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Generalized Parton Distributions
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z+=0, z⊥=0

a ∈ {q, g}, µ. . . factorization scale

vector (Ha, Ea) and axial-vector GPDs (H̃a, Ẽa)

→ chiral-even Oq = q̄(z)γ+(γ+γ5)q(−z)

transversity GPDs (Ha
T , EaT , H̃a

T , ẼaT )

→ chiral-odd Oq = q̄(z)iσ+iq(−z)

Ha, H̃a , Hq
T

ξ=0,t=0−→ PDFs
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Selected exclusive processes

DVCS

γ∗N → γN

factorization:

[Collins, Freund ’99]

Hq, Eq, H̃q, Ẽq

Hg, Eg H̃g, Ẽg (NLO)

DVMP

γ∗N →MN ′

factorization:

[Collins, Frankfurt, Strikman ’97]

Hqi , Eqi ; Hg, Eg (VL)

H̃qi , Ẽqi (PS)

[Collins, Diehl ’99]

(((((
((

γ∗N → VTN
′) ⇒ (��F

q
T )

Mtwist-3 ⇒ F qT

(γM)P

γN → γMN ′

factorization:
[Qiu, Yu ’22]

Ha, Ea, H̃a, Ẽa

Ha
T , EaT H̃a

T , ẼaT
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Meson Production: handbag factorization

γ(∗)N →MN ′

DEEPLY VIRTUAL WIDE ANGLE

Q2 >>, −t << −t, −u, s >>

DVMP WAMP

[Collins, Frankfurt, Strikman ’97] [Huang, Kroll ’00]

factorization
Ha ⊗GPD

GPDs at small (−t)

tw2: γ∗L, tw3: γ∗T

arguments for factorization

Ha(1/x⊗GPD(ξ = 0))

GPDs at large (−t)

Ha ... parton subprocess helicity amplitudes

⇒ M ... hadron helicity amplitudes

⇒ observables (cross sections, asymmetries)
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γ(∗)N →MN ′

DEEPLY VIRTUAL WIDE ANGLE

Q2 >>, −t << −t, −u, s >>

DVMP WAMP

[Collins, Frankfurt, Strikman ’97] [Huang, Kroll ’00]

factorization
Ha ⊗GPD

GPDs at small (−t)

tw2: γ∗L, tw3: γ∗T

arguments for factorization

Ha(1/x⊗GPD(ξ = 0))

GPDs at large (−t)

large scale Q2 (Q2, s or ...)

twist expansion: < H >tw2 +
< H >tw3

Q
+ . . .

αS expansion for each twist: αS(Q) < H >LO +α2
S(Q) < H >NLO + . . .
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Status and motivation

DV (PS) P:
tw-2 predictions (γ∗LN → πN ′) bellow the data [HERMES ’09] [JLab ’12,’16, ’20]

[COMPAS ’19] ⇒ importance of γ∗TN → πN ′

⇒ tw-3 calculations (WW approximation, i.e., just 2-body tw-3 in PS),
with transversity GPDs F qT [Goloskokov, Kroll ’10] [Ahmad, Goldstein Liuti ’09, Goldstein,

Hernandez, Liuti ’13]

WA (PS) P:
tw-2 predictions [Huang, Kroll ’00] bellow the data [SLAC ’76], [JLab ’05, ’18] for
photoproduction (Q2 = 0)

tw-3 2-body π photoproduction vanishes [Huang, Jakob, Kroll, P-K ’03]

⇒ tw-3 (2- and 3-body) prediction for π0 photoproduction [Kroll, P-K ’18]

fitted to CLAS data [CLAS ’18]; photoproduction of η, η′ mesons [Kroll, P-K.

’22] [preliminary GlueX ’20]

⇒ tw-3 prediction for π±, π0 photo- and electroproduction (Q2 < −t)
[Kroll, P-K. ’21]; extension to DV (PS) P
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Wide-angle meson production
at twist-3
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PS meson production to twist-3: subprocess amplitudes H
µ photon helicity, λ . . . quark helicities, P ∈ {π±, π0, η8, η1, η, η′}

HP0λ,µλ . . . non-flip subprocess amplitudes (twist-2)

GPD

p N

t w 2

and
GPD

p N

+ +

tw2

for η1

HP0−λ,µλ . . . flip subprocess amplitudes (twist-3)

GPD

p N

T

t w 3

GPD

p N

+

+

−

−
T

tw3

→ just meson DA tw-3 contributions (∼ µπ = 2 GeV ⇒ large parameter)

distribution amplitudes (DAs):
twist-2 (qq̄) : φP
2-body (qq̄) twist-3 φPp, φPσ 3-body (qq̄g) twist-3 φ3P

→ connected by equations of motion (EOMs)8 / 19



Subprocess amplitudes H: projectors

qq̄ → π projector [Beneke, Feldmann ’00]

(τq′ + k⊥) + (τ̄ q′ − k⊥) = q′

Pπ2 ∼ fπ
{
γ5 q/

′φπ(τ, µF )

+µπ(µF )
[
γ5 φπp(τ, µF )

−
i

6
γ5 σµν

q′µnν

q′ · n
φ′πσ(τ, µF )

+
i

6
γ5 σµν q

′µφπσ(τ, µF )
∂

∂k⊥ν

]}
k⊥→0

qq̄g → π projector [Kroll, P-K ’18]

τaq′ + τbq
′ + τgq′ = q′

Pπ3 ∼ f3π(µF )
i

g
γ5 σµνq

′µgνρ⊥
φ3π(τa, τb, τg , µF )

τg

µπ = m2
π/(mu +md) ∼= 2 GeV, f3π ∼ µπ

9 / 19



Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φPp +HP,φEOMP2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φPp + HP,φ3P ,CF +HP,φ3P ,CG

2- and 3-body contributions necessary for gauge invariance

photoproduction (Q→ 0): HP,φPp = 0 [Kroll, P-K ’18]

no end-point singularities for t̂ 6= 0 !
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Photoproduction (π)

complete tw-3 prediction for π0 photoproduction fitted to CLAS data
and obtained predictions for π±

[Kroll, P-K ’21]
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solid curves:
complete twist-3
dotted curves: twist-2

exp data:
full circles [SLAC ’76]

open circles [CLAS ’17]

triangles [JLab, Hall A ’05]

twist-2 prediction well below the data
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Spin effects - photoproduction

[Kroll, P-K ’21]: π±
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LL

→ characteristic signature for dominance of twist-3 (like
σT � σL in DVMP)

[Kroll, P-K ’22]: η, η′
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DVMP
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Subprocess amplitudes for electroproduction: twist-2

Transverse photon polarization (µ = ±1) T

Hπ,tw2
0λ, µλ ∼ fπ CF αs(µR)

√
−t̂

ŝ+Q2

∫ 1

0
dτ φπ(τ)

[
(2λµ+ 1)

(
(ŝτ +Q2)(ŝ+Q2)− ûQ2τ̄

ŝτ̄(Q2τ̄ − t̂τ)
ea

+
(ŝτ −Q2)(ŝ+Q2)− ûQ2τ̄

ûτ(Q2τ − t̂τ̄)
eb

)
+ (2λµ− 1)

(
û ea

(Q2τ̄ − t̂τ)
+

ŝτ̄ eb

τ(Q2τ − t̂τ̄)

)]
Longitudinal photon polarization L

Hπ,tw2
0λ, 0λ ∼ fπ CF αs(µR)λ

Q
√
−ûŝ

ŝ+Q2

∫ 1

0
dτ φπ(τ)

(
û ea

ŝ(Q2τ̄ − t̂τ)
−

(t̂+ τû) eb

τû(Q2τ − t̂τ̄)

)

→ photoproduction (Q→ 0):

Hπ,tw2
T

∣∣∣
Q→0

∼ fπ CF αs(µR)
1√
−t̂

∫ 1

0

dτ

τ
φπ(τ) ((1 + 2λµ) ŝ− (1− 2λµ) û)

( ea
ŝ

+
eb

û

)

→ DVMP (t̂→ 0):

Hπ,tw2
L

∣∣∣
t̂→0

: ŝ = −
ξ − x

2ξ
Q2 , û = −

ξ + x

2ξ
Q2 ⇒ well known LO result for DVMP
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Twist-2 NLO predictions for
〈
HDVπP,tw2
L

〉
→ σDVπP

L

[Belitsky, Müller ’01], [Müller, Lautenschlager, P-K., Schäfer ’14], [Duplančić, Müller, P-K., ’17]

large NLO corrections and model dependence

LO evolution important

NLO calculations should include NLO evolution
(conformal momentum representation favorable)

results sensitive to the choice of DA
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Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φPp +HP,φEOMP2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φPp + HP,φ3P ,CF +HP,φ3P ,CG

DVMP (t̂→ 0):

end-point singularities in HP,φPp
∫ 1

0

dτ

τ̄
φPp(τ),

φPp(τ) = 1 + a2pC
1/2
2 (2τ − 1) + . . .

⇒ modified hard-scattering picture

(with k⊥ quark transverse momenta) [Goloskov, Kroll, ’10]

⇒ pure collinear picture with effective m2
g [Shuryak, Zahed ’20]
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Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φPp +HP,φEOMP2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φPp + HP,φ3P ,CF +HP,φ3P ,CG

DVMP (t̂→ 0): ŝ = − ξ−x
2ξ

Q2, û = − ξ+x
2ξ

Q2

Hπ,φπp0−λ,µλ|t̂→0 ∼ (2λ+ µ) fπµπCFαS(µR)
√
−ûŝ

(ea
ŝ2

+
eb
û2

) ∫ 1

0

dτ

τ̄
φπp(τ)

Hπ,φ3π,CF
0−λ,µλ |t̂→0 ∼ −(2λ+ µ) f3π CFαS(µR)

√
−ûŝ

(ea
ŝ2

+
eb
û2

)
×
∫ 1

0

dτ

τ̄2

∫ τ̄

0

dτg
τg(τ̄ − τg)

φ3π(τ, τ̄ − τg, τg)

HP,φ3π,CG
0−λ,µλ |t̂→0 ∼ −(2λ+ µ) f3π CGαS(µR)

√
−ŝû

(ea
ŝ2

+
eb
û2

+
ea + eb
ŝû

)
×
∫ 1

0

dτ

τ̄

∫ τ̄

0

dτg
τg(τ̄ − τg)

φ3π(τ, τ̄ − τg, τg)
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Subprocess amplitudes: twist-3 2-body vs. 3-body

tw3 3-body contributions are significant

(60% at Q2 = 2 GeV2 and 20% at Q2 = 20 GeV2)

10 20 30 40 50
Q2

1

2

3

4 tw2

tw3 2b (mg
2=1 GeV2)

tw3 3b (CF)

tw3 3b (CG)

tw3 3b

tw3

tw2 : 3CF (1 + a2 + a4)

tw3 2b :
µπ

Q
CF

∫ 1

0
dτ

1

τ +m2
g/Q

2
φPp

tw3 3b(CF ) : −
µπ

Q
CF R

(
−20 +

15

4
ω1,0 −

24

5
ω2,0 +

6

5
ω1,1

)

tw3 3b(CG) :
µπ

Q
CGR

(
−30 + 10ω1,0 − 8ω2,0 +

1

2
ω1,1

)
DVπ0P numerical analysis underway [Duplančić, Kroll, P-K., Szymanowsky]
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Summary

complete (2- and 3-body) twist-3 prediction for PS electroproduction
has been obtained

3-body tw3 contributions needed for the gauge invariance of the
results but are also numerically important

WA (PS) P / photoproduction:
meson’s twist-3 contributions dominate for πs and η
possibility of extraction large −t behaviour of transversity GPDs (F qT )

DV (PS) P
similary twist-3 dominates (γ∗T )
twist-2 (γ∗L) NLO contributions available, possibly large and
should be included
meson DA additional nontrivial nonperturbative input
complete numerical twist-3 analysis underway

Thank you.
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Helicity amplitudes M for WAMP

MP
0+,µ+ =

e0

2

∑
λ

[
HP0λ,µλ

(
RPV (t) + 2λRPA(t)

)
→ twist-2

−2λ

√
−t

2m
HP0−λ,µλ S̄PT (t)

]
→ twist-3

MP
0−,µ+ =

e0

2

∑
λ

[√−t
2m
HP0λ,µλRPT (t) → twist-2

−2λ
t

2m2
HP0−λ,µλ SPS (t)

]
+ e0HP0−,µ+ S

P
T (t) → twist-3

µ photon helicity, λ . . . quark helicities, P ∈ {π±, π0, η8, η1, η, η′},

RaV (t) =

∫
dx

x
Ha(x, ξ = 0, t) . . . form factors

a ∈ {u, d} ⇒ Rπ
±
V = RuV −R

d
V , Rπ

0

V = 1√
2

(
euRuV − edR

d
V

)
Rη8V ≈

1√
2
Rη1V ≈

1√
6

(
euR

u
V + edR

d
V

)
(H, H̃,E)→ (RV , RA, RT )

(HT , H̃T , ĒT )→ (ST , SS , S̄T ) transversity GPDs



DAs and EOMs

τφπp(τ) +
τ

6
φ′πσ(τ)− 1

3
φπσ(τ) = φEOMπ2 (τ̄)

τ̄φπp(τ)− τ̄

6
φ′πσ(τ)− 1

3
φπσ(τ) = φEOMπ2 (τ)

φEOMπ2 (τ) = 2
f3π

fπµπ

∫ τ̄

0

dτg
τg

φ3π(τ, τ̄ − τg, τg)

EOMs and symmetry properties
⇒ the subprocess amplitudes in terms of two twist-3 DAs
and 2- and 3-body contributions combined

combined EOMs → first order differential equation ⇒ from known form of
φ3π [Braun, Filyanov ’90] one determines φπp (and φπσ)

Note: qq̄g projector and EOMs were derived using light-cone gauge for constituent gluon



Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φπp +HP,φEOMπ2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φπp + HP,φ3π ,CF +HP,φ3π ,CG

2-body twist-3 ∼ CF ; 3-body CF and CG proportional parts

CG part is separately gauge invariant

the sum of 2- and 3-body CF parts is gauge invariant
(QED and QCD)

no end-point singularities for t̂ 6= 0 !



Subprocess amplitudes: twist-3 at Q << or t̂ <<

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φπp +HP,φEOMπ2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φπp + HP,φ3π ,CF +HP,φ3π ,CG

HP,tw3
L ∼ Q

√
−t→ 0 both for Q→ 0 and t̂→ 0

photoproduction (Q→ 0):

HP,φπp = 0 [Kroll, P-K ’18]

DVMP (t̂→ 0):

end-point singularities in HP,φπp [Goloskokov, Kroll ’10]

HP,φEOMπ2 = 0



Subprocess amplitudes: twist-3 at Q→ 0, t→ 0
photoproduction

HP,tw3
0−λ, µλ|Q2→0 ∼ (2λ− µ) f3π αS(µR)

√
−ûŝ

∫ 1

0
dτ

∫ τ̄

0

dτg

τg
φ3π(τ, τ̄ − τg , τg)

×
[
CF

(
1

τ̄2
−

1

τ̄(τ̄ − τg)

)( ea
ŝ2

+
eb

û2

)
+

−CG
2

ττg

t̂

ŝû

( ea
ŝ

+
eb

û

)]
DVMP

HP,φπp0−λ,µλ|t̂→0 ∼ (2λ+ µ) fπµπCFαS(µR)

√
−
û

ŝ

[ ea
ŝ

+
ŝ

û

eb

û

] ∫ 1

0

dτ

τ̄
φπp(τ)

HP,CF ,φ3π
0−λ,µλ |t̂→0 ∼ −(2λ+ µ) f3π CFαS(µR)

√
−
û

ŝ

(
ea

ŝ
+
ŝ

û

eb

û

)
×
∫ 1

0

dτ

τ̄2

∫ τ̄

0

dτg

τg(τ̄ − τg)
φ3π(τ, τ̄ − τg , τg)

HP,qqg,CG0−λ,µλ |t̂→0 ∼ (2λ+ µ) f3π CGαS(µR)
Q2

√
−ŝû

( ea
ŝ

+
eb

û

)
×
∫ 1

0

dτ

τ̄

∫ τ̄

0

dτg

τg(τ̄ − τg)
φ3π(τ, τ̄ − τg , τg)



Subprocess amplitudes Hη8,η1 → Hη,η′

Novel features:

1

c)

|gg〉 states contribute to twist-2

Hπ,tw2 ⇒ Hη8,tw2,Hη1,q,tw2 (φπ , fπ)→ (φη8 , fη8 ) ,
(
φqη1 , fη1

)

Hη1 = Hη1q,tw2 +Hη1g,tw2 φqη1 and φgη1 mix under evolution

Hπ,tw3 ⇒ HP,tw3 (φ3π , fπ , f3π)→ (φ3P , fP , f3P )

2 flavour-mixing:

simplest: flavour-mixing embedded in the decay constants

f8
η = f8 cos θ8 f1

η = −f1 sin θ1

f8
η′ = f8 sin θ8 f1

η′ = f1 cos θ1

[review Feldmann ’00]



Pion distribution amplitudes

Twist-2 DA: φπ(τ, µF ) = 6τ τ̄
[
1 + a2(µF ) C

3/2
2 (2τ − 1)

]
Twist-3 DAs:

φ3π(τa, τb, τg, µF ) = 360τaτbτ
2
g

[
1 + ω1,0(µF )

1

2
(7τg − 3)

+ ω2,0(µF ) (2− 4τaτb − 8τg + 8τ2
g )

+ ω1,1(µF ) (3τaτb − 2τg + 3τ2
g )
]

[Braun, Filyanov ’90]

using EOMs [Kroll, P-K ’18]:

φπp(τ, µF ) = 1 +
1

7

f3π(µF )

fπµπ(µF )

(
7ω1,0(µF )− 2ω2,0(µF )− ω1,1(µF )

)
×
(

10C
1/2
2 (2τ − 1)− 3C

1/2
4 (2τ − 1)

)
, φπσ(τ) = . . .

Parameters:

a2(µ0) = 0.1364± 0.0213 at µ0 = 2 GeV [Braun et al ’15] (lattice)

ω10(µ0) = −2.55 , ω10(µ0) = 0.0 and f3π(µ0) = 0.004 GeV2 . [Ball ’99]

ω20(µ0) = 8.0 [Kroll, P-K ’18] fit to π0 photoproduction data [CLAS ’17]

Evolution of the decay constants and DA parameters taken into account.
Choice of scales: µR

2 = µF
2 = t̂û/ŝ



η, η′ distribution amplitudes

Twist-2 DA:

φ8(τ, µF ) = 6τ τ̄
[
1 + a8

2(µF ) C
3/2
2 (2τ − 1)

]
φ1,q(τ, µF ) = 6τ τ̄

[
1 + a1

2(µF ) C
3/2
2 (2τ − 1)

]
φ1,g(τ, µF ) = 30τ2τ̄2

[
1 + ag2(µF ) C

5/2
1 (2τ − 1)

]
Twist-3 DAs:

assumption

φ38(τa, τb, τg, µF ) = φ31(τa, τb, τg, µF ) ≈ φ3π(τa, τb, τg, µF )

Parameters:

a8
2(µ0) = −0.039, a1

2(µ0) = −0.057, ag2(µ0) = 0.038 [Kroll, KPK ’13],
and other choices tested

f38(µ0) = 0.86f3π(µ0) ⇐ [Ball ’99; Braun, Filyanov ’90]

f31(µ0) = 0.86f3π(µ0) ⇐ η exp: [GlueX preliminary ’20]

mixing parameters from [Feldmann, Kroll, Stech ’98]



Form factors and GPDs

Ri . . . 1/x moment of ξ = 0 GPD (Ki)

RV (← H), RT (← E) from nucleon form factor analysis [Diehl, Kroll ’13]

RA(← H̃) form factor analysis and WACS KLL asymmetry [Kroll ’17]

ST (← HT ), S̄T (← ĒT ) low −t from DVMP analysis [Goloskokov, Kroll ’11]

SS(← H̃T ) ∼= S̄T /2 (ĒT = 2H̃T + ET )

GPD parameterization [Diehl, Feldmann, Jakob, Kroll ’04, Diehl, Kroll ’13]

Ka
i = kai (x) exp [tfai (x)] , fai (x) =

(
Bai − α′ia lnx

)
(1− x)3 +Aai x(1− x)2

strong x− t correlation
power behaviour for large (−t)
choice for transversity GPDs A = 0.5 GeV−2



Electroproduction (π): Q2 < −t

[Kroll, P-K ’21]
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σTT ⇒ information on H̃T (suppressed for DVMP)



DVMP
Transition form factors

aT (ξ, t,Q2) =

∫
dx

∫
du T a(x, ξ, u, µϕ, µF ) F a(x, ξ, t, µϕ) φ(u, µF )

a = q, g or NS,S(Σ, g)

hard-scattering amplitude (known up to NLO)

T a(x, ξ, u, µϕ, µF ) =
αs(µR)

4π
T a(1)(x, ξ, u)

+
α2
s(µR)

(4π)2
T a(2)(x, ξ, u, µR, µϕ, µF ) + · · ·

distribution amplitude (DA) evolution, similary GPD (F a) evolution (known up to
NNLO)

φ(x;µF , µ0) = φ(0)(u, µF , µ0) +
αs(µF )

4π
φ(1)(u, µF , µ0)

+
α2
s(µF )

(4π)2
φ(2)(u, µF , µ0) + · · ·

→ evolution simpler to implement in conformal momentum representation [Müller

’98]



From x space to conformal momentum space

aT (ξ, t,Q2) =

∫
dx

∫
du T a(x, ξ, y, µ2)) F a(x, ξ, t, µ2) φ(u, µ2)

F...GPDs,a=q,g or NS,S(Σ,g)

conformal moments (analogous to Mellin moments in DIS xn → C
3/2
n (x), C

5/2
n (x))

[Müller, Lautenschläger, P-K., Schäfer 2014] [Duplančić, Müller, P-K. 2017]

aT (ξ, t,Q2) =
1

2i

∫ c+i∞

c−i∞
dj

[
i±
{

tan

cot

}(
πj

2

)]
ξ−j−1

×
[
Tjk(Q2/µ2)

k
⊗ φM,k(µ

2)

]
F a
j (ξ, t, µ2)

all channels calculated to NLO :

Hq
(+)

M , Eq
(+)

M , Hg
M , E

g
M 1−−L =VL Hq

(−)

M , Eq
(−)

M 0++=S

H̃q
(−)

M , Ẽq
(−)

M 0−+=PS H̃q
(+)

M , Ẽq
(+)

M , H̃g
M , Ẽ

g
M 1+−

L =PVL
(x-space, conformal mom. space, imaginary parts for disp. relations)



Twist-2 NLO predictions for
〈
HDVπP,tw2
L

〉
[Duplančić, Müller, P-K., ’17]
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Figure 2: Relative NLO 
orre
tions (36) to the imaginary part of the TFF (21) versus x

B

for the k = 0

(solid), k = 2 (dashed), k = 4 (dotted) partial waves arising from the quark-quark 
hannel (left panel) and

quark-gluon 
hannel (right panel). The pure singlet quark 
ontribution for k = 0 is shown as dash-dotted

line in the left panel.

employ the Mellin-Barnes integral representation in phenomenology. We found that the NLO


orre
tions to the pure singlet quark part are small while the quark-gluon 
hannel might imply

moderate 
orre
tions. The main 
orre
tions are large and arise from the quark-quark 
hannel.
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Relative NLO corrections to Im < Htw2
L >

for different DA conf. moments:

solid: k = 0 (asymptotic)

dashed: k = 2

dotted: k = 4

NLO corrections higher for higher DA conformal moments

⇒ important for non-asymptotic DAs
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