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Aut inveniam viam aut faciam 
Hannĭbăl 
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In each phase different quark condensates are realized
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<latexit sha1_base64="JV4DLrWBSq50+GEkkPbsp3XseOc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrIjxKOLREMZJJxESqzofNmEU87n090aKbLyDbRQ0SFaPoeCf8E2LiAw1WhmVzs7oZbCout+OJWV1bX1jepmbWt7Z3evvn/QtXFiOPg8lrHph8yCFAp8FCihrw2wKJTQC2fXud97AGNFrO5wriGI2FSJieAMM8mPRkMtRvWG23QL0L/EK0mDlOiM6p/DccyTCBRyyawdeK7GIGUGBZewqA0TC5rxGZvCIKOKRWCDtAi7oCeJZRhTDYYKSQsRfm6kLLJ2HoXZZMTw3i57ufifN0hwchmkQukEQfH8EAoJxSHLjchaADoWBhBZnhyoUJQzwxDBCMo4z8Qkq6WW9eEtf/+XdFtN77zZuj1rtK/KZqrkiByTU+KRC9ImN6RDfMKJII/kiTw7c+fFeXXevkcrTrlzSH7Bef8CgpOTMA==</latexit>m⇡

<latexit sha1_base64="hHIFwJHZWivrz51CkmNfaT83vLs=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjxKOLREMZJPKQYis6XzbhlDvbuttDikJ+ghYqOkTLz1DwL9jGBSRMNZrZ1c5OmEhh0HU/ndLK6tr6RnmzsrW9s7tX3T/omNhqDm0ey1j3QmZAigjaKFBCL9HAVCihG06uM7/7ANqIOLrDaQKBYuNIjARnmEo9X9mBD1IOqjW37uagy8QrSI0UaA2qX/4w5lZBhFwyY/qem2AwYxoFlzCv+NZAwviEjaGf0ogpMMEszzunJ9YwjGkCmgpJcxF+b8yYMmaqwnRSMbw3i14m/uf1LY4ug5mIEosQ8ewQCgn5IcO1SIsAOhQaEFmWHKiIKGeaIYIWlHGeijZtppL24S1+v0w6jbp3Xm/cntWaV0UzZXJEjskp8cgFaZIb0iJtwokkT+SZvDiPzqvz5rz/jJacYueQ/IHz8Q3aX5SD</latexit>µ`
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Energy spectrum splitting 
Stark-like effect  

me↵
⇡+ = m⇡ � µI

E⇡0 =
p

m2
⇡ + p2

E⇡� = +µI +
p
m2

⇡ + p2

E⇡+ = �µI +
p
m2

⇡ + p2
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Condensation in
chiral perturbation theory (𝟀PT)
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𝟀PT: realisation of hadronic matter preserving the global symmetries of QCD
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No baryons and vector mesons included

|µB | . 940 MeV |µI | . 770 MeV

Recipe
Variationally derive the nonperturbative vacuum and  expand around that 
vacuum for small momenta.

Since we expand, we have a control parameter

p ⌧ ⇤� ⇠ 1GeVSoft energy scales
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 The                Lagrangian density for pseudoscalar mesonsO(p2)

ℒ =
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π

4
Tr(DμΣ†DμΣ) + Tr(Σ†M + M†Σ)

Leading order pion Lagrangian 
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 The                Lagrangian density for pseudoscalar mesonsO(p2)

low energy constants 
(LECs)

ℒ =
f 2
π

4
Tr(DμΣ†DμΣ) + Tr(Σ†M + M†Σ)

For SU(2) Σ = eiα⋅σ = 12 cos α + iσ ⋅ n sin α

“Radial” field:

“Angular” fields:
<latexit sha1_base64="2RilBBT9laBJ+vgUQOk/Tv3NhrY="></latexit>

n1 = sin⇥ cos� , n2 = sin⇥ sin� , n3 = cos⇥

α

Dμ = ∂μ + i[Aμ, . ] Aμ = ( μI

2
+ A0, A) σ3with

Leading order pion Lagrangian 
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A general                static and homogeneous vevSU(2)

fields become variational parameters

Homogeneous ground state

Static Lagrangian

ℒ0(α, n3) = f 2
πm2

π cos α +
f 2
π

2
μ2

I sin2 α(1 − n2
3)
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⌃̄ = ei↵·� = cos↵+ in · � sin↵

cos↵ = 1
cos↵⇡ = m2

⇡/µ
2
I

for µI < m⇡

for µI > m⇡

L0 independent of n

n3 = 0 residual O(2) symmetry

Maximising the Lagrangian

A general                static and homogeneous vevSU(2)

fields become variational parameters

Homogeneous ground state

Static Lagrangian

ℒ0(α, n3) = f 2
πm2

π cos α +
f 2
π

2
μ2

I sin2 α(1 − n2
3)
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hūui = hd̄di / cos↵

hd̄�5u+ h.c.i / sin↵
Rotated condensates

Pressure P =
f2
⇡m

2
⇡

2
�2

✓
1� 1

�2

◆2

Ground state 
occupation number 

nI = f2
⇡m⇡�

✓
1� 1

�4

◆

� =
µI

m⇡
Control parameter Phase transition at γ = 1

BEC of pions



µI/mπ

ε/
ε S

B
2 + 1 flavors pQCD

L = 16
L = 20
L = 24

χPT

Lattice QCD simulations  

pQCD
T. Graf, et al.  
Phys. Rev. D 93, 085030 (2016)

✏SB =
NcNf

4⇡2
µ4
I

𝟀PT
S. Carignano, A. Mammarella, MM   
Phys.Rev. D93 (2016) no.5, 051503 

W. Detmold, K. Orginos, and Z. Shi,  
Phys. Rev. D86, 054507 (2012)  

factor ⇠ 1
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ε S

B
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L = 16
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L = 24

χPT

Lattice QCD simulations  

pQCD
T. Graf, et al.  
Phys. Rev. D 93, 085030 (2016)

✏SB =
NcNf

4⇡2
µ4
I

𝟀PT
S. Carignano, A. Mammarella, MM   
Phys.Rev. D93 (2016) no.5, 051503 

W. Detmold, K. Orginos, and Z. Shi,  
Phys. Rev. D86, 054507 (2012)  

factor ⇠ 1

16
missing

𝟀PT gives an ANALYTIC expression for the peak

µpeak
I,LQCD = {1.20, 1.25, 1.275}m⇡ µpeak

I,�PT = (
p
13� 2 )1/2m⇡ ' 1.276m⇡

14

Energy density
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NJL cutoff effect

NJL
𝟀PTLQCD

Pion and chiral condensates

The three methods
agree where they are 
supposed to work

More work to be done
at large isospin

Brandt+ Phys. Rev. 2018, D 97, 054514

M.M. Particles 2 (2019) no.3, 411-443 
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Phases of hadronic matter

Tc

T

µI

m⇡

quark-gluon
plasma

µB

hadronsgas

pion condensed
phase

color
superconductors

Heavy-Ion  
Collisions

Compact Stars
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Supersolid of pions

    F. Canfora, S. Carignano, M. Lagos, MM, A. Vera, Phys.Rev.D 103 (2021) 7, 076003
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Boundary conditions
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Classical equations of motion
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a = ℓμI + pWhere
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Radial field behavior
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The topological charge protects the soliton from decay 

Topological charge



Topological charge

The topological charge depends on the boundary conditions.

Bm = 1 Bm = 2B = 1 B = 2



Topological charge

The topological charge depends on the boundary conditions.

Periodic structure of baryons in a superfluid of charged pions: a supersolid-like structure
We have to prove that it is rigid. 

Bm = 1 Bm = 2B = 1 B = 2



Outlook

• Add fluctuations on the top of the background  

• Do pions mediate the interaction between solitons? 

• Study of shear waves 

• Numerical solutions or more general modulations 

• Add vector bosons 

25



Conclusions

26



Conclusions

The meson condensed phase is a portal to QCD 

26



Conclusions

The meson condensed phase is a portal to QCD 

It may be realized in compact stars or in exotic stars

26



Conclusions

The meson condensed phase is a portal to QCD 

It may be realized in compact stars or in exotic stars

Inhomogeneous phases can be linked to baryons
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Thanks for 
your attention!

massimo@lngs.infn.it

mailto:massimo@lngs.infn.it
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Alternative descriptions
Why is the theory so complicated? 
Pions are no more  charge conjugate fields, they mix etc..  

At the lowest order in derivatives and close to the phase transition
mapping to a Gross-Pitaevskii Lagrangian

LGP = f2
⇡m

2
⇡ + i ⇤@0 + µe↵  

⇤ � g

2
| ⇤ |2 +  ⇤ r2

2M
 

µe↵ =
µ2
I �m2

⇡

2µI
, g =

4µ2
I �m2

⇡

12f2
⇡µ

2
I

, M = µI

S. Carignano,  L. Lepori, G. Pagliaroli, A. Mammarella and 
M.M  Eur.Phys.J. A53 (2017) no.2, 35
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h ̄ i

h ̄�2�5 i

µI < m⇡

µI = 0

µI > m⇡

µI � m⇡

hūui = hd̄di / cos↵

hd̄�5u+ h.c.i / sin↵

The condensate is “rotated” 

Scalar condensate

Pseudo scalar condensate

Depicting the pion condensation
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Phase diagram 
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