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@ Generalized parton distributions
The gauge-invariant off-forward matrix elements,
FA(z, P, A) = (pfl G(= )" W (==, 2)q(=) | p;)

Light-cone GPDs,
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@ Generalized parton distributions

The gauge-invariant off-forward matrix elements,

Ra v g Ay — (pf\q(——)}/”‘ W(—— —)Q( )‘P1>

Light-cone GPDs,

dz_ - Depends on x and Lorentz invariant
F(X, 5, A, ,M) — A i F’“(Z, T A) oroducts of the vectors Py D (or
ﬂ = (pr+p)/2, A=p—p)andn_
y conventionally to be
eV =7
ez=1In_,z7=0 E=—(A-n)/Q2P -n)
7 7 In_/2 ,
W(——,—) = g’exp(i[ dl'A™) t=A
’ 2 2 —In_/2




@ Generalized parton distributions

DVCS Challenging:

® observables appear at the amplitude
level .

* multi-dimensionality (x, &, 1)

* the momentum fraction x is integrated
over (Compton Form Factors)

]'"(f,t;Qz)=/1 dx - L F(z,&,t;Q%)

1 E—x—1e E+ T —i€e

The golden process to study the
quark GPDs is DVCS




@ Generalized parton distributions

DVCS Challenging:

® observables appear at the amplitude
level

* multi-dimensionality (x, &, 1)

* the momentum fraction x is integrated
over (Compton Form Factors)

f(f,t;Q2)=/1 dx | : P Q%)

1 & —x — 1€ \

Complementary knowledge from lattice QCD is essential. I o
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@ Generalized parton distributions

zztct=0, zz—ct#0 ® Mellin or Gegenbauer Moments from
t leading-twist local operators.
il iy ETMC, PRD 101 (2022)
? Z Q’)’UDal Da"q ETMC, PRD 83 (2011)
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Light-cone correlation: Cannot
be calculated on the lattice




@ Generalized parton distributions

t =0, % ol ® Mellin or Gegenbauer Moments from

leading-twist local operators.

b b ETMC, PRD 101 (2022)
— 0 Q1 o, ETMC, PRD 83 (2011)
gy D™ ... D""q

e Large-momentum effective theory: x
-space matching of quasi-PDFE

X. Ji, PRL 2013
X. Ji, et al, RevModPhys 2021

® Short distance factorization of the
FH(z, P, A) quasi-PDF matrix elements in position

= (p,| §( S\yh W (—2 Z)q(z)\p) space or the pseudo-PDF approach.
. /4P

e A. Radyushkin, PRD 100 (2019)
e A. Radyushkin, Int.J.Mod.Phys.A 2020
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@ Short distance factorization

t=0, z#0 SDF of the zero skewness GPD

matrix elements: e V. Braun et al., EPJC 55 (2008)

e A.V.Radyushkin et al., PRD 96 (2017)
LO/TR(Z P A) e Y. Ma et al., PRL 120 (2018)
b b
e T. Izubuchi et al., PRD 98 (2018)
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1
2= (0,0,0,25), 2% = 22 J dxx"E(x,& = 0.0) = BI_| (1)
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https://inspirehep.net/authors/1015394
https://arxiv.org/search/hep-ph?searchtype=author&query=Radyushkin%2C+A+V

@& Short distance factorization

t=0, z#0 SDF of the zero skewness GPD

matrix elements: e V. Braun et al., EPJC 55 (2008)

e A.V.Radyushkin et al., PRD 96 (2017)
LO/TR(Z P A) e Y. Ma et al., PRL 120 (2018)
b b
e T. Izubuchi et al., PRD 98 (2018)
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e gy
B V7 8y (i e * The perturbative matching is valid in short
S AGe i C ange of 2,
z = (0,0,0,25), 72 = Z32 * The information that lattice data contains is

limited by the range of finite A = zP.
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@D quasi-GPD matrix elements

The matrix elements can be parametrized in terms of linearly-independent Dirac structures:

S. Bhattacharya, et al., PRD 106 (2022)
| PH A¥ , icHA PHic?® AHicg?®
F¥(z, P, A) = ii(py, 4') ;Al mztA, = Asy + imot*Ay o5 As - A + mz#ic*t A, e Aglu(p;, 4)

Al(Z y PaZ ' Aa Aza Zz)

light-cone GPDs /1 and £ Commonly used quasi-GPD matrix elements
_ . O”A -
10
| iO'+MA | 37;0(2, Pa A) — I/_t(pj%//{l) }/O%O(Za Pa A) | 2 a gO(Za Pa A) u(pia /1)
F*(z,P,A) = ii(ps ) |y H(z, P, A) + ~E(z, P, A) u(p;, 2) - " -
_ 2m _ ) O AO,S mzAO’SZ3 (AO,S)2Z3 AO,SA3,SZ3PO,S Z3(Ai)2
A+ %O(Z’P ’ A ) — Al T PO,S A3 - 2P0,sP3,s 4 2P3,s - 2(P3,s)2 - 2P3,s A6
H(z,P,A) = A, A,
Pt . (AO,S)3Z3 - (AO,S)2A3,SZ3 - AO’SZ3(A1)2]A
A+ 3 PO.s P3.s (P32 YpOsp3s |0
E(z,P,A)=—A, Ay +2As+2P777 A+ 2AT 77 Ag
Pt | See M. Constantinou’s talk for more details.
® | orentz invariant, frame independent e Encouraging results were reported
_|_
< AT _ Az 2 =0 * Frame dependent
, —

P+ Pz e Computational expensive for multiple Q2




@D quasi-GPD matrix elements

Lorentz invariant quasi-GPD matrix elements
light-cone GPDs H and £

S. Bhattacharya, et al., PRD 106 (2022)

A -7
H PoA) = A, + 24 AP A) = A+ A
Z, ° )_ 1 | P—|— 3 P.Z .
AT _ * < . .

e | orentz invariant, frame independent

AT Az 2 2y L2
o — = Az P,z A A% 29, 22 =0 ® A(z-P,z-A,A%29), 22 #0

P+ P- .
< * A. can be solve from matrix elements
of #°, F!, F*

* | orentz invariant, frame independent




Bare matrix elements and renormalization

Bare matrix elements of quasi-GPD £ The operator can be multiplicatively
renormalized e X.Ji, J. H. Zhang and Y. Zhao, PRL120.112001
1516 ¢ Re:SS(Af;z)] e J. Green, K. Jansen and F. Steffens, PRL.121.022004
¢ ®  Re[E(A%2)] A=V Y (=2 2\a(&
+ + ¢ A Imigg(Az‘?;z)] [Q( ) )y ( 219 )Q( o )]B e m_l/a . .
1.0 * . 4 Im[E(A32)] _sm(a)lz| i 2\ 7 7 7
* . = C Z(Cl)[Q(—g)J/ W(—? E)Q(E)]R
) o . . :
. ; U~ d e Ratio scheme renormalization
0.014 , ’ : ; 222 2 0 e A.V.Radyushkin et al., PRD 96 (2017)
A A L. o4 A A 4 e BNL, PRD 102 (2020)
A A A
A 4, A FR(Z, P, A,//l) FB(Za Pa Aa Cl)
0 3 6 9 12 15 M(Z?, zP, A?) = - e
2/a FR(z,P=0,A=0;u) FB(z,P=0,A=0;a)
— ' o0 . n PN
p Nf=2+1+1 twisted mass (TM) _$ (—izP)" C,(z%u )( ol
fermions & clover improvement. — . o
n=0 ' n

» m_= 260 MeV, a = 0.093 fm, 32° x 64 , .
Reduce to the standard |offe-time pseudo-distribution

p iso-vector (u-d) and iso-scalar when A = 0
(u+d), connected diagrams only.




@B Ratio scheme renormalization

Ratio-scheme matrix elements for H

o Attree level (a, = 0, C,(u°z*) = 1)
B g B P;=083GeV,Re @ Im - - - -
0.5 i x ; - P;=125GeV,Re & Im faUF?}F())I:[?gnng)?tZ(}?, Slmply . polynomlal
| _E P=167GeV.Re & Im |
. i = —0.69 GeV2 ® Beyond LO, the perturbative kernels
= ole . ' _ Cn(zzﬂz)/CO(Zz//tz) are supposed to
| %ey M (P AY T g describe the z-dependent evolution.
o ,
s % ® \Vilson-coetfticients available up to NNLO
05 YEs s o § ¢ for iso-vector case, while NLO for iso-scalar
0.5k .
5 : : : case.
23P3
20 oy e
M 2P, AY) = ) : (") + O A cp)

L ST




(14 I\Aellin moments of GPDs

okl n 2o
%(ZZ,ZP,A2)= Z( ZZP) Cn(zﬂ)

(x™) + Oz*Agen)

| C,(Z%u? .
=0 <o e The tree-level (o, = 0) result show mild z
=2 GeV § AnLO ¥ Aw, LO dependence.
0ol —1=0.69 GeV* . jz g;(io : ;‘jﬁ ﬁ;(zo e Beyond LO, the z dependence is
T g 3 & % compensated by the Wilson coefficients
;; f and produce the z-independent plateau.
0.1F ® NNLO produce similar results with NLO
within current statistical errors.
0oL . T * * ® Signal for higher moments is weak:
1 2 3 4 S requiring higher momentum and statistics.
zla » |

Odd moments (x) and (x°) (or A, and A,)
extracted from imaginary part of matrix

element at each z by fitting P dependence.




— (—izP)" Cn(zz,u %)

M(Z%, 7P, A?) = Z

<x n> + O(z zAéCD)

! Dsiid
L ool [] [] [] (]
u—d
0.75¢
=
=
~ 0.50¢+
0.25+
5 : - -
0.00 4 5 6 7
Zmax/a

& I\Aellin moments of GPDs

Combine z fit to stabilize the fit using

2 € [Zmim Zmax]

: .

Latt. artifact? Higher twist?

e We skipped z = a (z,,;, = 2a)to avoid
the most serious discretization effect
and vary Z,., {0 estimate the

systematic errors.

e Reasonable signal up to (xz) or Ay,

nigher momentum and statistics are
needed to constrain higher moments.




@D r-dependence of moments

1.00

0.7571

x")

0.2571

0.00 =

- LI: Lorentz invariant definition.

_ #yand & are y, definition in asymmetric frame: p, = P, p; = P — A

3
- l/t—d E Al(), LI } E Bl(), LI
= Ao, Hg u—d Bo, 88
z & A, H) P ® B, &
& 21
S 4 ETMC, 11 % 4 ETMC, 11.
Fx 3 4
A _ A
s T 1 #
N E ! A |
ipE =
I 1 O ! ' _ ‘
0 | 2 3 0 | 3
—1 [GeV?] —1 [GeV?)

_ #yand &, are y, definition in symmetric frame: pr = P+ A/2, p;= P — A/2.

ETMC, PRD 83 (2011)




@D -dependence of moments

1.00

0.7571

x")

0.2571

0.00 =

e The A,y and B,y are Dirac and Pauli form factors.

® No difference between different definition.

® (Good agreement with literatures using similar lattice setup.

3
- l/t—d E Al(),LI } E Bl(),LI
= Ao, HS u—d Bo, 88
L & A, H . ® B, &
gy 27
i 4 ETMC, 11 i 4 ETMC, 11 .
Tz k) 4
X _® A
Ff* T ! 1
- * IFs
- U
I O |
0 1 2 3 0 1 3
—t [GeV?] —1 [GeV?]

ETMC, PRD 83 (2011)




@ r-dependence of moments

0.3 - 0.4 .
Azo, LI T . Bz(), LI
E R u—d Az, Hj )\ 1 u—d By, &
0.2r : i ® Ay, Hj 0.3 -1 ¢ B, &
' E % 2 ETMC, 11 E % -~ B A ETMC, 11
~ _fi -~ T . « ETMC, PRD 83 (2011)
iﬁ L E % i L 0.2+ A
~— _|__ E I ~ A A .
0.1f f I &
s 0.1 13 - .
¢ T [
. . . . - | *
—1 [GeV?] —1 [GeV~]

e The A,y and B, are gravitational form factors.

e Results from different definitions are inconsistent especially for B,

® The Lorentz invariant (LI) definition have better agreement with the
traditional moments calculation.




@D r-dependence of moments

I Dipole, 0% €[0,1.5]GeV? 1.00t I Dipole, 0% €[0,1.5]GeV? Di- pole ﬁt.
zExp, 0% €0, 1.5]GeV? k% zExp, 0% €10, 1.5]GeV?
5| B u+d, A, LI 075+

B u—d,Ap, LI
S . (x")(©
= \ S0r <xn>(Q2) — 2
I | o (1 4+-)2
\\.}N\‘\ 0.25 M-

x")

oL ' ' 0,00 ' ' - :
0 1 2 3 0 1 2 3 Z-expension fit:
—1 '[GeV?] — 1 [GeV?]
3 kmax
04l m Dipole, 02 €0, 1.5]GeV? m Dipole, 02 € [0, 1.5]GeV? < xn> (Qz) — E a, Z(Qz)k
: zExp, 0% €10, 1.5]GeV? zExp, 0% €0, 1.5]GeV?
E u+d, Bio, L1 2t i u—d, Bo, LI k=0

x")
x")

2
\/tcut p O \/tcut — I

m | - 2y —
00l \H \ﬁj {r : | XI\H\;\ - \/ fout + 0% + /e — o
i >

3 0 i 2 3
—1 [GeV?] —1 [GeV?]
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@D -dependence of moments

0.4}
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0.0
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i Dipole, Q2 €]0,1.5]GeV?
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zExp, 0% €10, 1.5]GeV?
¥ u+d, By, LI

1.00

0.75¢
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0.25¢

0.00
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i Dipole, Q2 €[0,1.5]GeV?
zExp, 0% €10, 1.5]GeV?

X E u—d,Al(), LI

1 > 3
— 1 [GeV?]

I Dipole, 02 €10, 1.51GeV?
zExp, 0% €[0,1.5]GeV?
i u-— d, B1(), LI

—t — 0| Di-pole |z-expension [ ETMC’11
A¥S* 10.97(04)| 1.05(06) 1
Avte 12.87(07)| 2.80(08) —
BY % |2.68(18)| 2.56(27) | 2.61(23)
B4 10.38(38)| 0.19(36) -
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@D -dependence of moments

i Dipole, Q2 €10, 1.5]GeV?
zExp, 0% €0, 1.5]GeV?
i u-— d, Azo, LI

—1 [GeV?)

—t — 0| Di-pole |z-expension| ETMC’11
A% 10.263(10)| 0.270(21) |0.264(13)
AYTe 10.547(16)| 0.557(21) |0.613(14)
B4 % 10.346(28)| 0.267(47) |0.301(47)
BYF% 10.065(29)| 0.050(22) [-0.046(43)

I Dipole, 0% €[0,1.5]GeV?
zExp, 0% €0, 1.5]GeV?
E u-— d, Bz(), LI

Quark total angular momentum:

Sl : A4 (0)+ B4 (0
= (A0 + BY,(0)

J'=4 = 0.267(27)(39)

J'T = 0.301(14)(02)
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@D r-dependence of moments

I Dipole, Q2 €10,1.5]GeV?
zExp, 0% €0, 1.5]GeV?
E u-— d, A30, LI

Di-pole

zZ-expension

—1 [GeV?]

0.093(05)

0.096(08)

0.181(08)

0.186(07)

0.130(21)

0.130(23)

i Dipole, Q2 €]0,1.5]GeV?
zExp, 0% €0, 1.5]GeV?
E u-— d, B30, LI

0.018(10)

0.015(10)




Summary and outlook

e \We carried out lattice calculation of the quasi-GPD matrix elements of
proton using the Lorentz invariant definition.

e The matrix elements are renormalized in ratio scheme and the first few

Mellin moments up to A,y and B, were extracted using the leading-twist
short distance factorization frame work.

* Higher moments can be constrained with higher momentum and statistics.

e The methods can be extended to non-zero skewness GPDs.

e Calculations with physical quark masses and smaller lattice spacings are
needed to address the lattice artifacts.




