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EMT and mass

Matrix elements of EMT

Translational invariance: 〈p′|Tµν(x)|p〉 = e i(p
′−p)·x〈p′|Tµν(0)|p〉

=⇒
∫
d3x〈p′|T 00(x)|p〉 = (2π)3δ(3)(p − p′)〈p′|T 00(0)|p〉

H =
∫
d3xT 00(x) – Hamiltonian

Covariant normalization: 〈p′|p〉 = 2Ep(2π)3δ(3)(p − p′)

=⇒
∫
d3x〈p′|T 00(x)|p〉 = 2E 2

p (2π)3δ(3)(p − p′)

=⇒ 〈p|T 00(0)|p〉 = 2E 2
p

Lorentz invariance: 〈p|Tµν(0)|p〉 = 2pµpν , 〈p|Tµ
µ(0)|p〉 = 2m2

Rest frame & nonrelativistic normalization 〈p′|p〉 = (2π)3δ(3)(p − p′)

=⇒ 〈0|Tµ
µ(0)|0〉 = m, 〈0|T 00(0)|0〉 = m
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EMT trace anomaly

Tµν
0 = [Tµν ]R – symmetric & conserved EMT tensor, it is not

renormalized

EMT trace in gauge theories (QED, QCD, etc.) is anomalous

Tµ
0 µ = (1 + γm(e0))ψ̄0m0ψ0 + β(e0)

2e0
F 2

0 = (1 + γm(e))[ψ̄mψ]R + β(e)
2e [F 2]R

QED: β(e)/2e = α/6π, γm(e) = 3α/2π

Reminder: standard mass renormalization

Renormalized perturbation theory, dimensional regularization
(d = 4− ε)

L = −1

4
F 2 + ψ̄(i /∂ −m)ψ − µ ε

2 eψ̄ /Aψ,

δL = −1

4
δZ3F

2 + ψ̄(iδZ2/∂ − δm)ψ − µ ε
2 eδZ1ψ̄ /Aψ,

L+ δL = −1

4
Z3F

2 + iZ2ψ̄ /∂ψ −mZmψ̄ψ − eZ1µ
ε
2 ψ̄ /Aψ
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Reminder: standard mass renormalization

L0 = L+ δL = −1

4
F 2

0 + ψ̄0(i /∂ −m0)ψ0 − e0ψ̄0 /A0ψ0

Renormalization constants

Z1 = 1 + δZ1, Z2 = 1 + δZ2, Z3 = 1 + δZ3

mZm = m(1 + δZm) = m + δm, m0 = mZmZ
−1
2

δm = m −m0 = m −mZmZ
−1
2

One-loop counterterms

δm(2) ≡ mδZ2 − δm = Σ(m) = 3α
4πm

[
2
ε − γ + ln(4π) + ln µ2

m2 + 4
3

]

δZ2 = Σ′(/p = m) = − α
4π

[
2
ε − γ + ln(4π) + ln µ2

m2 + 2 ln λ2

m2 + 4
]

One-loop mass renormalization δm(2) = Σ(m)

=
m

+ −
m δm

i

Σ(m)
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Mass matrix element of EMT trace

T ≡ 〈0|Tµ
µ(0)|0〉 should be equal mass

Tµ
µ = (1 + γm(e0))ψ̄0m0ψ0 + β(e0)

2e0
F 2

0 – EMT trace

β(e0)
2e0

F 2
0 does not contribute to the matrix element in one-loop

approximation

One-loop approximation:

T ≈ 〈0|(1 + γm)(m − δm(2))ψ̄0ψ0|0〉

= m + mδZ2 − δm(2) + mγm + Γm(m)

Γm(m) – one-loop diagram for the scalar vertex mψ̄ψ

Γm(m) = α
4πm

{
8
ε − 4γ + 2 ln λ2

m2 + 4 ln µ2

m2 + 2 + 4 ln(4π)
}

=⇒ T = m by direct calculation
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What is the connection between two sets of diagrams?

Observation from two analytic expressions for mass

Σ(m) = Γm(m) + mδZ2 + γmm

Why this relationship holds?

Equivalent question: Why two different sets of diagrams coincide?

mδZ2Γm(m)
+ +

γmm
i

Σ(m)

=

Self-energy and scalar vertex

Taylor series:

Σ(/p) = Σ(/p = m) + (/p −m)Σ′(/p = m) + O((/p −m)2)

= δm(2) + (/p −m)δZ2 + O((/p −m)2)
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Self-energy and scalar vertex

Differentiate with respect to m at /p = m =⇒

m
dΣ(/p)

dm |/p=m
= m

dΣ(/p = m)

dm
−mΣ′(/p = m)

m d
dm

(
1

/p−m

)
= 1

/p−mm 1
/p−m =⇒ m dΣ(p)

dm = Γm(p)

i
Γm(p)Σ(p)

m d
dm

( )

=

Then

m
dΣ(/p)

dm |/p=m
= m

dΣ(/p=m)

dm −mΣ′(/p = m)

=⇒ Γm(m) + mδZ2 = m
dΣ(/p=m)

dm

i
Γ(m)Σ(m)

m d
dm

( )

= +

mδZ2
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Self-energy and mass anomalous dimension

Another perspective on m
d(Σ(/p=m))

dm ≡ m d(δm(2))
dm ?

But δm(2) = m −m0 ≈ −mδZm + mδZ2

=⇒ m d(δm(2))
dm = δm(2) + m

(
−m dδZm

dm + m dδZ2
dm

)

= δm(2) + m
(
µdδZm

dµ − µdδZ2
dµ

)
= δm(2) + µ d

dµ (mδZm −mδZ2)

= δm(2) − µdδm(2)

dµ

Recall γm = −µdδZm
dµ + µdδZ2

dµ

=⇒ m d(δm(2))
dm = δm(2) − µdδm(2)

dµ = δm(2) − γmm

i
Σ(m)Σ(m)

m d
dm

( )

= −
γmm

i

It worked because functionally δm(2) = mf (m/µ)
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Self-energy and EMT matrix element

Graphically we have shown

i
Σ(m)Σ(m)

m d
dm

( )

= −
γmm

i

and

i
Γ(m)Σ(m)

m d
dm

( )

= +

mδZ2

Combing two graphic relationships we obtain

mδZ2Γm(m)
+ +

γmm
i

Σ(m)

=

or analytically

Σ(m) = Γm(m) + mδZ2 + γmm

This explains how it happens that 〈0|Tµ
µ(0)|0〉 = m
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We expect similar relationships to hold beyond one-loop and thus
justify the equality of the standard mass renormalization and the
matrix element of the EMT trace

Thank you!
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