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Outline
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❖ Lorentz invariance violation (LIV)
❖ Time of flight
❖ Suitable sources for LIV studies

❖ Mrk 421 and used VHE gamma-ray flare
❖ Binned likelihood
❖ Results

Jelena Strišković (UniOs)

Credit: Urs Leutenegger
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Motivation

Jelena Strišković (UniOs) /163

❖ Quantum gravity (QG): fundamental incompatibility issues 
between general relativity and quantum field theory

…String theory Space-time foam Loop quantum  
gravity

Brane-world 
backgrounds

allow for 

Lorentz invariance violation (LIV)

Constraints on LIV using the flare of Mrk 421 in 2014
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Expected energy scale of QG

Jelena Strišković (UniOs) /164

Cosmic rays Neutrinos Gamma rays

❖ Planck energy (~1028 eV)
❖ Vastly above the highest energies accessible in human-built 

accelerators 

❖ Huge cosmological distances→ cumulative effect
Constraints on LIV using the flare of Mrk 421 in 2014
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Lorentz invariance violation
❖ Modified photon dispersion relation: 

❖ Energy-dependent photon group velocity:

Jelena Strišković (UniOs)

minuscule effects 

E2 = p2c2 × 1+
∞

∑
n=1

Sn ( E
EQG,n )

n
n = 1 linear contribution 

n = 2 quadratic contribution 

vγ =
∂E
∂p

≃ c 1 +
∞

∑
n=1

Sn
n + 1

2 ( E
EQG,n )

n

      superluminal behaviour
 subluminal behaviour

Sn = + 1
Sn = − 1

/165Constraints on LIV using the flare of Mrk 421 in 2014
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❖ Energy-dependent time delay:

❖ Distance contribution:

Jelena Strišković (UniOs)

κn(z) ≡ ∫ z
0

(1 + z′ )n

Ωm(1 + z′ )3 + ΩΛ

dz′ 

Time of Flight

U. Jacob and T. Piran (2008) 
arXiv:0712.2170

/166

Δtn ≅ − Sn
n + 1

2
En

H0En
QG,n

⋅ κn (zs) ≡ ηn × En

−Sn
n + 1

2
κn (zs)

H0En
QG,n

Constraints on LIV using the flare of Mrk 421 in 2014

Terzić et al. (2021) 
arXiv: 2109.09072

http://www.fizika.unios.hr/en


 Jelena Strišković (UniOs)

VHE gamma-ray sources suitable for LIV studies

GRB 190114C

Artist interpretation of an AGN 
E. Ampezzi, B. Del Piccolo, C. Schiavo  and E. Prandini

Artist interpretation of a GRB
ESA

Artist interpretation of a pulsar 
Roen Kelly/Discover

Crab
Vela

Active Galactic Nuclei Gamma-ray bursts Pulsars

Mrk 501, Mrk 421  
PKS 2155-304 
PG 1553+113

Emax ∼ 1 TeVEmax > 10 TeV
tvar ≳ 1 min
zs ≲ 1

Emax ≲ 0.1 TeV Emax ∼ 1 TeV
tvar ∼ 1msec − 1 min
zs ∼ 0.01 − 8.2

tvar ∼ 1 msec
∼ 1 kpc

/167Constraints on LIV using the flare of Mrk 421 in 2014

https://arxiv.org/abs/2110.13268
https://www.esa.int/Science_Exploration/Space_Science/Integral/ESA_s_Integral_detects_closest_cosmic_gamma-ray_burst
https://www.discovermagazine.com/technology/getting-to-know-pulsars-the-lighthouses-of-the-cosmos
http://www.fizika.unios.hr/en


 

Mrk 421 flare used in this study

Jelena Strišković (UniOs)

❖ Active galactic nucleus at z = 0.031
❖ First source detected in VHE 

gamma ray band
❖ Monitoring observation on the 

night of April 25th to 26th 2014 
(MAGIC)
❖ Good atmospheric conditions

❖ After data quality cuts ~ 9000 
events > 100 GeV in the signal 
region → ~7% expected 
background contamination 

/168

A. A. Abdo et al. (2011) 
arXiv: 1106.1348

Constraints on LIV using the flare of Mrk 421 in 2014
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Spectrum and Light Curve

Jelena Strišković (UniOs)

❖ The resultant spectrum:

❖ Excess counts considering all events above 100 GeV:

/169

ϕ(E) = A ( E
E0 )

−γ−β log( E
E0 )

Preliminary

γ = 2.11 ± 0.03

β = 0.119 ± 0.014

Constraints on LIV using the flare of Mrk 421 in 2014
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LIV analysis: unbinned likelihood method

Jelena Strišković (UniOs)

❖ Standard, unbinned likelihood:

❖ Obtaining intrinsic properties poses a considerable challenge:
❖ The selection of the interpolation algorithm or the function intended for fitting 

to the low-energy LC points is somewhat arbitrary and challenging to justify.

❖ After obtaining the LC template, it becomes difficult to incorporate the 
Poissonian uncertainties

/1610

ℒ (ηn) =
N

∏
i=1

P (Ei, ti ∣ ηn)

Constraints on LIV using the flare of Mrk 421 in 2014

http://www.fizika.unios.hr/en


 

LIV analysis: binned likelihood method

Jelena Strišković (UniOs)

❖ Novel, binned likelihood:

❖ Poissonian term:

/1611

𝒫(s, b) =
(s + αb)NON

NON!
e−(s+αb) bNOFF

NOFF!
e−b

Constraints on LIV using the flare of Mrk 421 in 2014

ℒ =
N1

∏
i=1

N2

∏
j=1

𝒫 (si,j, bi,j ∣ NON,i,j, NOFF,i,j)

Expected signal 
 counts

The observed 
 counts in ON region

Expected background 
 counts

The observed 
 counts in OFF region

http://www.fizika.unios.hr/en


 

LIV analysis: binned likelihood method

Jelena Strišković (UniOs)

❖ The expected signal counts si,j for the i-th time bin and j-th 
energy bin:

/1612

si,j = ∫ΔEj

dE
N1

∑
k=1

∫ dE′ EBL (E′ ) ϕk (E′ , μ) IRFi (E, E′ ) Δti,k (ηn ⋅ E′ )

j-th energy bin EBL absorption  
(as a function of true energy)

Intrinsic flux per energy and time in the k-th time bin 

Instrument  
response function

Time-width migration  
for the i-th bin  

relative to the k-th one 

For us: log-parabola function in energy with parameters γ and β constant in time 
γ = 2.11 ± 0.03

β = 0.119 ± 0.014

Constraints on LIV using the flare of Mrk 421 in 2014

http://www.fizika.unios.hr/en


 

Time dependence of SED parameters 

Jelena Strišković (UniOs)

❖ Comparison of the log-likelihood ratios as a function of ηn for 
both the constant and time-varying SED parameters scenarios:

❖ SED parameters constant in time → relaxing this assumption 
→ variations in the derived lower   limits on the QG energy 
scale by ~ 8-45% in the linear scenario and 9-22% in the 
quadratic case. 

/1613

PreliminaryPreliminary

Constraints on LIV using the flare of Mrk 421 in 2014
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Results (with systematics)

Jelena Strišković (UniOs)

❖ After taking into account number of bins (70 bins in time and 
10 bins in energy), energy scale, background normalisation, 
cosmological model, time dependence of SED parameters:

/1614Constraints on LIV using the flare of Mrk 421 in 2014

http://www.fizika.unios.hr/en


 

Lower bounds on the LIV energy scale obtained with ToF method

Jelena Strišković (UniOs)

❖ Lower limits on the QG energy scale as reported in prior studies 

/1615Constraints on LIV using the flare of Mrk 421 in 2014

http://www.fizika.unios.hr/en


 

Conclusions

Jelena Strišković (UniOs)

❖ The null hypothesis of no spectral lag is compatible with the 
observation

❖ By setting  we get according to the Wilks’ 
theorem the 95% upper limits on the spectral lag parameter → 
lower limits on the QG energy scale

❖ Results align with the previous constraints using IACTs
❖ Our limits are more robust since they do not depend on 

defining a LC template → fully integrating Poissonian 
statistics

−2Δ log ℒ = 3.84

/1616Constraints on LIV using the flare of Mrk 421 in 2014
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MAGIC telescopes

Jelena Strišković (UniOs)

MAGIC

LST-1

❖ Imaging atmospheric Cerenkov 
telescopes

❖ Optimised for gamma-ray 
observations between ~10 GeV and 
~100 TeV

❖ 2200 m a.s.l. at La Palma 

Constraints on LIV using the flare of Mrk 421 in 2014



 

The time-width migration

Jelena Strišković (UniOs)

❖ Matrix that considers the  intrinsic flux contribution from the 
k-th bin to the i-th one, factoring in the LIV-induced delays

❖ Trivial example in case with: η1 = 0 s/TeV: 

❖ Trivial example in case with: E’=1 TeV and η1 = 1 s/TeV: 

Constraints on LIV using the flare of Mrk 421 in 2014

http://www.fizika.unios.hr/en


 

ON/OFF regions

Jelena Strišković (UniOs)

F

ON region

OFF region

Source

ON region
OFF region

Caution!!

Field of  
view

Field of  
view

Field of  
view

0.4 deg

Center of the camera

p(s)
i =

NON − αNOFF

NON

p(b)
i =

αNOFF

NON

ON/OFF 
normalisation



 

Systematic uncertainties

Jelena Strišković (UniOs) Constraints on LIV using the flare of Mrk 421 in 2014



 

Results (no systematics)

Jelena Strišković (UniOs)

❖ 70 bins in time (on a linear scale) and 10 bins in energy (on a 
logarithmic scale)

❖ Log-likelihood ratio with no systematics:

PreliminaryPreliminary

Constraints on LIV using the flare of Mrk 421 in 2014
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Image parameters

Jelena Strišković (UniOs) Constraints on LIV using the flare of Mrk 421 in 2014



 

Unbinned maximum likelihood analysis
❖ Likelihood function for observed number of events in the signal 

region: 

❖ Probability distribution function: 

Jelena Strišković (UniOs)

ℒ (ηn) =
NON

∏
i=1

p(s)
i

f (s) (Ei, ti)
∫ Emax

Emin
dE ∫ tmax

tmin
f (s)(E, t)dt

+ p(b)
i

f (b) (Ei, ti)
∫ Emax

Emin
dE ∫ tmax

tmin
f (b)(E, t)dt

F(t) - observed light curve (LC); 
LC template 

observed spectral distribution of gamma rays

energy resolution and bias collection area

p(s)
i =

NON − αNOFF

NON
p(b)

i =
αNOFF

NON

f (s)(E, t) = ∫
∞

0
F (t + ηnEn

true) Φobs(Etrue)G (E, Etrue) Aeff (Etrue, t) dEtrue

ON/OFF 
normalisation

Constraints on LIV using the flare of Mrk 421 in 2014


