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Generalized Parton Distributions

P = P+ P A = P — P
A2 =t momentum transfer
At N

E=— r longitudinal momentum

transfer (skewness)
dz= . . p+,—
Foz, & tp) = | — P72 (P|0%(2)| P
(.6t = [ S PAO"GIPY], .

a €{q,g}, p...factorization scale

e vector (H®, E*) and axial-vector GPDs (H®, E®)
— chiral-even 01 = q(z)v" (vT5)q(—2)
e transversity GPDs (H$, EY, E’:nr E%)

—s chiral-odd 01 = §(z)io™q(—z)

He, H*, HY ~—%" PDFs
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Selected exclusive processes
DVCS DVMP

P N

Y*N — N
factorization: factorization: 'yN — ’}/MN,

. ) Collins, Frankfurt, Strikman '97 . .
[Collins, Freund '99] [ ! factorization:

H?, E1, ﬁq’ Eq HY%, B4 HI, B9 (VL) [Qiu, Yu '22]

~ ~ H* E9, f_ja' Ea

HY9, E9 HY, E9 (NLO) H%, E% (ps)
[Collins, Diehl '99]

(U N—VTN) = (BF]
Myyist-3 = 7
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Meson Production: handbag factorization

DEEPLY VIRTUAL WIDE ANGLE
Q* >>, —t << —t, —u, s >>
DVMP WAMP
[Collins, Frankfurt, Strikman '97] [Huang, Kroll '00]
@ factorization @ arguments for factorization

p ) [H°(1/2 ® GPD(€ = 0))]

H® ... parton subprocess helicity amplitudes
= M ... hadron helicity amplitudes

= observables (cross sections, asymmetries)
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Meson Production: handbag factorization

DEEPLY VIRTUAL
Q% >>, —t <<

DVMP

[Collins, Frankfurt, Strikman '97]

@ factorization

@ GPDs at small (—t)

@ tw2: 77, tw3: 1

large scale Q% (Q?,s or ...)

@ twist expansion: < H >2 4+

Q

@ g expansion for each twist: as(Q) < H >L° +a%(Q) < H >
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< H >tws

WIDE ANGLE
—t, —u, § >>
WAMP

[Huang, Kroll '00]

@ arguments for factorization
[He(1/2 © GPD(£ =0))]

@ GPDs at large (—t)

NL
o4 ..



Status and motivation

e DV (PS) P:
o tw-2 predictions (v; N — wN') bellow the data [HERMES '09] [JLab 12,16, 20]

[compas '19] = importance of YA N — 7N’

= tw-3 calculations (WW approximation, i.e., just 2-body tw-3 in PS),
with transversity GPDs qu‘ [Goloskokov, Kroll "10] [Ahmad, Goldstein Liuti '09, Goldstein,
Hernandez, Liuti '13]
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Status and motivation

e DV (PS) P:
o tw-2 predictions (v; N — wN') bellow the data [HErMES '09] [JLab 12,16, 20]
[compas '19] = importance of YA N — 7N’

= tw-3 calculations (WW approximation, i.e., just 2-body tw-3 in PS),
with transversity GPDs qu’ [Goloskokov, Kroll "10] [Ahmad, Goldstein Liuti '09, Goldstein,

Hernandez, Liuti '13]

e WA (PS) P:
o tw-2 predictions [Huang, Kroll ‘00 bellow the data [sLac '76], [JLab 05, 18] for
photoproduction (Q? = 0)

e tw-3 2-body 7 photoproduction vanishes [Huang, Jakob, Kroll, P-K '03]

= tw-3 (2- and 3-body) prediction for my photoproduction [kroll, P-k '18]
fitted to CLAS data [cLas 18); photoproduction of 77, 7' mesons [kroll, P-k.
'22] [preliminary GlueX '20]

= tw-3 prediction for 7%, 70 photo- and electroproduction (Q? < —t)
[Kroll, P-K. 21]; extension to DV (PS) P
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Wide-angle meson production
at twist-3
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PS meson production to twist-3: subprocess amplitudes ‘H

w photon helicity, X... quark helicities, P € {n%, 7% ns,n1,m,7'}
HE, 4 - -~ non-flip subprocess amplitudes (twist-2)

tw2 M tw2
+ -
«

3 N and 7 v for m

/H(i/\,uk ... flip subprocess amplitudes (twist-3)

— just meson DA tw-3 contributions (~ ur = 2 GeV = large parameter)
distribution amplitudes (DAs):
twist-2 (¢q) : ¢p
2-body (¢q) twist-3 ¢pp, ¢ps 3-body (gqgg) twist-3 ¢3p
710 — connected by equations of motion (EOMs)



Subprocess amplitudes H: projectors

qq — T projector [Beneke, Feldmann '00]
(¢’ + ki) + (¢ — k1) =4

Py o~ fx {’ys ¢ P (7, 1F)

+ur(pr) [’75 Grp (T, 1iF)

I
q'*n¥
q 7 ¢7‘ro‘(T UF)

Y5 O0puy ———

6

LNE— o 1}
+6 Y5 Opv 4 ¢WU(T’#F)akJ_V kL =0

, q4g — T projector [Kroll, P-K '18]
Taq +1q¢ +719¢ =4

@3 (Ta, o, Tg, BF
PT o for () ~ o ughe ’T(“’T’Q’)

pin = m%/(my +mg) =2 GeV, fax ~ px
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Subprocess amplitudes: twist-3

General structure:

rHP,th — HP,tw3,qq+7_[P,tw3,ng

_ (HP7¢Pp+HP7¢1EDQOM) + (Hquq_g,CF _|_'HP,q6970G)

= HbPoPp + fHP,@gP,CF +7_[P,¢3P,CG

@ 2- and 3-body contributions necessary for gauge invariance
e photoproduction (Q — 0): HP*Pr = 0 [Kroll, P-K '18]

@ no end-point singularities for £ # 0 |
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Photoproduction ()

@ complete tw-3 prediction for my photoproduction fitted to CLAS data

and obtained predictions for m

+

[Kroll, P-K '21]
0

107

s7do /dt(m") sTdo /dt(m™)
100 (b GeV'2) 100 [ubGeV'?)
5 =11.06 GeV?* s =113 GeV?
10° 10°
10t 10!
10% 10%
10% 10%
10 N - 10! -
08-06-04-02 0 02 04 0.6 08 0.8-06-04-02 0 02 04 0.6 08
cos 0 cos 0
107 107
sTdo /dt(m+) s'do/dt(n )
100 [ubGeV'?) 100 [ubGeV'™?] .
5 =103GeV? M 5 =15.0GeV?
109 0r " N
- . L}
10 10!
10° 108
102 102
10! 10!

-08-06-04-02 0 02 04 06 08
cos 6

-0.8-06-04-02 0 02 04 06 08
cos 6

@ twist-2 prediction well below the data
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solid curves:
complete twist-3
dotted curves: twist-2

exp data:

full circles [sLAC '76]
open circles [CLAS '17]
triangles [JLab, Hall A '05]



Spin effects - photoproduction

[Kroll, P-K '21]: n*
10

0.8
0.6
0.4

App(Kpr)... correlation of the helicities of the photon

and incoming (outgoing) nucleon

02 2 .
s = 10.3 GeV’ P tw2 _ P,tw2

0 AL = Kip

0.2 . .
P,tw3 _ P,tw3

0.4 ALL - _KLL
0.6
0.8 — characteristic signature for dominance of twist-3 (like
-1.0 ;

10 08 060402 0 02 04 06 08 or > oy, in DVMP)

coie

[Kroll, P-K 221 1], 1]
1.0 ———————— ‘
0.8 .
0.6 — In contrast to 7

.0
04 and n, for n’
0275 — 16.36 Gev? .
0.0 dominance of
02 [7P(R) — mp(n) 02 = .
0.2 02, p twist-2 and
04 0AF TTTT
06 06 poee sensitivity to
08 08 Lyp(n) = wp(n) gluons

-0.8 -0.6 -04 -02 0.0 02 04 06 0.8
cos 6
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Subprocess amplitudes for electroproduction: twist-2

Transverse photon polarization (. =+1) T

2 2\ a2~
Hgiilfti ~ f=Cp as(,uR) \1;2 dr ¢7‘r(7’) |:(2)\“ + 1) ((57— +Q )(3 +Q ) wQeT

57(Q%7 — tr) Ca

) o )|

Longitudinal photon polarization L

Hg)’\tfgi ~ fr Cr as (/-LR) A

g@ /o1 dr $x(7) (é(QQﬁ:a— in 7'12((—5 :—uz??))

— photoproduction (Q — 0):

wtw2
HT

u

oo~ J7 O as(ur) f/ —m(T)(( +22u) 8 — (1 — 22p) @) (%‘Jr@)
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Subprocess amplitudes for electroproduction: twist-2
Transverse photon polarization (. =+1) T

Vit (BT +Q)(+Q?) — Qs
w dr ¢x(T) [(2)\;“ +1) ( ST(QQT _ tT) €a

) o )|

w2
Hg)f,iik ~ f7r CF as (;U'R)

Longitudinal photon polarization L

T, tw2 Q V —U3 ! U €a _ ( + Tﬁ) €p
Hok, 00 Jx Cras(ur) A = Q2 /0 dr ¢x(7) (5(Q2% —ir)  Ta(Q?r — f?))

— photoproduction (Q — 0):

wtw2
PR

oo™ I Crasun) f/ T on(m) (L2005 - (1= 2w ) (52 + 2)

— DVMP (f — 0):

Hz’th‘A . G= 52_£I Q?,a= 76;7;: Q? = well known LO result for DVMP J
i
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Twist-2 NLO predictions for <H?VWP’W2> — gDVTP

[Belitsky, Miiller '01], [Miiller, Lautenschlager, P-K., Schafer '14], [Duplan&i¢, Miiller, P-K., '17]

@ large NLO corrections and model dependence
@ LO evolution important
@ NLO calculations should include NLO evolution

(conformal momentum representation favorable)

@ results sensitive to the choice of DA
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Subprocess amplitudes: twist-3

General structure:

rHP,th rHP,th,qq + rHP,tu)3,qqg

_ P,¢pp P,pEM P,qq9,Cr P,qq9,Cq
(H +H )+ (H +H )

— HP7¢Pp + HP7¢3PaCF + HR%P,CG
e DVMP (t — 0):
1
o end-point singularities in H¢r» / dTTgbpp(T),
o T

opp(T) =1+ ang;/2(2T -1 +...

= modified hard-scattering picture

(with k&, quark transverse momenta) [Goloskov, Kroll, '10]
= pure collinear picture with effective m? [shuryak, zaned 20]
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Subprocess amplitudes: twist-3

General structure:

HP,t’u)?)

fHP,th,qq + fHP,tw&qqg

= (HDoPr +7_[P,¢1€20M) + (#P99Cr 1 94Pa29:Cc)

= HPory + HE P3P CF + HE¢sp.Ca
o DVMP (£ — 0): §= -2 Q% a= -2 Q? :
T b — (€a " d
M alino ~ @A+ 0) fannCras(un) V=5 (% + 5| [ Tonr)
S U o T

Ho T lino ~ —(2\+p) for Cras(ur) V—is (? + o)

1 7
dr dry _
>< JE— . — —
/0 72 Jo Te(T —Tg) G3r(T,7 = 70, 7)

P,¢37,C, ~—~ (€ ey €a + €p
Ho R %o~ —(2X+ 1) fox Caas(ur) —SU(;;‘*‘?‘F agﬁ )

1 T
dr drg _
X /0 ? /0 79(7—__7_9) ¢37T(T7T_7_977-9)
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Subprocess amplitudes: twist-3 2-body vs. 3-body
@ tw3 3-body contributions are significant

(60% at Q% = 2 GeV? and 20% at Q? = 20 GeV?)

4l tw2
tw3 2b (mg?=1 GeV?)
----- w3 3b (C)
-------- w3 3b (Co)
tw3 3b
tw3
@
tw2 : 3Cr (14 a2+ aa)
1
W 1
tw3 2b : —C dr ———
w 0 F/O TT—&-mf]/QZ drp
o 15 24 6 )
tw3 3b(CFp) : ——CrR|—-20+ —w10— —w2,0+ —w
( F) Q F ( 4 1,0 5 2,0 5 1,1
M 1
tw3 3b(CG) : 5 Ca R | 30+ 100.}170 — 8(1.12’0 + 50}1,1

- 719DV7TQP numerical analysis underway [Duplanéi¢, Kroll, P-K., Szymanowsky]



Summary

e complete (2- and 3-body) twist-3 prediction for PS electroproduction
has been obtained

@ 3-body tw3 contributions needed for the gauge invariance of the
results but are also numerically important

e WA (PS) P / photoproduction:
e meson's twist-3 contributions dominate for 7s and 7
o possibility of extraction large —t behaviour of transversity GPDs (F7.)

e DV (PS) P
o similary twist-3 dominates (v7)
o twist-2 (7} ) NLO contributions available, possibly large and
should be included
e meson DA additional nontrivial nonperturbative input
e complete numerical twist-3 analysis underway
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Summary

e complete (2- and 3-body) twist-3 prediction for PS electroproduction
has been obtained

@ 3-body tw3 contributions needed for the gauge invariance of the
results but are also numerically important

e WA (PS) P / photoproduction:
e meson's twist-3 contributions dominate for 7s and 7
o possibility of extraction large —t behaviour of transversity GPDs (F7.)

e DV (PS) P
o similary twist-3 dominates (v7)
o twist-2 (7} ) NLO contributions available, possibly large and
should be included
e meson DA additional nontrivial nonperturbative input
e complete numerical twist-3 analysis underway

Thank you.
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Helicity amplitudes M for WAMP

2
Mot

%O Z [Hé}k,uk (R5 (t) +2A R,}Z(t)) — twist-2

—x 7-40 o SE(t )] s twist-3
€0 vV — .
B} [% H(})D)\’HA R? (t) — twist-2

t .
—QA 277712 H(I)D_AW’)\ Sg(t):l =+ 607‘[5_7#“,. S’]I'D‘ (t) = tWISt-3

y

1 photon helicity, ... quark helicities, P € {Fi,ﬂo,n&mﬂhﬁl}v

— / di: H®(z,£ =0,t) |...form factors
x

a€{ud= Ry =Ry — RY, RY = & (cuRY — eaR{)

RV = J5RY = o5 (euRY + eaRY)

(H7 FL E) - (RV7RA7RT)

(I‘IT7 f‘IT, ET) —

(St,Ss,St)  transversity GPDs



DAs and EOMs

m,rp(T)Jr%qb;g() bro(r) = ¢ESM(7)

1
3
T 1
3

Tomp(T) = 59ra(T) = 30m0 (1) = ez M (T)

far dr,
E2OM( ) = f:;tqr/ ng Gar (T, T — T4, Tg)

@ EOMs and symmetry properties
= the subprocess amplitudes in terms of two twist-3 DAs
and 2- and 3-body contributions combined

@ combined EOMs — first order differential equation = from known form of
@37 [Braun, Filyanov '90] one determines ¢, (and ¢xs)

Note: ¢gg projector and EOMs were derived using light-cone gauge for constituent gluon



Subprocess amplitudes: twist-3

General structure:

fHP,tw?) _ fHP,tw{i,qq_'_HP,tw?),qQQ

= (HDo +HP,¢>£20M) + (#P939.Cr 1 3(Pa99:Cc)

/

-~

= HP¢m o b3, Cr + B3 Ca

@ 2-body twist-3 ~ CF; 3-body CFr and C¢ proportional parts

o Cg part is separately gauge invariant

@ the sum of 2- and 3-body C'r parts is gauge invariant
(QED and QCD)

@ no end-point singularities for £ # 0 |



Subprocess amplitudes: twist-3 at ) << or <<

General structure:

HP,tw?: — HP,th,qtj+HP,tw3,q(jg

EOM

— (HP7¢7T;D + %P@,rg ) + (HP,QJQ,CF _|_HP711(79’CG)

— HP7¢7TP + HP7¢3TI'70F + HP7¢37\'7CG

° H?tw?’ ~ Q+/—t — 0 both for @ — 0 and t — 0

@ photoproduction (Q — 0):
o HE®Pme =0 [kroll, Pk '18)

e DVMP (& — 0):

o end-point singularities in H %7 [Goloskokov, Kroll '10]
EOM

o HPP=" =0



Subprocess amplitudes: twist-3 at ) — 0, ¢ — 0

photoproduction
P,tw3 ~— 1 T dTg _
Ho N algzso ~ (23— p) far as(pr) V—1us | dr ; T(ﬁsﬁ(r,f—‘rg,rg)
g
1 1 ea ep
x |C _— ey =20
[ r (%2 %(%—Tg)) (§2 +ﬁ2) *

2t
oo 2 L)
TTg 84 \ 8 U

DVMP
P,¢np Ureq  Sep Ldr

,H()f)\,;v\lf—»O ~ (A +p) frprCras(pr) *g [? + 55] ) ?¢7rp(7)

P,Cp,¢3n [ 4 (e $ ey
’HO—/\I,?ui:s liso ~ —(2A+p) fsx Cras(pr) 3 (?a + 7 E)

Ldr (7 dr,
X / =y ,794737\'(7'»71*7'9779)
o T2 Jo Tg(T—1g)

HP,qqg,Cc 2

Q €a  €p
ongxCline ~ (2A+p) fSWC'Gas(uR)\/_—%<z+g)

Ldr (7 dr,
X / T/ —— b3 (T, T — Tg,Tg)
o T Jo 14(F—1q)



Subprocess amplitudes M — H{17

Novel features:

<)

(1] lgg) states contribute to twist-2
o HTIW2 = Yns:tw2 g, g tw2 (P fr) = (Pngs frs) s (D515 )
HM = Mg tw2 4 Jiig,tw2 7, and @fj, mix under evolution |
o H™iw3 = pPtws (37, frs f3n) = (93P, [P f3pP)

@ flavour-mixing:
e simplest: flavour-mixing embedded in the decay constants

fs = fscosfs f; = —f1sinf;
ff;, = fgsinfg f%, = f1cosb

[review Feldmann '00]



Pion distribution amplitudes

Twist-2 DA: | ¢ (7, pur) = 677 [1 + az2(ur) C5/%(27 — 1)]

Twist-3 DAs:
2 1
O3n(Tas To, Tg, pr) = 3607aTy7, [1 + wi0(pr) 5(77'9 -3)
+ woo(pr) (2 —41am — 879 + 8Tg2)
+ wii(pr) (Brate — 274 + 37'5)] [Braun, Filyanov '90]
using EOMs [kroll, P-K '18]:
1 f3r
Gap(Tour) = 1+ 1 fonlur) (7w1,0(MF) —2wz,0(ur) — w1,1(up)>
7 frbix(1F)
x (1002 2r—1)=3¢1% (21 = 1)), ralr) = ...
Parameters:

@ az(pp) = 0.1364 £ 0.0213 at pp = 2 GeV [Braun et al '15] (lattice)
@ wio(uo) = —2.55,w10(10) = 0.0 and f3- (o) = 0.004 GeV? . [Ball '99]
@ woo (o) = 8.0 [Kroll, P-K "18] fit to 7° photoproduction data [CLAS '17]

Evolution of the decay constants and DA parameters taken into account.
Choice of scales: up? = up2 = ta/s



n, 0’ distribution amplitudes

Twist-2 DA:
¢s(m,ur) = 677 [1+a(ur) Gy % (21 — 1)) ‘
b1q(T,pr) = 677 [1 4 ad(ur) C3/* (21 — 1)]
b1g(T,ur) = 307°7% [1 4 ad(ur) 05/2(27 —-1)]
Twist-3 DAs:
assumption

‘ ¢38(TayTb,Tg,/.LF) = ¢31(Ta,Tb,Tg,/,,LF) =4 ¢3ﬁ(TayTb,Tg,MF) ‘

Parameters:

@ a§(uo) = —0.039, al(uo) = —0.057, aj(p0) = 0.038 [Kroll, KPK '13],
and other choices tested

@ f38(10) = 0.86f3.(1o) <= [Ball '99; Braun, Filyanov '90]
@ f31(10) = 0.86f3x (o) <= M exp: [GlueX preliminary '20]

@ mixing parameters from [Feldmann, Kroll, Stech '98]



Form factors and GPDs

..1/xz moment of £ = 0 GPD (K;)
Ry (+ H), Rr(«+ E) from nucleon form factor analysis [Diehl, Kroll '13]

Ra(+ H) form factor analysis and WACS KLL asymmetry [Kroll '17]

St(+ Hr), St(+ ET) low —t from DVMP analysis [Goloskokov, Kroll '11]
Ss(+ Hr) = Sp/2 (Er = 2Hr + Er)

GPD parameterization [pichi, Feldmann, Jakob, Kroll '04, Diehl, Kroll '13]

K& = ke (2) exp [t ()], (@) = (BY — o} na) (1 — 2)* + Afa(1 - 2)’
@ strong x — t correlation
@ power behaviour for large (—t)

@ choice for transversity GPDs A = 0.5 GeV 2



Electroproduction (7): Q% < —t

[Kroll, P-K '21]
0.4

04
3 doi/dor(nt) dor(Q?*)/dor(0)
03 5 =15GeV? 03 5= 15GeV? ot
2 - /
02 0.2
2
1
01 0.1 . 3
Q*[GeV?) N
X Q*[GeV?)
0.0 0.0 \ -
08-06-04-02 0 02 04 06 08 08-06-04-02 0 02 04 06 08
cos @ cos 6
05 10
3 —doyy/dor(nt)
04 —dozr/dor(m") 08} s=15GeV?
N s =15GeV?
03 0.6
1
2
0.2 ! 0.4 s
Q*[GeV?]
2 (Gev?
01 @GeVT) 0.2
0

0.0

-08-0.6 -0.4 -0.2
co:

@ both for o7, and o7 no twist-2 and twist-3 interference = information on Hp

0 02 04 06 08
s 6

-0.8-06-04-02 0 02 04 06 08
cos 6

@ opr = information on Hyp (suppressed for DVMP)




DVMP

Transition form factors

aT(f,t, Q2) = /diL’ /du T“(x,f,u,,uw,up) Fa(x7€ata M(p) ¢(U>MF)
a=q,gorNSS(X,g)

hard-scattering amplitude (known up to NLO)

a Qs\HRr a
T (xag,uapﬂpa,u’F) = iﬂ' )T ® ( 757“)

2
A (MR) Ta(2)

+(47)2 (xagvuaﬂRaﬂtpqu)+

distribution amplitude (DA) evolution, similary GPD (F*) evolution (known up to
NNLO)

s
d(@ipur, o) = ¢, MF7MO)+7<MF)¢(1)(%MF’MO)
47

( (M)I;) Y, i, pro) + -+

— evolution simpler to implement in conformal momentum representation [Miiller
'98]



From x space to conformal momentum space

T( Q)

/ da / du Tz, &,y, p2)) F(x, €, 1, 1) $(u, 1)

F...GPDs,a=q,g or NS,S(X

conformal moments (analogous to Mellin moments in DIS z™ — 03/2( ),C 75/2(1:))

[Miiller, Lautenschlager, P-K., Schifer 2014] [Duplanti¢, Miiller, P-K. 2017]

“T(¢,1,Q%) =

c+1i00

27

c—100

all channels calculated to NLO :

ol (o ()]

X [Tjk(QQ/,UQ) é qu,k(,ﬂ)] F2(¢.t, 12)

,9)

&
174
Hu

) oq™
q
HJM ’SJM
75]%

HMv 5

1;7=V,,
0~ +=PS

P

=)
q
HM

Enr

~0 D e 5
A

0++:S
177 =PV,

(x-space, conformal mom. space, imaginary parts for disp. relations)



Twist-2 NLO predictions for <7—[?V7TP’“”2>

[Duplanti¢, Miiller, P-K., '17]
Relative NLO corrections to Im < H{*? >

o ‘____,, for different DA conf. moments:
Egi s _";/’// solid: k& = 0 (asymptotic)
B dashed: k =2

00 02 04 N 06 08 1.0 dotted: kK =4

@ NLO corrections higher for higher DA conformal moments

= important for non-asymptotic DAs
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