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Motivation: the Boltzmann equation

e How much dark matter (or anything else) is there?

. __ NngHoooMn
o +3Hn, ==Y Cfi_ g o (00)ijf g {nmj — nin; M}

s ng ... Nfp
_ Mg ...ny
- Z Cfﬂfr-»fF <F>iﬂfl~-fF |:n2 — M = - F]
s ng - -Nfp
where 3
n, n — number density and | ;;: s
equilibrium number density T >
H — Hubble parameter
- . . .
C'L.(j)*’fl---fF combinatoric factors _ (see the backup
(o) — thermally averaged cross section slides for details)
(T) — thermally averaged decay width
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Motivation: the Boltzmann equation

e How much dark matter (or anything else) is there?

o0
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@ problem: in multi-component DM scenarios
(ow) is sometimes singular!

/Y (D) Buiseanul

example: L
Py p_ / m/-[‘-
[GeV]
Mx My, My_ M, (ov)
90 130 30 160 finite nmerical-errors?

70 130 30 160 singular

physics, actually!
X hy 70 130 80 160 finite

(VFDM model: A. Ahmed et al., Eur.Phys.J.C 78 (2018) 11, 905 )
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t-channel singularity: definition

p1 p3
_—
my ms3
M lp:pl—p:s MN# t:p2
t— M2’ N
mo my
_—
P2 P4

t=M? = singular matrix element
= infinite cross section

@ IR regularization not applicable if M > 0 massive, stable

. . mediator required
@ Dyson resummation not helpful if I' =0 i
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t-channel singularity: examples

SM: muon colliders SM: weak Compton scattering
pt ——e s 7 ~AAAA—— o
YVu Ve e A
[T

e — P —~ N
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2 < 2 process: when does the t-channel singularity occur?

P1 P3
—_— —>
m ——— 5 M3 1

M~ —
t— M?
t=p* = (p1 —p3)?
s=(p1+p2)® = (p3+pa)°

M lp:m—p:&

—_— —>
P2 P4

e singularity: t = M? (massive, stable mediator required)

@ cross section o thermally averaged cross section
i) g N
o(s) D "l " m/} (ov)(T) D /0(5) f(E1, By, T)ds

min
~ o P

@ singularity condition

tmin(s) < M? < tmax(S)

toin = m2 + mg — 2F1 E5—2|p1||ps] tmax = M2 + m% — 2F1 E5+2|p1||ps]
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2 < 2 process: when does the t-channel singularity occur?

@ singularity condition

tmin(5) < M? < tmax(s)

tmin = M3 +m3 — 2E1 E3—2|p1||ps| tmax = M3 +m3 — 2E1 E3+2|p1||ps|
e in terms of the CM energy (1/s) as?+Bs+y
tmin<M2<tmax
2 !
tmin(s) <M* < tmax(s) | as?+Bs+y<0

= S1 < s < 892

—BFVB%—day
2

[e3
a, B, v — functions of m1, ma, ms, myg and M

S1,2 =
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example: weak Compton scattering

a[pb]
A
s=s1|
102}
10" i
1007 § 1/2
115 120 125 > s [GeV]
z
e~ — Le =
.
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2 < 2 process: when does the t-channel singularity occur?

@ singularity condition:

tmm( ) < M2 < tmdx( )

tmin = mf + mg — 2E1E3—2|p1||ps| tmax = mf + m§ — 2E1 E3+2|p1||ps|
e in terms of the CM energy (/s): as?+Ps+y
tmin<A/12<tmax
2 : !
tmin(5) < M < tmax(s) | as’+Bs+y<0

& S <s< S8y

_ —[34=\/ 12 4a'y

51,2 =
o, B,y - functions of m1 mg mg, myg and M

e thermally averaged cross section «— integration over \/s € [/Smin, 0)
(weighted by thermal distribution functions)

@ conclusion for the cosmological case:

if s3> Smin = max{(my +mz)?, (m3 + maq)?},
singularity in the allowed range = (ov) =00
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52

_ =B+ VB —day
- 2c¢

«, B, v — functions of m1, ma, ms, m4 and M

if 85 > Smin = max{(my +ms)?, (ms +my)?}, singularity in the allowed range

ms

)

mq > M + mg and my > M 4+ mo

or

mo > M + my and ms > M + my

ma

& Coleman-Norton theorem My
S. Coleman & R. E. Norton, Nuovo Cim 38, 438-442 (1965)

"It is shown that a Feynman amplitude has singularities on the physical boundary if and only if the relevant
Feynman diagram can”be interpreted as a picture of an energy- and momentum-conserving process occurring
in space-time, with all internal particles real, on the mass shell, and moving forward in time”

note: one of the external states decays,
so it cannot be an asymptotic state
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Coming back to our example. ..

@ condition for the singularity to occur:

My, > X + My, _ and mp, > 2mx

Yy Yo

[GeV]
mx My, My My, (ov) Yy —V_X hy— XX
90 130 30 160  finite allowed forbidden
70 130 30 160 [ singular  allowed allowed |
X Yh 700130 80 160  finite forbidden allowed
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Known approaches to the problem

@ complex mass of unstable particles I. Ginzburg, Nucl.Phys.B Proc.Suppl. 51 (1996) 85-89
o finite lifetime of the particle should affect the wavefunction
© pr — Pr =Pk + i) (I'k)
o problem: (p1 — p3)? # (ps — p2)? = lack of symmetry

@ finite beam width
224y2

G. L. Kotkin et al., Yad. Fiz. 42 (1982) 692
— . G. L. Kotkin et al., Int. Journ. Mod. Phys. A 7 (1992) 4707
o n(z,y) ~e 2a2 #1 K. Melnikov & V. G. Serbo, Nucl.Phys. B483 (1997) 67
. C. Dams & R. Kleiss, Eur.Phys.J.C29 (2003) 11
= momentum uncertainty C. Dams & R. Kleiss, Eur.Phys.J. C36 (2004) 177
o final results proportional to the width:
JdtM|* ~a
o works for colliders, but inapplicable in the cosmological context

my

—— density profile along x (a.u.)
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Let us reconsider Dyson resummation...
iA —  iA© iAO) iAO) iA©) iAO ZA ©
,,,,,, = _=___ + /= =__ + /= =
p p p @ p @

assumptions: |II| small, p? ~ M?

1 1
Scalar: m — m
+ M + M
fermion: % — 4
p?—M p?— M2+ T [P
_ y + PuPv y + I)upu
vector: 9#7]\42 — —9n p—
p - p2 _ M2 + 3 (_g,uu + Ppé’ ) HHV
SII
+M
= regulator: Y=4S (Tr VT HD
ofi (o452
problem: ¥ % decay width
opt. t

= no regularization for a stable mediator, but...
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@ early Universe = hot gas

@ every particle interacts with a thermal medium
@ the mean life time cannot be infinite = effective width
@ QFT in a thermal medium: Keldysh-Schwinger formalism

vacuum early Universe
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One-loop self-energy

warning: hereafter, m; and mgy
are masses of the loop
states

@ one-loop contribution to mediator’s self-energy
M M

ill(z,y) =il (z,y) Aly) iAs(y, z) Alz)

@ non-zero imaginary part of the self-energy appears as a result of interactions
with the thermal medium of particles

mediator + thermal bath thermal bath 1
particle ®\ f
unstable intermediate state 2 @/“‘e”“"‘ b‘”k@
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Calculation of the one-loop self-energy

@ one-loop contribution to the self-energy

il(z,y) =il (z,y) Ay) ila(y, x) A(z)

thermal bath 1

M L m L M
M7 )
2 2
thermal bath

@ non-zero imaginary part of the self-energy appears as a result of interactions
with the thermal medium of particles

) d4k sym sym -
(. 7) = 5 [ g [AT () ANT™ (. T) A+ AY™(5.T) A (k=) A

A (k,T) = —(5(E1 — ko) +6(E; + ko)) x [2m; f(E;,T) — 1] x (numerator)

tor)

A% () = (numera E; = \/ﬁ»

7 (p) p? —m? +isgn(po)e’ o
FE,T) = (e®/T 4 ;)71 , ni = +1 for fermions, —1 for bosons
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after tedious calculations... (assumption: m; > mg + M)

S(|pl,7) = SI(|p|. T)
1 Xy e Bb=a)eBEy (1 — 6’25“) (1 — N1M2 e’ﬁEP)

= Tor gp] |1 T (1 + 11 e~ B0 (1 + 1 e—BO+a) BEy)
2 .02 372)1/2 2 2 2
aE/\(ml’;njaéw)/ Ipl p="1" M2 1A _;E;M Ey, E, =+/p?+ M?
Ami,m3, M?) = [m] — (mz + M)?] [m} — (may — M)?]
1 scalar
1; = +1 for fermions, —1 for bosons , Xo=m2 [M|iec x {1/2 fermion
1/3  vector

effective width:
Ler(|pl, T) = M~'2(|p|, T)
I
Breit-Wigner propagator:
1 1
(=277 7 (t= M7+ MTe([pl. 1)?
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Result discussion: general properties

¢=Bb=0) BB, (1 ¢=260) (1 — iy —5F0)
(1 +m e_ﬁ(b_“)) (1 + 12 e‘ﬁ(b"ra)eﬁEp)

m? —m3 + M? 5
WE P
A(mi,m3, M?) = [m] — (ma + M)?] [m} — (ma — M)?]

a= Ip|, b= E,=+vp?+ M?

1 scalar
1; = +1 for fermions, —1 for bosons , Xo=n9|M|jec x {1/2 fermion
1/3  vector

observations:

o b>a-+ E,, since E, > |p| and m? —m3 — M? > \!/2
a>0and £, >0
a, b and E, do not depend on T

sgn(logarithmic part) = 1y = sgn(Xy) = >0
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Result discussion: limiting cases

e~ P=a)ehEy (1 - 6’25“) (1 — MmN efﬁEp)
(1 +m e—ﬁ(b—a)) (1 + 12 e—ﬁ(b+a)eﬁE,,)

%(|pl,T)

1+

1 X
=— ——1n
167 S|p|

@ my = mgy + M (no decay)

A(mi,m3, M?)'/2

“ 2 M2

lp| — 0O = X—0

@ 3 — oo (zero temperature) or p — 00

ﬁa7ﬂbaﬂE])_)OO = ln[1—|—}—>0 = =0

* minimal energy E> needed to produce particle 1
on-shell increases with |p|

1
= statistical suppression M A A M
thermal bath

* zero temperature <> no medium: f(E,T) — 0

e p — 0 (mediator at rest)
Xo  A(mi,m3, M*)'V2 mpe” P07 (1= mumpe™ M) g
.
167 M M? (14 nre=Pb) (14 noe=Albo=M)) result
by = (m} —m3 + M?)/(2M) > M
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Numerical example: effective wid

effective width of particle X

§ mx =70 GeV  (upper plot)
,_% ,"A My, = 130 GeV My, = 30 GeV
s T
107 i & mp, = 125 GeV mp, = 160 GeV
o
10015 N gz = 0.1 sina = 0.1
10-12 . . . . T g
0 200 400 600 800 1000
Il [GeV]
(A) effective width of particle X (A ,hl N
My < 0.5 mp, (OB)S © // .
e My < mg. = my. X . X
0 e ——] W
------------- -
| T=20GeV !
= 10~ H
3" e : X
S 10 T=10GeV ; ’ (B) ha
[ L L g SN
ol x VX
----- =
3 W
10-10E" %E
ol Tig Ipl = 20 GeV X
%0 60 70 80 %0 100 (©) Y+
my [GeV] X X
VFDM model: A. Ahmed et al., Eur.Phys.J.C 78 (2018) 11, 905 o
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Numerical example: thermally averaged cross section

hy P
(ov)12-34(T) = /d<1>1 d®; f(Ey, By, T)
2m)4 6™ (p1 + p2 — p3 — pa)
x [ d®s dDd, |M|? (
/ 3404 [Mlgec (t — M2)2 + M2 Te(|p|, T)2

: do; = ﬂ — phase-space element
ha " (2m)3 2E;
cross section A thermally averaged
102 s=s; for w.X - w_hy =, 101} cross section for
_ 102} W+X - W-hz

& S 43l

h 10

3 S

; § 10—4 L
1075 L

L 10

-7 N N N N N N ,»
> 10750715 20 25 30 35 40
T[GeV]

10710 —— unregularized
. |

0 20 40 60 80
IPCml [GeV]

‘ note: results still huge!
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@ t-channel singularity of (ov) occurs if

o the process can be seen as a sequence of decay and fusion processes

ms

M —

my

ma

L iy

o the mediator is massive and stable

@ the singularity is present both in SM and BSM physics e 4

@ known approaches are either unsatisfactory or inapplicable

@ interactions with the medium result in a non-zero M
effective width that regularizes the singularity
(but the result is still huge)

thermal bath

o the effective width depends on temperature and mediator's momentum
(momentum transfer) and behaves in an expected, natural way

Fer = Lesr (T, |P|)
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@ t-channel singularity of (ov) occurs if

o the process can be seen as a sequence of decay and fusion processes

ms
N
O\} m]) ——5— M3
S
\Q’b(\ M — ma
X ma L My
o the mediator is massive and stable P _
4 > €
@ the singularity is present both in SM and BSM physics e 4
e” —— 7

@ known approaches are either unsatisfactory or inapplicable

@ interactions with the medium result in a non-zero M
effective width that regularizes the singularity
(but the result is still huge)

thermal bath

o the effective width depends on temperature and mediator's momentum
(momentum transfer) and behaves in an expected, natural way

Fer = Lesr (T, |P|)
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BACKUP SLIDES



Kolb & Turner, The Early Universe

BOlthann equatlon detalls Gondolo & Gelmini, Nucl.Phys.B 360 (1991) 145-179
ng ... TLfF:|

{n n; — NNy

nm+3Hn93_ Z Cljﬁfl IF <O'U>L7‘>7tl fF =
o nfl e Nfp
_ Ng . Nfp
- — >L~>f o fF |:nz — N, __]
1; el o Mfy - Mfp
n, . — number density and equilibrium number density
H — Hubble parameter
combinatoric factors:
p :5ix+5jx75f1x7"'75fF$ @ =6 —8¢ . — -4
ij—fi.. fr = 1 +5ij ) i—fi...fr — YT frz T frz

thermally averaged cross section and decay width:

9i9; [ &*pi d’p, -
(OV)ijmsfyofr = nzn]j/(27r) (QW)J Fi) F5(pj) Vij Tijm o for e

dp;
(Cliefrfornsfr = E @ )l filp z) L
— equilibrium distribution function (Bose-Einstein or Fermi-Dirac)

— internal degrees of freedom 12
[(pip;)? — mim]]

Q
S
N~—

Mgller velocity: v;; = \/(Vz — Vj)2 —(vi x Vj)2 = EE,
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Values of sq, s9 in terms of masses

@ in terms of the CM energy (/s):

as’+Bs+y

fmin < M? < tmax

tmin(5) < M? < tax(s)
< S < s < 89

L= “BFVE 4o
c 20

| as?+PBs+y<0 |

S1

a= M?
B =M* = M*(mf +mj +m3 +mi) + (mf —m3)(m3 —mj)

¥ = M?(mi — m3)(m3 — mi) + (mimj — mimg)(m} —m3 — m3 + m3)
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Known approaches to the problem

— Complex mass Of unsta ble particles I. Ginzburg, Nucl.Phys.B Proc.Suppl. 51 (1996) 85-89

ms

mq

mo

idea: finite lifetime should affect the wavefunction

@ at rest: gimit _, gimit—Tht
o — I
= et my=my|1+i—
mi

- I
@ after Lorentz boost: p; — p1 =p1 (1 + zl>
my

— problem: (py — p3)? # (P4 — D2)? = lack of symmetry

(momentum conservation...)
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. L. Kotkin et al., Yad. Fiz. 42 (1982) 692

Known approaches to the problem B e 7 c1052) o7

Melnikov & V. G. Serbo, Nucl.Phys. B483 (1997) 67

— finite beam width . Dams & R. Kleiss, Eur.Phys.J.C29 (2003) 11

. Dams & R. Kleiss, Eur.Phys.J. C36 (2004) 177

idea: at colliders, the beams have finite size

4

they should not be treated as plain waves

example:

Gaussian beam moving along z axis

a>2+y2
n(z,y) ~e  2a2 a — beam width

—— density profile along x (a.u.)

/ dt /a3 e~ 2 d®k dt
—
[t — M? + ie|? (2m)3/2 (t—M?2+ie—r-q)(t — M? —ie+r-q)

Ta |:E3 :|
~ T 4= |-P1—P3
] Ey t=M?

— problem: inapplicable in cosmological context
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Process of interest in relation to other diagrams

o self-energy cut

2 m3 m3
may —— M3
mq mi
M —
M M
ma2 — My
mo 1+ My
l
@ part of a larger diagram
mq mso
my —— M3 TIYY weeeeees
A *
M C A
M
mo 7 T m:;
mg3 my
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