 shows the angular-averaged longitudinal pressure, i.e.,
pz(r) = 1

2

R ⇡
0 d✓ sin ✓ Tzz(r, ✓), multiplied by 4⇡r2, so that the positive area and the

negative area should be the same and the r integration is vanishing according to
the sum rule (12). We can indeed confirm that the sum rule holds for any magnetic
field in the figure, and the stronger magnetic field tends to squeeze the pressure
distribution to smaller spatial region. For the rotationally averaged pressure, the
sum rule should be Eq. (13), and this is the case in the right panel in Fig. 1. In
the weak magnetic region, 0 < B < B0 (where B0 is defined for |µ(B0)| = 0
as discussed earlier), the right-hand side in Eq. (13) is negative, and the dashed
curve for B = 0.5B0 in the figure certainly has a larger negative area. For B =

B0, the magnetic moment is vanishing, and as seen by the dotted curve in the
figure, the total area becomes vanishing, while the positive area is enhanced in
the dot-dashed curve for B = 1.5B0 in the figure. For B > B0 the peak positions
are close for 4⇡r2

pz(r) and 4⇡r2
r(z), and the repulsive cores are squeezed by the

strong magnetic field in a similar way. However, the tail behaviors associated with
confining shells are di↵erent, and this is because quark confinement is assisted by

8
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FIG. 7. Pressure and energy density distributions as functions
of r multiplied by 4⇡r2. To make the comparison easier, the
energy density is rescaled by a factor 0.1.

ergy density by a factor 0.1 to make it comparable to
the pressure. The characteristic feature of the pressure
distribution inside the nucleon is its combination of a
positive core pressure and a negative pressure at the sur-
face [46, 47], adding up to overall zero pressure to main-
tain equilibrium in the nucleon ground state. Such a
pressure profile is verified, at least qualitatively, in deeply
virtual Compton scattering measurements [48].

From these results one can infer the EoS in the core
region of the nucleon, which may serve as a reasonable
approximation for the EoS of quark matter near the clos-
est packed density (19). One might care about di↵erences
between symmetric nuclear matter and neutron matter,
but in such an extremely high-density regime of our in-
terest the physical properties are to be dominated by the
strong interaction and the �-equilibrium condition would
be not essential.

In the present framework we must be careful of the
mass scale in executing this program for the EoS con-
struction. As discussed in the previous work [40, 41],
this chiral soliton model overestimates the baryon mass
which is given by the integration of the energy density.
It is known that this mass discrepancy would be reduced
if the soliton is quantized (i.e., rotated with spin and
isospin). Here, our main purpose is not to study the
chiral soliton model itself but to demonstrate the idea,
so we shall adopt a quick prescription: we rescale the
results simply by the ratio, �, between the physical nu-
cleon mass and the model output. That is, we introduce
a ratio parameter as

� =
(physical mass)

(model mass)
⇡

940MeV

1460MeV
⇡ 0.64 . (22)

Then, we should make the following rescaling:

✏(r) ! �✏(r) , p(r) ! �
�1

p(r) . (23)

The above is the consistent rescaling in such a way not
to modify the form factors. In other words, given the

FIG. 8. EoS of dense quark matter from the Hard Deconfine-
ment scenario (Nucleon EoS) and empirical EoSs from other
approaches.

nucleon form factors A(q2) and D(q2) associated with
the components of the energy-momentum tensor, the
energy density is proportional to the mass, while the
pressure is inversely proportional to the mass (see a
review [49] for explicit expressions). One might have
thought that the model parameters can be readjusted
to fit the baryon mass, but this would significantly af-
fect the charge radius. If the form factors stay intact
leaving the charge radius unchanged, the rescaling pro-
cedure should yield physically more sensible results than
readjusting the model parameters.
Figure 8 presents our results for the equation of state,

p(✏), of dense quark matter in the hard core region of the
nucleon, compared to several proposed EoSs that are con-
sistent with empirical properties of neutron star matter.
We label our results, the rescaled p(r) and ✏(r), as “Nu-
cleon EoS” and mark di↵erent radial coordinate scales
in the nucleon core, r = 0.2 fm to 0.5 fm, with crosses
in Fig. 8. The fast-dropping behavior at r & 0.5 fm re-
flects the negative pressure at the nucleon surface, phys-
ically interpreted as resulting from confining forces and
the inward-bound pressure of the meson cloud.
For the neutron star based equations-of-state in Fig. 8,

�EFT refers to the EoS from the Chiral E↵ective The-
ory [50] and QHC18 from Ref. [27], and SLy4 from
Ref. [51]. DL shows the EoS deduced from the observa-
tion data analyses using the deep learning [52]. The EoS
data labelled by �FRG is taken from Refs. [53, 54]. We
note that the EoS bound from the deeply virtual Comp-
ton scattering on the proton was previously discussed in
a similar way in Ref. [55]. For r < 0.5 fm, remarkable
agreement is seen between our (free) Nucleon EoS and
the sets of dense neutron star matter equations-of-state.
Assuming that the onset of Hard Deconfinement appears
at r-scales in the range r = 0.5�0.4 fm (corresponding to
baryon densities ⇠ 4� 7⇢0 according to Fig. 6), this im-
plies that Hard Deconfinement can occur at significantly
lower density than the limiting estimate (19).
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FIG. 7. Pressure and energy density distributions as functions
of r multiplied by 4⇡r2. To make the comparison easier, the
energy density is rescaled by a factor 0.1.

ergy density by a factor 0.1 to make it comparable to
the pressure. The characteristic feature of the pressure
distribution inside the nucleon is its combination of a
positive core pressure and a negative pressure at the sur-
face [46, 47], adding up to overall zero pressure to main-
tain equilibrium in the nucleon ground state. Such a
pressure profile is verified, at least qualitatively, in deeply
virtual Compton scattering measurements [48].

From these results one can infer the EoS in the core
region of the nucleon, which may serve as a reasonable
approximation for the EoS of quark matter near the clos-
est packed density (19). One might care about di↵erences
between symmetric nuclear matter and neutron matter,
but in such an extremely high-density regime of our in-
terest the physical properties are to be dominated by the
strong interaction and the �-equilibrium condition would
be not essential.

In the present framework we must be careful of the
mass scale in executing this program for the EoS con-
struction. As discussed in the previous work [40, 41],
this chiral soliton model overestimates the baryon mass
which is given by the integration of the energy density.
It is known that this mass discrepancy would be reduced
if the soliton is quantized (i.e., rotated with spin and
isospin). Here, our main purpose is not to study the
chiral soliton model itself but to demonstrate the idea,
so we shall adopt a quick prescription: we rescale the
results simply by the ratio, �, between the physical nu-
cleon mass and the model output. That is, we introduce
a ratio parameter as

� =
(physical mass)

(model mass)
⇡

940MeV

1460MeV
⇡ 0.64 . (22)

Then, we should make the following rescaling:

✏(r) ! �✏(r) , p(r) ! �
�1

p(r) . (23)

The above is the consistent rescaling in such a way not
to modify the form factors. In other words, given the
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FIG. 8. EoS of dense quark matter from the Hard Deconfine-
ment scenario (Nucleon EoS) and empirical EoSs from other
approaches.

nucleon form factors A(q2) and D(q2) associated with
the components of the energy-momentum tensor, the
energy density is proportional to the mass, while the
pressure is inversely proportional to the mass (see a
review [49] for explicit expressions). One might have
thought that the model parameters can be readjusted
to fit the baryon mass, but this would significantly af-
fect the charge radius. If the form factors stay intact
leaving the charge radius unchanged, the rescaling pro-
cedure should yield physically more sensible results than
readjusting the model parameters.
Figure 8 presents our results for the equation of state,

p(✏), of dense quark matter in the hard core region of the
nucleon, compared to several proposed EoSs that are con-
sistent with empirical properties of neutron star matter.
We label our results, the rescaled p(r) and ✏(r), as “Nu-
cleon EoS” and mark di↵erent radial coordinate scales
in the nucleon core, r = 0.2 fm to 0.5 fm, with crosses
in Fig. 8. The fast-dropping behavior at r & 0.5 fm re-
flects the negative pressure at the nucleon surface, phys-
ically interpreted as resulting from confining forces and
the inward-bound pressure of the meson cloud.
For the neutron star based equations-of-state in Fig. 8,

�EFT refers to the EoS from the Chiral E↵ective The-
ory [50] and QHC18 from Ref. [27], and SLy4 from
Ref. [51]. DL shows the EoS deduced from the observa-
tion data analyses using the deep learning [52]. The EoS
data labelled by �FRG is taken from Refs. [53, 54]. We
note that the EoS bound from the deeply virtual Comp-
ton scattering on the proton was previously discussed in
a similar way in Ref. [55]. For r < 0.5 fm, remarkable
agreement is seen between our (free) Nucleon EoS and
the sets of dense neutron star matter equations-of-state.
Assuming that the onset of Hard Deconfinement appears
at r-scales in the range r = 0.5�0.4 fm (corresponding to
baryon densities ⇠ 4� 7⇢0 according to Fig. 6), this im-
plies that Hard Deconfinement can occur at significantly
lower density than the limiting estimate (19).

Fukushima-Kojo-Weise (2020)

B-dependent EoS 
could be inferred.



Conclusions

Charged and neutron meson masses have been 
calculated in lattice-QCD. 

Pressure balance and confining pressure can be 
calculated / measured. 

Whether B favors confinement or deconfinement 
can be judged based on the pressure sum rule.
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