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the multiplicities of positively charged hadrons as a
function of P2

hT fitted using F1. The values of the fitted
parameters are given in Table V. As described above for
Ref. [10], the two exponential functions in our paramet-
rization F1 can be attributed to two completely different
underlying physics mechanisms that overlap in the region
P2
hT ≃ 1 ðGeV=cÞ2. Figure 18 shows, as an example,

multiplicities of positively charged hadrons as a function
of P2

hT, measured at hQ2i ∼ 1.25 ðGeV=cÞ2 for two bins of
x with average values hxi ¼ 0.006 and hxi ¼ 0.016, in the
four z bins. The values of the fitted parameters are given in
Table V. Only statistical uncertainties are shown and used in
the fit. Values of χ2dof of about 1 are obtained in all (x,Q

2, z)
bins, except for a few (6 out of 81) bins, where values as
small as 0.52 and as large as 2.52 are obtained. The
normalization coefficients N1 and N0

1 are found to have a
strong variation with x and z and a rather weak variation
with Q2, reflecting the (x, Q2) dependence of collinear
PDFs and the z dependence of collinear FFs. The inverse
slope α1 has an average value of about 0.23 ðGeV=cÞ2 for
Q2 < 3 ðGeV=cÞ2 and about 0.28 ðGeV=cÞ2 for larger
values of Q2. Its dependence on z2 is discussed below
using Fig. 19. The inverse slope α01 has an average value of
about 0.6 ðGeV=cÞ2 and shows a rather weak variation
with x and Q2.
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FIG. 17. Multiplicities of positively chargedhadrons as a function
of P2

hT for hQ2i ¼ 1.25 ðGeV=cÞ2, hxi ¼ 0.006 and hzi ¼ 0.25.
The black dotted curve represents the first exponential function
f1¼ðN1=α1Þexpð−P2

hT=α1Þ, the blue dashed curve represents the
second exponential function f2¼ðN0

1=α
0
1Þexpð−P2

hT=α
0
1Þ, and the

red curve represents the sum (f1 þ f2) as in Eq. (9). Only statistical
uncertainties are shown and used in the fit.

TABLE V. Fitted parameters of Figs. 17, 18, and 20.

0.003 < x < 0.008 and 1 < Q2=ðGeV=cÞ2 < 1.7

F1

z range N1 α1 N0
1 α01

0.20 < z < 0.30 1.47% 0.02 0.197% 0.003 0.46% 0.02 0.62% 0.02
0.30 < z < 0.40 0.73% 0.02 0.237% 0.005 0.23% 0.02 0.72% 0.03
0.40 < z < 0.60 0.26% 0.01 0.246% 0.008 0.16% 0.01 0.69% 0.03
0.60 < z < 0.80 0.063% 0.005 0.18% 0.01 0.086% 0.005 0.62% 0.02

0.013 < x < 0.020 and 1 < Q2=ðGeV=cÞ2 < 1.7

F1

z range N1 α1 N0
1 α01

0.20 < z < 0.30 1.74% 0.03 0.189% 0.004 0.43% 0.03 0.55% 0.02
0.30 < z < 0.40 0.91% 0.03 0.222% 0.005 0.24% 0.03 0.59% 0.03
0.40 < z < 0.60 0.38% 0.02 0.268% 0.007 0.11% 0.02 0.67% 0.04
0.60 < z < 0.80 0.07% 0.01 0.18% 0.02 0.12% 0.01 0.51% 0.02

0.008 < x < 0.013 and 1.7 < Q2=ðGeV=cÞ2 < 3

F1

z range N1 α1 N0
1 α01

0.30 < z < 0.40 0.76% 0.03 0.259% 0.007 0.20% 0.03 0.76% 0.06
F2

z range N2 q T

0.30 < z < 0.40 3.39% 0.05 1.180% 0.007 0.234% 0.004
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FIG. 17. Multiplicities of positively chargedhadrons as a function
of P2

hT for hQ2i ¼ 1.25 ðGeV=cÞ2, hxi ¼ 0.006 and hzi ¼ 0.25.
The black dotted curve represents the first exponential function
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hT=α1Þ, the blue dashed curve represents the
second exponential function f2¼ðN0

1=α
0
1Þexpð−P2

hT=α
0
1Þ, and the

red curve represents the sum (f1 þ f2) as in Eq. (9). Only statistical
uncertainties are shown and used in the fit.
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“… the two exponential functions in our 
parametrizations F1 can be attributed to two 
completely different underlying physics mechanisms 
that overlap in the region 𝑃!" ≃ 1GeV#.”

Intrinsic tail

“While significant effort has been put into the study of W(b) at large b [36, 42, 43, 44], 
none … adequately describe the observed Z boson distribution without introducing free 
parameters.”
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Figure 6. The CSS resummed cross sections in Z boson production at the Tevatron. The curves are
computed in several models for the CSS form factor W (b) at large impact parameters (b > 1 GeV−1):
(a) W (b) at large b is given by extrapolation of its perturbative part from b < 1 GeV−1 (solid); (b) the
same as (a), multiplied by a Gaussian smearing term e−0.8b2(short-dashed); (c) a phenomenologicalBLNY
form, which shows good agreement with the Run-1 Z data (dot-dashed) [24]; (d) an updated Ladinsky-
Yuan form, which shows worse agreement with the Run-1 Z data (long-dashed) [24]. Note that the
extrapolationmodel (curves (a) and (b)) must include a Gaussian smearing term e−gb2 ,with g∼ 0.8 GeV2,
in order to be close to the BLNY form (and, hence, to the data).

of the perturbation series cures the instability of the theory at q2T # Q2 by summing
the troublesome qT logarithms through all orders of αs into a soft (Sudakov) form
factor [30]. The validity of such re-arrangement is proved by a factorization theorem
in the method by Collins, Soper, and Sterman (CSS) [31]. The resummation in vec-
tor boson production is a special case of a more general problem, and essentially the
same method applies to hadroproduction in e+e− scattering [32], and semi-inclusive
hadroproduction in deep-inelastic scattering [33, 34, 35]. The CSS formalism automat-
ically preserves the fundamental symmetries (renormalization- and gauge-group invari-
ance, energy-momentum conservation) and is convenient in practice. The qT resumma-
tion can be extended to include effects of particle thresholds [36], heavy quark masses
[37], and hadronic spin [38, 39]. RESBOS [23, 24] is a Monte-Carlo integrator program
that quickly and accurately evaluates the CSS resummed cross sections in Drell-Yan-like
processes.
All small-qT logarithms arise in the CSS method from the form factor W (b) in im-

pact parameter (b) space, composed of the Sudakov exponential and b-dependent parton
distribution functions. The resummed qT distribution is obtained by taking the Fourier-
Bessel transform ofW (b) into qT space (realized numerically in RESBOS). The alterna-
tive approaches evaluate the Fourier-Bessel transform of the leading logarithmic towers
analytically, with the goal to improve transition from the resummed cross section to the
finite-order cross section at intermediate qT [40, 41]. The integration over all b in the
Fourier-Bessel transform introduces sensitivity to the nonperturbative QCD dynamics

P. Nadolsky, (2004) Theory of W and Z Production
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FIG. 5. (a) Distribution of the values of the ratios hk2
?,dv i/hk

2
?,uv

i vs. hk2
?,seai/hk2

?,uv
i obtained from fitting 200 replicas of

the original data points in the scenario of the default fit. The white squared box indicates the center of the 68% confidence
interval for each ratio. The shaded area represents the two-dimensional 68% confidence region around the white box. The
dashed lines correspond to the ratios being unity; their crossing point corresponds to the result with no flavor dependence. For
most of the points, hk2

?,dv i < hk2
?,uv

i < hk2
?,seai. (b) Same as previous panel, but for the distribution of the values of the ratios

hP 2
?,unfi/hP 2

?,favi vs. hP 2
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?,favi. For all points, hP 2
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FIG. 6. Same content and notation as in the previous figure, but for the scenario with the cut Q2 > 1.6 .

B. Fit with Q2 > 1.6 GeV2

In this scenario, we restrict the Q2 range compared to the default fit by imposing the cut Q2 > 1.6 GeV2. The
set of data is reduced to 1274 points. The mean value of the �2/d.o.f is smaller, since we are fitting less data.
Moreover, the disregarded Q2 bin contains high statistics. As for the default fit, the behavior of transverse momenta
over the 200 replicas is summarized in Fig. 6. The exclusion of low-Q2 data leads to partial di↵erences in the
features of the extracted TMD PDFs: the average width of valence quarks slightly increases, while the distribution

Signori, Bacchetta, Radici, Schnell JHEP 11 (2013) 194
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• Dynamical model of χSB
Diakonov, Eides 83; Diakonov, Petrov 86

Effective degrees of freedom:
Constituent quarks, Goldstone bosons

Strongly coupled system, solved
non-perturbatively in 1/Nc expansion
Nucleon as chiral soliton

PDFs at scale µ2 ∼ ρ−2 ≈ 0.5GeV2

• Transverse momentum distributions

Valence quarks: Drops steeply,
〈p2

T 〉 ≈ 0.15GeV2 = O(R−2)

Sea quarks: Power-like tail extends
up to cutoff scale ρ−2

Generic feature, rooted in χSB
and dynamical scales ρ& R

Similar tail in ∆ū−∆d̄

Chiral symmetry breaking in QCD 4
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• Chiral symmetry breaking

Non-perturb. gluon fields can flip chirality

Condensate of qq̄ pairs 〈ψ̄LψR + ψ̄RψL〉,
pion as collective excitation – Goldstone boson

Dynamical mass generation:
Constituent quarks, hadron structure
Euclidean correlation functions → Lattice, analytic methods

• Short–range interactions ρ ∼ 0.3 fm

New dynamical scale ρ$ R
Shuryak; Diakonov, Petrov 80’s

Gauge–invariant measure of qq̄ pair size
〈ψ̄∇2ψ〉/〈ψ̄ψ〉 ∼ 1GeV2 “average virtuality”
Lattice: Teper 87, Doi 02, Chiu 03. Instantons: Polyakov, CW 96

• How does it affect partonic structure?

Valence quark mostly in configurations of size ∼ R

Sea quarks in correlated pairs of size ! ρ

Nonperturbative structures in pheno
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These integrals are often 
divergent

Interpretations
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FIG. 1. The conditional TMD PDFs for the pion (left) and
proton (right) as a function of bT for various x values (in-
dicated by color) evaluated at a characteristic experimental
scale Q = 6 GeV. Each of the TMD PDFs are o↵set for visual
purposes.

PDG values (rp = 0.8409(4) fm, r⇡ = 0.659(4) fm) [98].
Also, within each hadron, the average spatial separation
of quark fields in the transverse direction does not exceed
its charge radius, as shown on the right edge of Fig. 2.

As x ! 1, the phase space for the transverse motion
kT of partons becomes smaller, since most of the momen-
tum is along the light-cone direction, and one expects an
increase in the transverse correlations in bT space. Fur-
thermore, as Q increases more gluons are radiated, which
makes TMD PDFs wider in kT space and therefore nar-
rower in bT space. Both of these features are quantita-
tively confirmed by our results in Fig. 2. Importantly,
we have checked that the di↵erences between the proton
and pion hbT |xi are completely due to the nonperturba-
tive TMD structure, independent of the collinear PDFs.

In Ref. [99] it was proposed that apart from the size
of the nucleon, there exists an additional characteristic
smaller scale in hadronic systems associated with qq̄ con-
densates. In this picture, sea quarks emerging in the wave
function are bound within this smaller qq̄ system, limit-
ing the range of transverse correlation. This suggests a
possible explanation of the observed monotonically de-
creasing behavior of hbT |xi with decreasing values of x.
However, more work is needed in order to better under-
stand the connection between qq̄ condensates and TMDs
in QCD.

In Fig. 3 we analyze the e↵ect of the nuclear envi-
ronment on the transverse correlations of quarks inside
nucleons, i.e., a possible transverse EMC e↵ect, by tak-
ing the ratio of hbT |xi for a bound proton in a nucleus to
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FIG. 2. The conditional average bT calculated from Eq. (6)
for the u quark in the proton (upper, blue) and in the pion
(lower, red) for two Q values as a function of x. The charge
radii rp and r⇡ for each hadron are included for reference [98].
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FIG. 3. The ratio of the conditional average bT of the u quark
in a proton bound in a tungsten nucleus to that of the free
proton at Q = 4 GeV.

that of a free proton. We find an analogous suppression
at x ⇠ 0.3, similar to that found in the collinear distribu-
tions [100]. We have verified that this e↵ect is genuinely
produced by the nonperturbative nuclear dependence in
the TMD and not from the collinear dependence in the
OPE. Our results are consistent with the earlier findings
of Alrashed et al. in Ref. [72], but we have gone beyond
their study by considering the x dependence of the non-
perturbative transverse structure within a simultaneous
collinear and TMD QCD global analysis framework.

Conclusions.— We have presented a comprehensive
analysis of proton and pion TMD PDFs at N2LL pertur-
bative precision using fixed-target DY data. This anal-
ysis for the first time used both qT -integrated and qT -
di↵erential DY data, as well as LN measurements, to si-
multaneously extract pion collinear and TMD PDFs and
proton TMD PDFs. The combined analysis, including

“Importantly, we have checked that the differences between 
the proton and pion ⟨bT |x⟩ are completely due to the 
nonperturbative TMD structure, independent of the collinear 
PDFs.”

Barry, et al (2302.01192)
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Steps:Conventional organization

13

� ⇠
Z

H(Q) ⌦ Fq/P (x1,k1T , S1) ⌦ Fq̄/P̄ (x2,qT � k1T , S2) (179)

d� ⇠
Z

H ⌦ Fq/P (x,kT ) ⌦ DH/q(z,pT + kT ) (180)

d�SIDIS =
X

f

Hf,SIDIS(↵s(Q))⌦ Ff/H1
(x, k1T ;Q)⌦DH2/f

(z, k2T ;Q) + YSIDIS , SIDIS

(181)

d�DY =
X

f

Hf,DY(↵s(Q))⌦ Ff/H1
(x1, k1T ;Q)⌦ F

f̄/H2
(x2, k2T ;Q) + YDrell-Yan , Drell�Yan

(182)

d�DY =
X

f

Hf,DY(↵s(Q))⌦N1(x1, k1T )e
SNP1(x1,k1T ;Q) ⌦N2(x2, k2T )e

SNP2(x2,k2T ;Q) + YDrell-Yan , Drell�Yan

(183)

d�e+e� =
X

f

Hf,e+e�(↵s(Q))⌦D
H1/f̄

(z1, k1T ;Q)⌦DH2/f
(z2, k2T ;Q) + Ye+e� . e

+
e
� ! H1 + H2 + X

(184)

d�DY =
X

f

Hf (Q)

Z
d2k1T d2k2T Ff/P (x1,k1T ;Q) F

f̄/P̄
(x2,k2T ;Q) �(2)(k1T + k2T � qT ) + Y (qT , Q)

+O
✓✓

⇤

Q

◆a◆

qT /Q ⌧ 1 qT /Q ⇠ 1 (185)

TMD PDF expanded

f̃j/p(x, bT ;µQ, Q
2) = (186)

(187)

X

k

Z 1

x

dx̂

x̂
C̃j/k(x/x̂, b⇤;µ

2
b
, µb, g(µb))fk/p(x̂, µb)⇥ (188)

(189)

⇥ exp

(
ln

Q

µb

K̃(b⇤;µb) +

Z
Q

µb

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q

µ0 �K(↵s(µ
0))

�)
⇥ (190)

(191)

⇥ exp

⇢
�gj/p(x, bT )�gK(bT ) ln

Q

Q0

�
(192)

@ln f̃j/p(x, bT ;µ, ⇣)

@ ln
p
⇣

= K̃(bT ;µ)

dK̃(bT ;µ)

d lnµ
= ��K(↵s(µ))

d ln f̃j/p(x, bT ;µ, ⇣)

d lnµ
= �(↵s(µ); ⇣/µ

2)

f̃j/p(x, bT ;µ, ⇣) =
X

k

Z 1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (mbT ) (193)

13

� ⇠
Z

H(Q) ⌦ Fq/P (x1,k1T , S1) ⌦ Fq̄/P̄ (x2,qT � k1T , S2) (179)

d� ⇠
Z

H ⌦ Fq/P (x,kT ) ⌦ DH/q(z,pT + kT ) (180)

d�SIDIS =
X

f

Hf,SIDIS(↵s(Q))⌦ Ff/H1
(x, k1T ;Q)⌦DH2/f

(z, k2T ;Q) + YSIDIS , SIDIS

(181)

d�DY =
X

f

Hf,DY(↵s(Q))⌦ Ff/H1
(x1, k1T ;Q)⌦ F

f̄/H2
(x2, k2T ;Q) + YDrell-Yan , Drell�Yan

(182)

d�DY =
X

f

Hf,DY(↵s(Q))⌦N1(x1, k1T )e
SNP1(x1,k1T ;Q) ⌦N2(x2, k2T )e

SNP2(x2,k2T ;Q) + YDrell-Yan , Drell�Yan

(183)

d�e+e� =
X

f

Hf,e+e�(↵s(Q))⌦D
H1/f̄

(z1, k1T ;Q)⌦DH2/f
(z2, k2T ;Q) + Ye+e� . e

+
e
� ! H1 + H2 + X

(184)

d�DY =
X

f

Hf (Q)

Z
d2k1T d2k2T Ff/P (x1,k1T ;Q) F

f̄/P̄
(x2,k2T ;Q) �(2)(k1T + k2T � qT ) + Y (qT , Q)

+O
✓✓

⇤

Q

◆a◆

qT /Q ⌧ 1 qT /Q ⇠ 1 (185)

TMD PDF expanded

f̃j/p(x, bT ;µQ, Q
2) = (186)

(187)

X

k

Z 1

x

dx̂

x̂
C̃j/k(x/x̂, b⇤;µ

2
b
, µb, g(µb))fk/p(x̂, µb)⇥ (188)

(189)

⇥ exp

(
ln

Q

µb

K̃(b⇤;µb) +

Z
Q

µb

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q

µ0 �K(↵s(µ
0))

�)
⇥ (190)

(191)

⇥ exp

⇢
�gj/p(x, bT )�gK(bT ) ln

Q

Q0

�
(192)

@ln f̃j/p(x, bT ;µ, ⇣)

@ ln
p
⇣

= K̃(bT ;µ)

dK̃(bT ;µ)

d lnµ
= ��K(↵s(µ))

d ln f̃j/p(x, bT ;µ, ⇣)

d lnµ
= �(↵s(µ); ⇣/µ

2)

f̃j/p(x, bT ;µ, ⇣) =
X

k

Z 1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (mbT ) (193)

13

� ⇠
Z

H(Q) ⌦ Fq/P (x1,k1T , S1) ⌦ Fq̄/P̄ (x2,qT � k1T , S2) (179)

d� ⇠
Z

H ⌦ Fq/P (x,kT ) ⌦ DH/q(z,pT + kT ) (180)

d�SIDIS =
X

f

Hf,SIDIS(↵s(Q))⌦ Ff/H1
(x, k1T ;Q)⌦DH2/f

(z, k2T ;Q) + YSIDIS , SIDIS

(181)

d�DY =
X

f

Hf,DY(↵s(Q))⌦ Ff/H1
(x1, k1T ;Q)⌦ F

f̄/H2
(x2, k2T ;Q) + YDrell-Yan , Drell�Yan

(182)

d�DY =
X

f

Hf,DY(↵s(Q))⌦N1(x1, k1T )e
SNP1(x1,k1T ;Q) ⌦N2(x2, k2T )e

SNP2(x2,k2T ;Q) + YDrell-Yan , Drell�Yan

(183)

d�e+e� =
X

f

Hf,e+e�(↵s(Q))⌦D
H1/f̄

(z1, k1T ;Q)⌦DH2/f
(z2, k2T ;Q) + Ye+e� . e

+
e
� ! H1 + H2 + X

(184)

d�DY =
X

f

Hf (Q)

Z
d2k1T d2k2T Ff/P (x1,k1T ;Q) F

f̄/P̄
(x2,k2T ;Q) �(2)(k1T + k2T � qT ) + Y (qT , Q)

+O
✓✓

⇤

Q

◆a◆

qT /Q ⌧ 1 qT /Q ⇠ 1 (185)

TMD PDF expanded

f̃j/p(x, bT ;µQ, Q
2) = (186)

(187)

X

k

Z 1

x

dx̂

x̂
C̃j/k(x/x̂, b⇤;µ

2
b
, µb, g(µb))fk/p(x̂, µb)⇥ (188)

(189)

⇥ exp

(
ln

Q

µb

K̃(b⇤;µb) +

Z
Q

µb

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q

µ0 �K(↵s(µ
0))

�)
⇥ (190)

(191)

⇥ exp

⇢
�gj/p(x, bT )�gK(bT ) ln

Q

Q0

�
(192)

@ln f̃j/p(x, bT ;µ, ⇣)

@ ln
p
⇣

= K̃(bT ;µ)

dK̃(bT ;µ)

d lnµ
= ��K(↵s(µ))

d ln f̃j/p(x, bT ;µ, ⇣)

d lnµ
= �(↵s(µ); ⇣/µ

2)

f̃j/p(x, bT ;µ, ⇣) =
X

k

Z 1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (mbT ) (193)

14

fj/p(x, kT ;µ, ⇣) =
1

k2
T

X

k

Z 1

x

d⇠

⇠
Cj/k(x/⇠, kT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O

✓
m

kT

◆
(194)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2bT

(2⇡)2
e�ibT ·qT f̃j/p(x,bT ;µQ, Q

2)D̃h/j(z,bT ;µQ, Q
2) (195)

Z
d2kT fj/p(x, kT ;µQ, Q

2) = fj/p(x) (196)

⇡

Z
µ
2

Q

dk2
T
fj/p(x, kT ;µQ, Q

2) = fj/p(x;µQ) +O (↵s(µQ)) (197)

K̃(bT ;µ) = K̃pert (bTµ,↵s(µ)) +O (bT⇤QCD) (198)

II. DISCUSSION

...................

Acknowledgments

This work was supported by...

14

f̃j/p(x, bT ;µ, ⇣) =

Z 1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (194)

f̃j/p(x, bT ;µ, ⇣) =

Z 1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (195)

f̃j/p(x, bT ;µ, ⇣) =

Z 1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (196)

fj/p(x, kT ;µ, ⇣) =
1

k2
T

Z 1

x

d⇠

⇠
Cj/k(x/⇠, kT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O

✓
⇤QCD

kT

◆
(197)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2bT

(2⇡)2
e�ibT ·qT f̃j/p(x,bT ;µQ, Q

2)D̃h/j(z,bT ;µQ, Q
2) (198)

Z
d2kT fj/p(x, kT ;µQ, Q

2) = fj/p(x) (199)

⇡

Z
µ
2

Q

dk2
T
fj/p(x, kT ;µQ, Q

2) = fj/p(x;µQ) +O (↵s(µQ)) (200)

K̃(bT ;µ) = K̃pert (bTµ,↵s(µ)) +O (bT⇤QCD) (201)

�gj/p(x, bT) ⌘ ln

 
f̃j/p(x, bT;µQ0

, Q2
0)

f̃j/p(x, b⇤;µQ0
, Q2

0)

!
, (202)

gK(bT) ⌘ K̃(b⇤;µ)� K̃(bT;µ) (203)

II. DISCUSSION

...................

Acknowledgments

This work was supported by...

14

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (194)

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (195)

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (196)

fj/p(x, kT ;µ, ⇣) =
1

k2
T

Z
1

x

d⇠

⇠
Cj/k(x/⇠, kT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O

✓
⇤QCD

kT

◆
(197)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2bT

(2⇡)2
e�ibT ·qT f̃j/p(x,bT ;µQ, Q

2)D̃h/j(z,bT ;µQ, Q
2) (198)

Z
d2kT fj/p(x, kT ;µQ, Q

2) = fj/p(x) (199)

⇡

Z
µ
2

Q

dk2
T
fj/p(x, kT ;µQ, Q

2) = fj/p(x;µQ) +O (↵s(µQ)) (200)

K̃(bT ;µ) = K̃pert (bTµ,↵s(µ)) +O (bT⇤QCD) (201)

�gj/p(x, bT) ⌘ ln

 
f̃j/p(x, bT;µQ0

, Q2
0
)

f̃j/p(x, b⇤;µQ0
, Q2

0
)

!
, (202)

gK(bT) ⌘ K̃(b⇤;µ)� K̃(bT;µ) (203)

Z
d2bT
(2⇡)2

e�iq
T
·bT f̃OPE

j/p
(xbj, b⇤;µb⇤ , µ

2

b⇤) D̃
OPE

h/j
(zh, b⇤;µb⇤ , µ

2

b⇤)

⇥ exp

(
2

Z
µQ

µb⇤

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q

µ0 �K(↵s(µ
0))

�
+ ln

Q2

µ2

b⇤

K̃(b⇤;µb⇤)

)

⇥ exp

⇢
�gj/p(xbj, bT)� gh/j(zh, bT)� gK(bT) ln

✓
Q2

Q2
0

◆�
+O (bmax⇤QCD) (204)

II. DISCUSSION

...................

Acknowledgments

This work was supported by...

14

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (194)

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (195)

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (196)

fj/p(x, kT ;µ, ⇣) =
1

k2
T

Z
1

x

d⇠

⇠
Cj/k(x/⇠, kT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O

✓
⇤QCD

kT

◆
(197)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2bT

(2⇡)2
e�ibT ·qT f̃j/p(x,bT ;µQ, Q

2)D̃h/j(z,bT ;µQ, Q
2) (198)

Z
d2kT fj/p(x, kT ;µQ, Q

2) = fj/p(x) (199)

⇡

Z
µ
2

Q

dk2
T
fj/p(x, kT ;µQ, Q

2) = fj/p(x;µQ) +O (↵s(µQ)) (200)

K̃(bT ;µ) = K̃pert (bTµ,↵s(µ)) +O (bT⇤QCD) (201)

�gj/p(x, bT) ⌘ ln

 
f̃j/p(x, bT;µQ0

, Q2
0
)

f̃j/p(x, b⇤;µQ0
, Q2

0
)

!
, (202)

gK(bT) ⌘ K̃(b⇤;µ)� K̃(bT;µ) (203)

Z
d2bT
(2⇡)2

e�iq
T
·bT f̃OPE

j/p
(xbj, b⇤;µb⇤ , µ

2

b⇤) D̃
OPE

h/j
(zh, b⇤;µb⇤ , µ

2

b⇤)

⇥ exp

(
2

Z
µQ

µb⇤

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q

µ0 �K(↵s(µ
0))

�
+ ln

Q2

µ2

b⇤

K̃(b⇤;µb⇤)

)

⇥ exp

⇢
�gj/p(xbj, bT)� gh/j(zh, bT)� gK(bT) ln

✓
Q2

Q2
0

◆�
+O (bmax⇤QCD) (204)

II. DISCUSSION

...................

Acknowledgments

This work was supported by...

14

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (194)

f̃j/p(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (195)

f̃OPE

j/p
(x, bT ;µ, ⇣) =

Z
1

x

d⇠

⇠
C̃j/k(x/⇠, bT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O (bT⇤QCD) (196)

fj/p(x, kT ;µ, ⇣) =
1

k2
T

Z
1

x

d⇠

⇠
Cj/k(x/⇠, kT ; ⇣, µ,↵s(µ))fk/p(⇠;µ) +O

✓
⇤QCD

kT

◆�
(197)

fj/p(x, kT ⇡ Q;µQ, Q
2) =

1

k2
T

Z
1

x

d⇠

⇠
Cj/k(x/⇠, kT /Q,↵s(Q))fk/p(⇠;Q) +O

✓
⇤QCD

kT

◆�
(198)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2bT

(2⇡)2
e�ibT ·qT f̃j/p(x,bT ;µQ, Q

2)D̃h/j(z,bT ;µQ, Q
2) (199)

Z
d2kT fj/p(x, kT ;µQ, Q

2) = fj/p(x) (200)

⇡

Z
µ
2

Q

dk2
T
fj/p(x, kT ;µQ, Q

2) = fj/p(x;µQ) +O (↵s(µQ)) (201)

K̃(bT ;µ) = K̃pert (bTµ,↵s(µ)) +O (bT⇤QCD) (202)

�gj/p(x, bT) ⌘ ln

 
f̃j/p(x, bT;µQ0

, Q2
0
)

f̃j/p(x, b⇤;µQ0
, Q2

0
)

!
, (203)

gK(bT) ⌘ K̃(b⇤;µ)� K̃(bT;µ) (204)

Z
d2bT
(2⇡)2

e�iq
T
·bT f̃OPE

j/p
(xbj, b⇤;µb⇤ , µ

2

b⇤) D̃
OPE

h/j
(zh, b⇤;µb⇤ , µ

2

b⇤)

⇥ exp

(
2

Z
µQ

µb⇤

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q

µ0 �K(↵s(µ
0))

�
+ ln

Q2

µ2

b⇤

K̃(b⇤;µb⇤)

)

⇥ exp

⇢
�gj/p(xbj, bT)� gh/j(zh, bT)� gK(bT) ln

✓
Q2

Q2
0

◆�
+O (bmax⇤QCD) (205)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2k1Td

2k2T fj/p(x,k1T ;µQ, Q
2)Dh/j(z, zk2T ;µQ, Q

2)�(2)(qT + k1T � k2T ) (206)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2k1Td

2k2T fj/p(x,k1T ;µQ, Q
2)Dh/j(z, zk2T ;µQ, Q

2)�(2)(qT + k1T � k2T ) (207)

d�

dQ d2qT dx dz
= H(Q/µQ)

Z
d2k1Td

2k2T fj/p(x,k1T ;µQ, Q
2)Dh/j(z, zk2T ;µQ, Q

2)�(2)(qT + k1T � k2T ) (208)

1) Solve evolution equations to relate overall 
SIDIS hard scale (𝜇! = 𝑄) to input scale  
(𝜇!' = 𝑄")

2) How to use small 𝑏# ≪ 1/Λ!$% collinear 
factorization? 
• Partition small (𝑏( < 𝑏)*+) & large (𝑏( >

𝑏)*+) regions with a 𝑏∗
• Define hard scale 𝜇-∗ ∼ 1/𝑏∗

3) Evolve again to connect 𝑄" to  𝜇&∗
4) Place remaining NP parts in an exponent:

5) Ansatz for g-functions 
6) Perform small-𝒃𝑻 expansions & drop 

𝑶(𝚲𝑸𝑪𝑫 𝒃𝒎𝒂𝒙) errors 
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Figure 6. d�NLO, d�ASY , WNLL and the sum WNLL + Y (see Eq. (3.3)), corresponding to the
three di↵erent SIDIS kinematical configurations defined in Fig. 1. Here bmax = 1.0 GeV�1, g1 = 0.3
GeV2, g1f = 0.1 GeV2, g2 = 0 GeV2.

fixes the bT scale of the transition between perturbative and non-perturbative regimes,

the distributions obtained from growing values of bmax die faster in bT , because the non-

perturbative contribution sets in at larger and larger values of bT .

3.3 Y term matching

It should now be clear that a successful matching heavily depends on the subtle inter-

play between perturbative and non-perturbative contributions to the total cross section,

and that finding a kinematical range in which the resummed cross section W matches its

asymptotic counterpart d�ASY , in the region qT ⇠ Q, cannot be taken for granted.

In Fig. 6 we show, in the three SIDIS configurations considered above, the NLO cross

section d�NLO (solid, red line), the asymptotic cross section d�ASY (dashed, green line)

and the NLL resummed cross section WNLL (dot-dashed, cyan line). The dotted blue line

represents the sum (WNLL + Y ), according to Eq. (2.19).

Clearly, in none of the kinematical configurations considered, WNLL matches d�ASY ,

they both change sign at very di↵erent values of qT . Moreover, the Y factor can be

very large compared to WNLL. Consequently, the total cross section WNLL + Y (dot-

ted, blue line) never matches the fixed order cross section d�NLO (solid, red line). At

low and intermediate energies, the main source of the matching failure is represented by

the non-perturbative contribution to the Sudakov factor. As we showed in Section 3.1,

the resummed term W of the cross section is totally dominated by the non-perturbative

input, even at large qT . Notice that, in the kinematical configurations of the COMPASS

experiment, the matching cannot be achieved simply by adding higher order corrections

to the perturbative calculation of the Y term, as proposed in Ref. [8], as WNLL is heavily

dependent on the non-perturbative input.

Interestingly, the cross section does not match the NLO result even at the highest

energies considered,
p
s = 1 TeV and Q2 = 5000 GeV2: further comments will be addressed

in the following subsection.
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working order in ↵s. Therefore, one may consistently interchange cuto↵ and MS definitions, and we will use FFO
ST for

our calculation of the fixed order structure function. We will see in later sections that the e↵ect of switching between
the two is small relative to the overall improvements from using the HSO approach. An interesting question for the
future is whether calculations of FFO can be improved by switching to a cuto↵ scheme for the collinear functions, but
we leave this to future work.

C. The TMD term in the conventional treatment

The usual approach to applying TMD factorization to phenomenology has been reviewed in many places, so we
will not repeat the details here. Readers are referred to, for example, Refs. [3, 56, 57] and references therein. The
standard expression used in calculations follow from making the following replacement in Eqs. (66):
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The f̃OPE
j/p

and D̃OPE
h/j

on the first line are the TMD pdfs and ↵s in bT-space, expanded and truncated in an operator

product expansion. The �, �K and K̃ are the usual evolution kernels. The “b⇤” method has been used to regulate
f̃OPE
j/p

, D̃OPE
h/j

, and K̃ at large bT. (See reviews of the b⇤ method in Sec. IXA of [16] and in Sec. VIII of [58].) The
most common choice for a functional form for b⇤ is

b⇤(bT) =
bTp

1 + b2T/b
2
max

, (75)

where bmax is a transverse size scale that demarcates a separation between large and small transverse size regions. In
principle, both the functional form of Eq. (75) and the value of bmax are completely arbitrary, but a small bmax justifies
the use of the OPE on the first line of Eq. (74); the error term in the approximation in Eq. (74) is suppressed by
powers of mbmax. All of the nonperturbative transverse momentum dependence is contained in the bT-space functions
gj/p, gh/j , and gK , whose definitions in terms of the more fundamental correlation functions are
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and

gK(bT) ⌘ K̃(b⇤;µ)� K̃(bT;µ) . (77)

Conventional methods replace each of the g-functions, gj/p, gh/j , and gK , by an ansatz, with parameters to be
fitted from measurements. The simplest and most common choices (e.g. [59–61]) are based on simple power laws like

gj/p(x, bT) =
1

4
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F
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4 z2
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D
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for the input nonperturbative functions, where MF and MD are fit parameters. For the CS kernel, common
parametrizations are

gK(bT) =
1

2
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K
b2T or gK(bT) =

g2
2M2

K

ln
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1 +M2

K
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�
, (79)

where MK and g2 are fit parameters. The first of these functional forms is common in typical applications, but it
conflicts with the expectation that evolution is slow at moderate Q [62, 63]. As a result, it was suggested in Ref. [56]
that gK(bT) should exhibit very nearly constant behavior at large bT, a behavior closely modeled by a logarithmic
function. More complex fit parametrization ansatzes for all the g-functions have been introduced more recently (see
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conflicts with the expectation that evolution is slow at moderate Q [62, 63]. As a result, it was suggested in Ref. [56]
that gK(bT) should exhibit very nearly constant behavior at large bT, a behavior closely modeled by a logarithmic
function. More complex fit parametrization ansatzes for all the g-functions have been introduced more recently (see
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In Eq. (28), fcore,i/p(x,kT;Q2
0) parametrizes the core peak of the TMD pdf. (We remind the reader that it is to be

understood that all explicit perturbative parts in this paper are calculated to lowest order in ↵s.)
To extend the TMD pdf and ↵ parametrizations above to account for the bT ⌧ 1/Q0 region, we transform to

transverse coordinate space and use Eq. (92) of [16] and its analog for the TMD pdf,
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In Eq. (28), fcore,i/p(x,kT;Q2
0) parametrizes the core peak of the TMD pdf. (We remind the reader that it is to be

understood that all explicit perturbative parts in this paper are calculated to lowest order in ↵s.)
To extend the TMD pdf and ↵ parametrizations above to account for the bT ⌧ 1/Q0 region, we transform to

transverse coordinate space and use Eq. (92) of [16] and its analog for the TMD pdf,

D̃h/j(z, bT;µQ0 , Q
2
0) = D̃inpt,h/j(z, bT;µQ0
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✓
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lim
bT!0

Q0 ⇠ 1/bT (223)

II. DISCUSSION
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Integral relation
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2) = fj/p(x;µQ) (200)
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d2kT fj/p(x, kT ;µQ, Q

2) ⇡ fj/p(x;µQ) (201)

⇡
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T
fj/p(x, kT ;µQ, Q

2) = fj/p(x;µQ) +O (↵s(µQ)) (202)

K̃(bT ;µ) = K̃pert (bTµ,↵s(µ)) +O (bT⇤QCD) (203)
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f̃j/p(x, bT;µQ0

, Q2
0
)

f̃j/p(x, b⇤;µQ0
, Q2

0
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⇢
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2k2T fj/p(x,k1T ;µQ, Q
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2)�(2)(qT + k1T � k2T ) (207)

See T. Rainaldi talk, 4:00 pm WG1, 
for examples in toy model 
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1) Use the uniquely determined TMDs for all 𝑘#

2) Smoothly transform directly between nonperturbative
TM dependence at small TM (𝑘# ≈ Λ!$%) & 
perturbative (collinear) TM at large TM (𝑘# ≈ 𝑄)

3) (Approximate) probability interpretation

• Parton model:

• QCD:

4) All should apply at input scale, Q0

5) Pheno: Must be simple to swap one 
model/parametrization for another
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A hadron-structure-oriented reorganization
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• Recipe: Transform a model TMD parametrization into an evolved 
parametrization at other scales:
– See Sec. VI of Phys.Rev.D 106 (2022) 3, 034002

• No bmax, no b*

• HSO approach is equivalent to standard TMD factorization, CSS, 
etc, just with constraints on the g-functions

• Straightforward to translate between standard treatment and 
HSO.
– See Sec. IX of Phys.Rev.D 106 (2022) 3, 034002

A hadron-structure-oriented reorganization
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An 𝑂 𝛼; example
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• Parametrizing the very small transverse momentum 

A. Gaussian model 

B. Spectator model

8

with an evolution factor

E(Q0/Q0, bT) ⌘ exp

(Z
µQ0

µQ0

dµ0

µ0
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0); 1)� ln
Q0

µ0 �K(↵s(µ
0))

�
+ ln

Q0

Q0

K̃inpt(bT;µQ0
)

)
. (39)

Once the numerical values of parameters in D̃h/j(z, bT;µQ0 , Q
2
0) and f̃i/p(x, bT;µQ0 , Q

2
0) are determined and fixed as

above, the TMD term at any other larger scale Q is found straightforwardly by substituting these into Eq. (15).
The scale Q0 is designed to be approximately Q0 for Q ⇡ Q0, where the only important range of bT is bT & 1/Q0,

and the left and right sides of Eqs. (37)–(38) are nearly equal. For large Q (Q � Q0), the UV bT ⌧ 1/Q0 region
starts to become important and cannot be ignored. There, Q0 smoothly transitions into a ⇠ 1/bT behavior such that
RG improvement is implemented in the bT ! 0T limit. The left sides of Eqs. (37)–(38) are the parametrizations that
we labeled with underlines in Eq.(60) of Ref. [16], while the “input” functions on the left sides are to be used for
phenomenological fitting for Q ⇡ Q0. By construction, the left and right sides of Eqs. (37)–(38), as well Q0 and Q0,
di↵er negligibly in the range of bT relevant to Q ⇡ Q0 phenomenology – recall the discussion in Sec. V of [16].

For the examples implementations we will perform in Sec. VID, we will use the approximation

E(Q0/Q0, bT) ⇡ 1 , (40)

and set Q0 ! Q0, since for this paper our main focus is on the Q ⇡ Q0 region and the construction of satisfactory
parametrizations for D̃inpt,h/j(z, bT;µQ0 , Q

2
0) and f̃inpt,i/p(x, bT;µQ0 , Q

2
0). At the end of Sec. VID, we will restore the

Q0 treatment and confirm that its e↵ect is negligible at Q ⇡ Q0.
It can be seen by inspection that the input parametrizations defined in Eq. (18) and Eq. (28) are constrained to

match the perturbative large-kT collinear factorization approximations for the TMD pdfs and ↵s,
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which are good approximations to the true TMD correlation functions when kT ⇡ Q0 and Q0 � m. Equations (41)
and (42) are calculable entirely within leading power collinear factorization. The same expressions apply at any value
of Q, but for this paper we are especially interested in Q near the input scale.

IV. GAUSSIAN VERSUS SCALAR DIQUARK MODELS

The model parametrizations of the last section are still quite general. The only choices that have been made so
far are to use an additive structure to interpolate to the order-↵s perturbative tail at kT ⇡ Q0 and the choice of the
parametrization of the CS kernel in Eq. (17). Further assumptions are necessary before these parametrizations can
become useful.

Most of the e↵ort in nonperturbative modeling enters in the choices for the functional forms for Dcore,h/j(z, zkT;Q2
0)

and fcore,i/p(x,kT;Q2
0) that describe the very small kT ⇡ 0T behavior. However, many approaches to modeling or

parametrizing this region of nonperturbative TMDs already exist [26–47], and one may defer to them at this stage in
the parametrization construction. The only way these previously existing models need to be modified is by including
the interpolation to the order ↵s large-kT behavior, and by imposing integral relations analogous to Eq. (2). All that
remains is to adjust Dcore,h/j(z, zkT;Q2

0) and fcore,i/p(x,kT;Q2
0) so as to recover (at least approximately) existing

model parametrizations in the kT ⇡ 0 region. The parametersmDj,h ,mDg,h ,mfi,p ,mfg,p control the transition between
the kT model and the large kT perturbative tail.

For the purposes of this article, we will focus on two of the most commonly used models in phenomenology that
are simple to implement. The first is the Gaussian model of TMDs (see, for example, Refs.[48–50]), which is often
found to successfully describe data at lower Q. It prescribes the functions forms

fGauss
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. (43)

The second model that we will consider is inspired by the popular spectator diquark model [28, 51]. For it, we adopt
9

the functional forms
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The overall factors in Eqs. (43)–(45) are chosen so that ND

h/j
= Nf

i/p
= 1 in both models (recall Eq. (27) and Eq. (36)).

In later sections, it will often be convenient to work with collinear pdfs and ↵s defined as the cuto↵ transverse
momentum integrals of TMD pdfs and ↵s. Hence, we define
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where the c superscript stands for “cuto↵.” The cuto↵ definitions could be defined more generally with an upper
limit µf di↵erent from µQ, but we will keep these scales equal for the present paper. The cuto↵ and MS-renormalized
definitions are equal up to a scheme change and m2/µ2

Q
-suppressed corrections.

With our parametrizations of TMD pdfs and ↵s in the previous section, the integrals are
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µ2
Q0

m2
Dh,g

!

+
1

2
AD

h/j
(z;µQ0) ln

 
1 +

µ2
Q0

m2
Dh,j

!
+

1

4
BD

h/j
(z;µQ0)

"
ln2
 
m2

Dh,j

Q2
0

!
� ln2

 
µ2
Q0

+m2
Dh,j

Q2
0

!#

= dh/j(z;µQ0) +O

✓
↵s(µ0)

2,
m2

Q2
0

◆
, (49)

with

f c,Gauss
core,i/p(x;µQ0 , Q

2
0) = 1� e�µ

2
Q0

/M
2
F , dc,Gauss

core,h/j(z;µQ0 , Q
2
0) = 1� e�z

2
µ
2
Q0

/M
2
D , (50)

in the case of the Gaussian model, and

f c,Spect
core,i/p(x;µQ0 , Q

2
0) = 1�

M6
0F

�
2M2

F +M2
0F + 3µ2

Q0

�

(2M2
F +M2

0F)
⇣
M2

0F + µ2
Q0

⌘
3
, (51)

dc,Spectcore,h/j(z;µQ0 , Q
2
0) = 1�

M4
0D

�
M2

D +M2
0D + 2µ2

Q0
z2
�

(M2
D +M2

0D)
⇣
M2

0D + µ2
Q0

z2
⌘

2
. (52)

in the case of the spectator model. Note that Eqs. (50)–(52) are all 1 up to (at most) m2/µ2
Q0

-suppressed errors.
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with an evolution factor

E(Q0/Q0, bT) ⌘ exp

(Z
µQ0

µQ0

dµ0

µ0


�(↵s(µ

0); 1)� ln
Q0

µ0 �K(↵s(µ
0))

�
+ ln

Q0

Q0

K̃inpt(bT;µQ0
)

)
. (39)

Once the numerical values of parameters in D̃h/j(z, bT;µQ0 , Q
2
0) and f̃i/p(x, bT;µQ0 , Q

2
0) are determined and fixed as

above, the TMD term at any other larger scale Q is found straightforwardly by substituting these into Eq. (15).
The scale Q0 is designed to be approximately Q0 for Q ⇡ Q0, where the only important range of bT is bT & 1/Q0,

and the left and right sides of Eqs. (37)–(38) are nearly equal. For large Q (Q � Q0), the UV bT ⌧ 1/Q0 region
starts to become important and cannot be ignored. There, Q0 smoothly transitions into a ⇠ 1/bT behavior such that
RG improvement is implemented in the bT ! 0T limit. The left sides of Eqs. (37)–(38) are the parametrizations that
we labeled with underlines in Eq.(60) of Ref. [16], while the “input” functions on the left sides are to be used for
phenomenological fitting for Q ⇡ Q0. By construction, the left and right sides of Eqs. (37)–(38), as well Q0 and Q0,
di↵er negligibly in the range of bT relevant to Q ⇡ Q0 phenomenology – recall the discussion in Sec. V of [16].

For the examples implementations we will perform in Sec. VID, we will use the approximation

E(Q0/Q0, bT) ⇡ 1 , (40)

and set Q0 ! Q0, since for this paper our main focus is on the Q ⇡ Q0 region and the construction of satisfactory
parametrizations for D̃inpt,h/j(z, bT;µQ0 , Q

2
0) and f̃inpt,i/p(x, bT;µQ0 , Q

2
0). At the end of Sec. VID, we will restore the

Q0 treatment and confirm that its e↵ect is negligible at Q ⇡ Q0.
It can be seen by inspection that the input parametrizations defined in Eq. (18) and Eq. (28) are constrained to

match the perturbative large-kT collinear factorization approximations for the TMD pdfs and ↵s,

Dpert
inpt,h/j(z, zkT;µQ0 , Q

2
0) =

1

2⇡z2
1

k2T


AD

h/j
(z;µQ0) +BD

h/j
(z;µQ0) ln

Q2
0

k2T

�
+

1

2⇡z2
1

k2T
AD,g

h/j
(z;µQ0) , (41)

fpert
inpt,i/p(x,kT;µQ0 , Q

2
0) =

1

2⇡

1

k2T


Af

i/p
(x;µQ0) +Bf

i/p
(x;µQ0) ln

Q2
0

k2T

�
+

1

2⇡

1

k2T
Af,g

i/p
(x;µQ0) , (42)

which are good approximations to the true TMD correlation functions when kT ⇡ Q0 and Q0 � m. Equations (41)
and (42) are calculable entirely within leading power collinear factorization. The same expressions apply at any value
of Q, but for this paper we are especially interested in Q near the input scale.

IV. GAUSSIAN VERSUS SCALAR DIQUARK MODELS

The model parametrizations of the last section are still quite general. The only choices that have been made so
far are to use an additive structure to interpolate to the order-↵s perturbative tail at kT ⇡ Q0 and the choice of the
parametrization of the CS kernel in Eq. (17). Further assumptions are necessary before these parametrizations can
become useful.

Most of the e↵ort in nonperturbative modeling enters in the choices for the functional forms for Dcore,h/j(z, zkT;Q2
0)

and fcore,i/p(x,kT;Q2
0) that describe the very small kT ⇡ 0T behavior. However, many approaches to modeling or

parametrizing this region of nonperturbative TMDs already exist [26–47], and one may defer to them at this stage in
the parametrization construction. The only way these previously existing models need to be modified is by including
the interpolation to the order ↵s large-kT behavior, and by imposing integral relations analogous to Eq. (2). All that
remains is to adjust Dcore,h/j(z, zkT;Q2

0) and fcore,i/p(x,kT;Q2
0) so as to recover (at least approximately) existing

model parametrizations in the kT ⇡ 0 region. The parametersmDj,h ,mDg,h ,mfi,p ,mfg,p control the transition between
the kT model and the large kT perturbative tail.

For the purposes of this article, we will focus on two of the most commonly used models in phenomenology that
are simple to implement. The first is the Gaussian model of TMDs (see, for example, Refs.[48–50]), which is often
found to successfully describe data at lower Q. It prescribes the functions forms

fGauss
core,i/p(x,kT;Q

2
0) =

e�k
2
T/M

2
F

⇡M2
F

, DGauss
core,h/j(z, zkT;Q

2
0) =

e�z
2
k
2
T/M

2
D

⇡M2
D

. (43)

The second model that we will consider is inspired by the popular spectator diquark model [28, 51]. For it, we adopt
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the functional forms

fSpect
core,i/p(x,kT;Q

2
0) =

6M6
0F

⇡ (2M2
F +M2

0F)

M2
F + k2T

(M2
0F + k2T)

4
. (44)

DSpect
core,h/j(z, zkT;Q

2
0) =

2M4
0D

⇡ (M2
D +M2

0D)

M2
D + k2Tz

2

(M2
0D + k2Tz

2) 3
, (45)

The overall factors in Eqs. (43)–(45) are chosen so that ND

h/j
= Nf

i/p
= 1 in both models (recall Eq. (27) and Eq. (36)).

In later sections, it will often be convenient to work with collinear pdfs and ↵s defined as the cuto↵ transverse
momentum integrals of TMD pdfs and ↵s. Hence, we define

f c

i/p
(x;µQ) ⌘ 2⇡

Z
µQ

0
dkT kTfi/p(x,kT;µQ, Q

2) , (46)

dc
h/j

(z;µQ) ⌘ 2⇡z2
Z

µQ

0
dkT kTDh/j(z, zkT;µQ, Q

2) , (47)

where the c superscript stands for “cuto↵.” The cuto↵ definitions could be defined more generally with an upper
limit µf di↵erent from µQ, but we will keep these scales equal for the present paper. The cuto↵ and MS-renormalized
definitions are equal up to a scheme change and m2/µ2

Q
-suppressed corrections.

With our parametrizations of TMD pdfs and ↵s in the previous section, the integrals are

f c

inpt,i/p(x;µQ0) =2⇡

Z
µQ0

0
dkT kTfinpt,i/p(x,kT;µQ0 , Q

2
0) =

Cf

i/p
f c

core,i/p(x;µQ0) +
1

2
Af,g

i/p
(x;µQ0) ln

 
1 +

µ2
Q0

m2
fg,p

!

+
1

2
Af

i/p
(x;µQ0) ln

 
1 +

µ2
Q0

m2
fi,p

!
+

1

4
Bf

i/p
(x;µQ0)

"
ln2
 
m2

fi,p

Q2
0

!
� ln2

 
µ2
Q0

+m2
fi,p

Q2
0

!#

= fi/p(x;µQ0) +O

✓
↵s(µ0)

2,
m2

Q2
0

◆
, (48)

and

dcinpt,h/j(z;µQ0) =2⇡z2
Z

µQ0

0
dkT kTDinpt,h/j(z, zkT;µQ0 , Q

2
0) =

CD

h/j
dccore,h/j(z;µQ0) +

1

2
AD,g

h/j
(z;µQ0) ln

 
1 +

µ2
Q0

m2
Dh,g

!

+
1

2
AD

h/j
(z;µQ0) ln

 
1 +

µ2
Q0

m2
Dh,j

!
+

1

4
BD

h/j
(z;µQ0)

"
ln2
 
m2

Dh,j

Q2
0

!
� ln2

 
µ2
Q0

+m2
Dh,j

Q2
0

!#

= dh/j(z;µQ0) +O

✓
↵s(µ0)

2,
m2

Q2
0

◆
, (49)

with

f c,Gauss
core,i/p(x;µQ0 , Q

2
0) = 1� e�µ

2
Q0

/M
2
F , dc,Gauss

core,h/j(z;µQ0 , Q
2
0) = 1� e�z

2
µ
2
Q0

/M
2
D , (50)

in the case of the Gaussian model, and

f c,Spect
core,i/p(x;µQ0 , Q

2
0) = 1�

M6
0F

�
2M2

F +M2
0F + 3µ2

Q0

�

(2M2
F +M2

0F)
⇣
M2

0F + µ2
Q0

⌘
3
, (51)

dc,Spectcore,h/j(z;µQ0 , Q
2
0) = 1�

M4
0D

�
M2

D +M2
0D + 2µ2

Q0
z2
�

(M2
D +M2

0D)
⇣
M2

0D + µ2
Q0

z2
⌘

2
. (52)

in the case of the spectator model. Note that Eqs. (50)–(52) are all 1 up to (at most) m2/µ2
Q0

-suppressed errors.

An 𝑂 𝛼; example
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Compare standard with constrained 

Typical/conventional HSO (Gaussian)

10-8

10-7

10-6

10-5

10-4

10-3

10-2

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

0.1 GeV < MF=mF < 0.4 GeV 
0.1 GeV < MD/z=mD/z < 0.3 GeV 

Q0=Q=4 GeV

x=0.1 z=0.3

y=0.5

|d
σ 

/ d
x 

dy
 d

z d
q T

2 | 
[G

eV
-4

]

qT [GeV]

TMDHSO
ASYHSO



17

Compare standard with constrained 

conventional HSO (Gaussian)

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

bmax = 1.0 GeV-1

MF = 0.1 GeV
MD/z = 0.1 GeV

Q=Q0=4 GeV

x=0.1 z=0.3
y=0.5q T

2  
dσ

 / 
dx

 d
y 

dz
 d

q T
2  

[G
eV

-4
] x

 1
04

qT [GeV]

TMDST
ASYST
FOST

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

MF = mF = 0.1 GeV
MD/z = mD/z = 0.1 GeV

Q=Q0=4 GeV

x=0.1 z=0.3

y=0.5

q T
2  d

σ 
/ d

x 
dy

 d
z 

dq
T2  [

Ge
V-

4 ]
 x

 1
04

qT [GeV]

TMDHSO
ASYHSO
|H|2 FOST



Summary
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• Switching to a hadron-structure-oriented approach to pheno
with TMD factorization improves consistency in the large 
transverse behavior of TMD correlation functions

• Necessary for understanding the shapes of nonperturbative 
distributions, separating perturbative and nonpeturbative parts, 
etc

• Next: 
– Applications 
– Higher orders
– Incorporating NP calculations (lattice, EFTs, models etc)
– Spin dependent TMDs 
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7

where

Pqq(z) = Pq̄q̄(z) = CF


1 + z2

(1� z)+
+

3

2
� (1� z)

�
, (23)

Pgq(z) = CF

1 + (1� z)2

z
, (24)

Cq/q

� (z) = 2Pqq(z) ln z + CF (1� z)� CF

⇡2

12
�(1� z) , (25)

Cg/q

� (z) = 2Pgq(z) ln z + CF z , (26)

ND

h/j
⌘ 2⇡ z2

Z 1

0
dkTkT Dcore,h/j(z, zkT;Q

2
0) . (27)

For the TMD pdfs, the expressions are similar,

finpt,i/p(x,kT;µQ0 , Q
2
0) =

1

2⇡

1

k2T +m2
fi,p

"
Af

i/p
(x;µQ0) +Bf

i/p
(x;µQ0) ln

Q2
0

k2T +m2
fi,p

#

+
1

2⇡

1

k2T +m2
fg,p

Af,g

i/p
(x;µQ0)

+ Cf

i/p
fcore,i/p(x,kT;Q

2
0) , (28)

with the corresponding abbreviations

Af

i/p
(x;µQ0) ⌘

X

ii0

�i0i
↵s(µQ0)

⇡

⇢⇥
(Pi0i ⌦ fi0/p)(x;µQ0)

⇤
� 3CF

2
fi0/p(x;µQ0)

�
, (29)

Bf

i/p
(x;µQ0) ⌘

X

i0i

�i0i
↵s(µQ0)CF

⇡
fi0/p(x;µQ0) , (30)

Af,g

i/p
(x;µQ0) ⌘

↵s(µQ0)

⇡

⇥
(Pig ⌦ fg/p)(x;µQ0)

⇤
, (31)

Cf

i/p
⌘ 1

Nf

i/p

"
fi/p(x;µQ0)�Af

i/p
(x;µQ0) ln

✓
µQ0

mfi,p

◆
�Bf

i/p
(x;µQ0) ln

✓
µQ0

mfi,p

◆
ln

✓
Q2

0

µQ0mfi,p

◆
,

�Af,g

i/p
(x;µQ0) ln

✓
µQ0

mfg,p

◆
+

↵s(µQ0)

2⇡

(
X

ii0

�i0i[Ci/i
0

� ⌦ fi0/p](x;µQ0) + [Ci/g

� ⌦ fg/p](x;µQ0)

)#
. (32)

where

Pig(x) = TF

⇥
x2 + (1� x)2

⇤
, (33)

Ci/i

� (x) = CF (1� x)� CF

⇡2

12
�(1� x) , (34)

Cg/p

� (x) = 2TFx(1� x) , (35)

Nf

i/p
⌘ 2⇡

Z 1

0
dkTkT fcore,i/p(x,kT;Q

2
0) (36)

In Eq. (28), fcore,i/p(x,kT;Q2
0) parametrizes the core peak of the TMD pdf. (We remind the reader that it is to be

understood that all explicit perturbative parts in this paper are calculated to lowest order in ↵s.)
To extend the TMD pdf and ↵ parametrizations above to account for the bT ⌧ 1/Q0 region, we transform to

transverse coordinate space and use Eq. (92) of [16] and its analog for the TMD pdf,

D̃h/j(z, bT;µQ0 , Q
2
0) = D̃inpt,h/j(z, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (37)

f̃i/p(x, bT;µQ0 , Q
2
0) = f̃inpt,i/p(x, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (38)
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where
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�
, (23)
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1 + (1� z)2

z
, (24)

Cq/q

� (z) = 2Pqq(z) ln z + CF (1� z)� CF
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12
�(1� z) , (25)

Cg/q

� (z) = 2Pgq(z) ln z + CF z , (26)

ND

h/j
⌘ 2⇡ z2

Z 1

0
dkTkT Dcore,h/j(z, zkT;Q

2
0) . (27)

For the TMD pdfs, the expressions are similar,

finpt,i/p(x,kT;µQ0 , Q
2
0) =

1

2⇡

1

k2T +m2
fi,p

"
Af

i/p
(x;µQ0) +Bf

i/p
(x;µQ0) ln

Q2
0

k2T +m2
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#

+
1

2⇡

1

k2T +m2
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Af,g

i/p
(x;µQ0)

+ Cf
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2
0) , (28)

with the corresponding abbreviations
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⇡
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⇤
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�
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(x;µQ0) ⌘

X
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�i0i
↵s(µQ0)CF

⇡
fi0/p(x;µQ0) , (30)

Af,g

i/p
(x;µQ0) ⌘

↵s(µQ0)

⇡

⇥
(Pig ⌦ fg/p)(x;µQ0)

⇤
, (31)

Cf

i/p
⌘ 1

Nf

i/p

"
fi/p(x;µQ0)�Af

i/p
(x;µQ0) ln

✓
µQ0

mfi,p

◆
�Bf

i/p
(x;µQ0) ln

✓
µQ0

mfi,p

◆
ln

✓
Q2

0

µQ0mfi,p

◆
,

�Af,g

i/p
(x;µQ0) ln

✓
µQ0

mfg,p

◆
+

↵s(µQ0)

2⇡

(
X

ii0

�i0i[Ci/i
0

� ⌦ fi0/p](x;µQ0) + [Ci/g

� ⌦ fg/p](x;µQ0)

)#
. (32)

where

Pig(x) = TF

⇥
x2 + (1� x)2

⇤
, (33)

Ci/i

� (x) = CF (1� x)� CF

⇡2

12
�(1� x) , (34)

Cg/p

� (x) = 2TFx(1� x) , (35)

Nf

i/p
⌘ 2⇡

Z 1

0
dkTkT fcore,i/p(x,kT;Q

2
0) (36)

In Eq. (28), fcore,i/p(x,kT;Q2
0) parametrizes the core peak of the TMD pdf. (We remind the reader that it is to be

understood that all explicit perturbative parts in this paper are calculated to lowest order in ↵s.)
To extend the TMD pdf and ↵ parametrizations above to account for the bT ⌧ 1/Q0 region, we transform to

transverse coordinate space and use Eq. (92) of [16] and its analog for the TMD pdf,

D̃h/j(z, bT;µQ0 , Q
2
0) = D̃inpt,h/j(z, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (37)

f̃i/p(x, bT;µQ0 , Q
2
0) = f̃inpt,i/p(x, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (38)
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6

so the full (underlined, in the notation of Ref. [16]) kernel is

K̃(bT;µQ0) =
2↵s(µQ0

)CF

⇡

"
K0(bTmK) + ln

 
mK

µ
Q0

!#
�
Z

µQ0

µQ0

dµ0

µ0 �K(↵s(µ
0)) . (17)

The nonperturbative model parameter in K̃(bT;µQ0) is mK . The bar on top of Q0 and µ
Q0

is the symbol introduced

in [16] to indicate that this is a scale that is fixed to Q0 at large bT, but which transitions to ⇠ 1/bT behavior as
bT ! 0. The role of the “scale transformation function”, Q0, is analogous to that of b⇤ in the usual CSS treatment,
and its exact choice is, in principle, arbitrary. We will continue to use the choice for Q0 from Ref. [16]. We provide
the expression in Appendix A of this paper. We remark that it is possible to consider other types of nonperturbative
behavior for the CS kernel within the approach of Ref. [16], including recent calculations in lattice QCD (see for
instance Refs. [22–25]).

III. TMD PARTON DENSITY & FRAGMENTATION FUNCTIONS

For constructing parametrizations of the quark and antiquark TMD pdfs and ↵s, we repeat the steps in Sec.VI
of Ref. [16]. We continue to use the additive structure from the examples in Ref. [16] to interpolate between a
nonperturbative core and the perturbative tail. The first terms transition into the fixed O (↵s(µ)) tail calculation of
the TMD at large kT, while the last term is a non-perturbative “core” that describes the peak at very small kT. The
core term is further constrained by an integral relation analogous to Eq. (2), which determines its overall normalization
factor Ch/j .

Thus, for the input quark ↵
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+ CD
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Dcore,h/j(z, zkT;Q

2
0) , (18)

where Dcore,h/j(z, zkT;Q2
0) is a parametrization of the peak of the TMD ↵ to be specified later. To compactify

notation, we have dropped the (n, dr) superscripts that were used in [16], but we have included a hadron label h
and j 2 u, d, s, c, . . . labels for parton flavors and anti-flavors. AD, BD, and CD are abbreviations for the following
expressions,
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�
, (19)
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⇤
, (21)
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where

Pqq(z) = Pq̄q̄(z) = CF


1 + z2
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+

3

2
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�
, (23)
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12
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� (z) = 2Pgq(z) ln z + CF z , (26)
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0) . (27)

For the TMD pdfs, the expressions are similar,
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with the corresponding abbreviations
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where

Pig(x) = TF

⇥
x2 + (1� x)2

⇤
, (33)
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� (x) = CF (1� x)� CF
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12
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Z 1
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2
0) (36)

In Eq. (28), fcore,i/p(x,kT;Q2
0) parametrizes the core peak of the TMD pdf. (We remind the reader that it is to be

understood that all explicit perturbative parts in this paper are calculated to lowest order in ↵s.)
To extend the TMD pdf and ↵ parametrizations above to account for the bT ⌧ 1/Q0 region, we transform to

transverse coordinate space and use Eq. (92) of [16] and its analog for the TMD pdf,

D̃h/j(z, bT;µQ0 , Q
2
0) = D̃inpt,h/j(z, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (37)

f̃i/p(x, bT;µQ0 , Q
2
0) = f̃inpt,i/p(x, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (38)
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the functional forms

fSpect
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The overall factors in Eqs. (43)–(45) are chosen so that ND

h/j
= Nf

i/p
= 1 in both models (recall Eq. (27) and Eq. (36)).

In later sections, it will often be convenient to work with collinear pdfs and ↵s defined as the cuto↵ transverse
momentum integrals of TMD pdfs and ↵s. Hence, we define
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2) , (47)

where the c superscript stands for “cuto↵.” The cuto↵ definitions could be defined more generally with an upper
limit µf di↵erent from µQ, but we will keep these scales equal for the present paper. The cuto↵ and MS-renormalized
definitions are equal up to a scheme change and m2/µ2

Q
-suppressed corrections.

With our parametrizations of TMD pdfs and ↵s in the previous section, the integrals are
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and
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with
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in the case of the Gaussian model, and
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in the case of the spectator model. Note that Eqs. (50)–(52) are all 1 up to (at most) m2/µ2
Q0

-suppressed errors.
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The overall factors in Eqs. (43)–(45) are chosen so that ND

h/j
= Nf

i/p
= 1 in both models (recall Eq. (27) and Eq. (36)).

In later sections, it will often be convenient to work with collinear pdfs and ↵s defined as the cuto↵ transverse
momentum integrals of TMD pdfs and ↵s. Hence, we define
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where the c superscript stands for “cuto↵.” The cuto↵ definitions could be defined more generally with an upper
limit µf di↵erent from µQ, but we will keep these scales equal for the present paper. The cuto↵ and MS-renormalized
definitions are equal up to a scheme change and m2/µ2

Q
-suppressed corrections.

With our parametrizations of TMD pdfs and ↵s in the previous section, the integrals are
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in the case of the spectator model. Note that Eqs. (50)–(52) are all 1 up to (at most) m2/µ2
Q0

-suppressed errors.


