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Probing high density gluonic matter: CGC and dipole picture (LO)

Total cross section

σγ∗p ∼ Ψ∗ ⊗Ψ⊗ N

p

Diffractive processes

σ ∼ |
∫
d2be−ib·∆Ψ∗⊗ΨV ⊗N|2

p + A collisions

σ ∼ xf (x)× |
∫
d2re−ir·kN|2

Dipole picture at high energy: γ∗ → qq̄ fluctuation has a long lifetime ⇒ factorization

Dipole amplitude N: eikonal propagation in the color field, resumming multiple scattering

Convenient degree of freedom at small-x
Center-of-mass energy dependence perturbative: BK/JIMWLK
Necessary input for all CGC calculations: non-perturbative initial condition
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State-of-the-art at LO

to the default one, ml = 140 MeV. This gives us confidence that the good agreement with

data is indeed driven by the small-x dynamics encoded in the rcBK equation rather than

being due to a fine tuning of the remaining parameters. Importantly, the fits parameters

are similar, in all cases, to those obtained in our previous work [25].
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Figure 1: Comparison of experimental data for the reduced cross sections (black squares) in

different Q2 bins with our results (red circles). The results in the left plot correspond to a fit with

only light flavors and GBW initial condition, entry (a) in Table 1. The results in the right plot

include the contribution of charm and beauty quarks and correspond to fit (a’) in Table 2.

4.2 Inclusion of heavy quarks in the fits.

In this section we present the fits performed including the contribution of charm and

beauty quarks into Eq. (2.4). As discussed earlier, we find that in order to obtain a good

description of data while keeping the stability of the fit parameters for light quarks it

is necessary to assume that the overall normalization of the heavy quark contribution to

the reduced cross section is different to the one for light quarks. This translates into the

introduction of a new free parameter, σheavy
0 , which turns out to be smaller than σ0, the

corresponding normalization for light quarks. This can be interpreted as the average radius

of the heavy quark distribution being smaller than the one for light quarks. In principle,

there is no reason a priori why such average radius should be the same for charm and

beauty quarks. On the contrary, one may expect a smaller size of the effective beauty

distribution on account of its larger mass. This would suggest the introduction of two

different normalization parameters for charm and beauty σ0c and σ0b, as well as, maybe,

different initial conditions for the evolution for each heavy quark flavor. However, the

paucity of data on F2b or related observables able to independently constrain the free

– 11 –

Albacete et al (AAMQS), 1012.4408

Many works at LO
(note power counting: αs ln 1/x ∼ 1, so actually LL)

Parametrization for the dipole amplitude at x = 0.01
+ BK evolution with running αs

AAMS 0902.1112: F2 from H1&ZEUS

AAMQS 1012.4408: combined precise σr data

Charm data requires an additional normalization factor

H.M, Lappi, 1309.6963: different parametrizations,
applications to p+A

Status at LO

χ2/N ∼ 1

Can not simultaneously describe total and charm data
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Progress towards NLO
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FIG. 6: Diagrams with two cuts.

Full NLO accuracy (∼ α2
s ln 1/x) requires

Evolution equation

NLO BK: Balitsky, Chirilli, 0710.4330
Resummation of transverse logs: Iancu, et al, 1502.05642, 1507.03651
Numerical solution: Lappi, H.M, 1601.06598

Impact factor (γ∗ wave function at NLO)

mq = 0: Hänninen, Lappi, Paatelainen, 1711.08207; Beuf 1708.06557
With heavy quarks (mass renormalization in LCPT):
Beuf, Lappi, Paatelainen 2103.14549 2112.03158, 2204.02486
Numerical implementation:
Hänninen, H.M, Paatelainen, Penttala, 2211.03504

Also many other processes, talks by Dumitru, Tawabutr, Mulian,
Penttala, Salazar, Hänninen, . . .
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Resumming higher order contributions in the evolution equation

NLO BK numerically heavy, here different resummation schemes, drop α2
s w/o transverse logs

Resummation needed to render NLO BK stable Lappi, H.M, 1601.06598

ResumBK

Single and double
transverse logs

Resummation tuned to
approximate NLO BK
Lappi, H.M, 1601.06598

Iancu et al, 1502.05642,
1507.03651

KCBK

Kinematical constraint
(life time ordering for
emitted gluons)

Same physics as double
log resummation

Beuf, 1401.0313

TBK

Evolution in target (not
projectile!) rapidity

Impact factor in
projectile rapidity, need
to shift

Ducloue et al,
1902.06637

Differences quantify the resummation scheme dependence

Dropped α2
s terms have only a small effect in fits Hänninen, 2112.08818
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What happens at NLO: evolution5

10�3 10�2 10�1 100 101

rQs

0.0

0.5

1.0

1.5

K
su

b
/(

K
fin 1

+
K

2
+

K
f
)

Qs,0/�QCD = 2
Qs,0/�QCD = 6
Qs,0/�QCD = 10
Qs,0/�QCD = 2, y = 10

Figure 1: Contribution to the evolution speed of the dipole
amplitude, @yN , originating from the subtraction of the ↵

2
s

part of the single logarithm resummation (Ksub) divided by

the contribution from K
fin
1 , K2 and Kf .
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Figure 2: Dipole amplitude at di↵erent rapidities as a func-
tion of dipole size. The thick lines are obtained by using
a resummed initial comparison. For comparison, the corre-
sponding amplitudes obtained without resumming the initial
condition are shown as thin lines.

is found to increase at almost all dipole sizes through
the evolution. In particular, the amplitude does not turn
negative at small dipoles, which would be the case with
the NLO BK equation without resummation as shown in
Ref. [24]. In order to study the e↵ect of the resummed
initial condition we also solve the equation with a non-
resummed dipole amplitude at y = 0 (replacing Ã by A
in Eq. (12)). The di↵erence between the initial condi-
tions is that the resummation introduces oscillations in
the small-r part that are quickly washed out in the evo-
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Figure 3: Evolution speed of the saturation scale obtained
by solving the BK equation at leading order (with running
coupling), including the resummation contributions and with

full kernels with fixed order ↵
2
s terms.

lution. The evolution speeds and shapes of the solutions
are comparable after a few units of rapidity evolution.

The evolution of the saturation scale is studied in
more detail in Fig. 3 where we show its evolution speed
d ln Q2

s/dy. The saturation scale Qs is defined here by

N(r2 = 2/Q2
s ) = 1 � e�1/2, (20)

and it should be seen as the scale at which non-linear
phenomena become important. The resummed NLO BK

equation (Eq. (2) with KBC
1 replace by Eq. (17), labeled

as Total) is found to evolve roughly 30% slower than the
leading order running coupling BK equation at very large
saturation scales with the running coupling prescription
used here. The fixed order ↵2

s terms are important close
to the initial condition, increasing the evolution speed
significantly. This can be seen by comparing the full re-
summed NLO BK result to the result obtained by solving
the leading order BK equation improved as in Ref. [34]
by including the resummation of single and double loga-
rithms without the other NLO terms (Resummation only
in Fig. 3). Later in the rapidity evolution (at large sat-
uration scales) these pure NLO terms have a negligible
e↵ect. Note that we have here chosen an initial satura-
tion scale Qs ⇠ 1 GeV, which can be expected to be in
the phenomenologically relevant regime.

The evolution speed of the dipole amplitude as a func-
tion of dipole size is analyzed in more detail in Fig. 4,
where the contributions to @yN(r)/N(r) from the di↵er-
ent terms are shown. The resummation contribution is

8
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Figure 7: Evolution speed at y = 0 using di↵erent values
for the anomalous dimension at the initial condition MV

�

parametrization, see Eq. (23).
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Figure 8: Anomalous dimension �(r) = d ln N(r)/d ln r
2

as
a function of dipole size at the initial condition (solid lines)
and after 5 units of rapidity evolution (dotted lines). The
initial conditions are the same as in Fig. 7. For comparison,
the leading order result at y = 5 is shown as a dashed-dotted
line.

Fig. 8. For comparison the corresponding anomalous di-
mension obtained by solving the leading order BK equa-

tion with running coupling is shown. We find that the
resummed NLO BK equation preserves the anomalous di-
mension of the initial condition, which suggest that the
MV� model parametrization is close to the asymptotic
solution of the equation. On the other hand with leading
order BK equation a significant rapidity evolution of �(r)
is seen, especially with large anomalous dimension in the
initial condition.

V. CONCLUSIONS

We have included the fixed order ↵2
s corrections to the

resummed Balitsky-Kovchegov evolution equation. The
main results of this work are presented in Figs. 3 and 6,
where we show that at large saturation scales and at small
dipoles the most important next-to-leading order correc-
tions can be included in the BK equation by resumming
large transverse logarithms. We have numerically found
an optimal value for the constant inside the resummed
logarithm that minimizes the e↵ect of the other NLO
terms. The fixed order ↵2

s terms are numerically impor-
tant close to the phenomenologically relevant initial con-
ditions for large dipoles, r ⇠ 1/Qs, and significantly in-
crease the evolution speed of the saturation scale. These
terms become negligible at larger saturation scales (later
in the evolution) and at small parent dipoles.

The resummed evolution equation is also shown to be
stable and to generate physically meaningful evolution
for the dipole amplitude even if an anomalous dimension
� > 1 is used in the initial condition. This was not the
case with the original NLO BK equation without resum-
mation, as it was previously shown in Ref. [24] to cause
the dipole amplitude to turn negative with physically rel-
evant initial conditions.

A logical next step towards the NLO CGC phe-
nomenology would be to combine the resummed NLO
BK evolution with the NLO photon impact factor [22, 23]
and calculate the structure functions. In particular, the
NLO CGC picture should be tested against the precise
HERA deep inealstic scattering data [53, 54].
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Solid: IC, dashed: evolved
Lappi, H.M, 1601.06598

BK evolution at NLO (ResumBK, KCBK)

Slower evolution speed

Anomalous dimension γ (N ∼ (r2Q2
s )

γ) approx. constant
Compare to LO: γ → 0.6 . . . 0.8

Slower evolution speed good: LO fits need smallish αs

Anom. dimension affects virtuality and mass dependence:
suppresses high Q2 and m2

q:

σγ∗p ∼ |Ψγ |2N(r2 = 1/µ2) ∼ |Ψγ |2µ−2γ , µ2 = µ2(Q2,m2
q)

Ducloue et al, 1912.09196: (approximative) NLO evolution +
LO impact factor not enough to describe total + charm data

TBK more complicated:

develops γ < 1 (enhances heavy quark production), but also need a shift to projectile rapidity
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What happens at NLO: impact factor
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NLO vs LO impact factor
> 1: enhances heavy q production
< 1: suppresses heavy q production (TBK-evolved dipole)

NLO photon wave function

NLO impact factor enhances heavy quark
production compared to LO

Opposite effect than from the evolution

With TBK evolved dipole different:

Impact factor suppresses heavy quarks,

Again opposite effect than from evolution

Quantitative question if mq and x ,Q2 dependence is compatible with HERA at full NLO?
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Fit initial condition to HERA data

14
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FIG. 6: Total and light quark reduced cross sections com-
puted from KCBK fit compared with the light quark pseudo-
data data and HERA reduced cross section data [1]. Balit-
sky + smallest dipole running coupling is used with Y0,BK =
ln 1/0.01.

B. Fitting the interpolated light quark reduced
cross section

Next we consider fits to our interpolated light quark
data set. The fit results are also shown in Tables. I,
II and III. Figure 6 shows a comparison between the
HERA and interpolated light quark data with one of the
fits, obtained with the KCBK equation with the Balitsky
+ smallest dipole running coupling and initial condition
parametrized at Y0,BK = ln 1/0.01.

The light quark only fits have quite distinct systemat-
ics in comparison to the actual HERA data fits. Every
single fit setup used needs a substantially larger C2 and
to a varying degree larger anomalous dimensions. Lastly,
and importantly, light quark fits need larger values of �0

compared to the corresponding total HERA cross section
fit.

The slow evolution speed (visible as a large C2 espe-
cially when using the parent dipole prescription) and a
large �0 in the light quark pseudodata fits can be un-
derstood to result from an e↵ective description of non-
perturbative e↵ects. We expect that there is a non-
perturbative hadronic contribution in the light quark
production cross section which is large (resulting in
a large �0) and evolves more slowly as a function of
Bjorken-xBj than the fully perturbative cross sections,
like charm production. In our framework, these non-
perturbative e↵ects correspond to large dipoles, with
sizes larger than roughly the inverse pion mass. In this
case, quark-antiquark dipoles are not the right degrees
of freedom, and one should in principle use an another
e↵ective desription for the non-perturbative physics, e.g.
the vector meson dominance [97–100] model.

The same non-perturbative e↵ects are there also in the

total reduced cross section, and consequently in our fits
to full HERA data. However, the full reduced cross sec-
tion also includes the more reliably perturbative charm
production contribution (and a small b quark one), with
a much faster x evolution and a smaller magnitude (�0).
Consequently, when performing our (massless) NLO fits
to the full HERA data more weight is given to perturba-
tive contributions compared to light quark fits, and there
is less need for the fit parameters to adjust to nonpertur-
bative e↵ects with unnatural values.

These observations are compatible with some of the
previous analyses. In the study by the AAMQS collabo-
ration [8] it was found that a combined fit to both charm
and total reduced cross section requires one to introduce
separate fit parameters for the charm quarks, especially
the charm quarks require a smaller �0. A slowly evolving
non-perturbative contribution to the light quark produc-
tion was also found to be necessary in Refs. [29, 40]. In
the dipole picture applied here, one finds that very large
dipoles up to a few femtometers contribute significantly
to the light quark structure function [86]. In reality,
non-perturbative confinement scale e↵ects not included
in our perturbative calculation are expected to dominate
in these cases as discussed above.

To arrive at one of our central points of this article, we
make the observation that even though the HERA DIS
data has been described well with leading order dipole
picture fits with the BK equation in the past, simulta-
neous fits to the full data and charm quark data have
not been successful with a single BK-evolved amplitude
(note however the existence of fits [94, 101, 102] using
parametrizations that mimic BK evolution). Similar re-
sults are found in the recent study with the target rapid-
ity BK prescription as well [82]: fits to the full data are
excellent but the fit parametrizations do not describe the
heavy quark data. Our next-to-leading order analysis,
where we separately consider the light quark production
only, results in similar conclusions. This indicates that
the description of the light quark contribution has a large
theoretical uncertainty as well in any such fit to the full
DIS data.

Thus we find that it would be preferable to fit the
charm quark structure function F2,c separately (or inclu-
sive FL data, as the longitudinal photon splits generally
to smaller dipoles, resulting in smaller non-perturbative
contributions). The FL measurements from HERA [103]
are however not precise enough for our purposes (see the
next section). Very precise FL data (among with inclu-
sive and charm structure functions) can be expected from
the future Electron Ion Collider [104, 105] or from the
LHeC [106].

C. Beyond HERA

Given the equality in the capabilities of the di↵erent
versions of the BK equation in describing the HERA and
light quark data, a question arises if it is possible to dis-

Beuf, Hänninen, Lappi, H.M, 2007.01645

Goal

Global analysis, fit simultaneously total and
charm&bottom data

Here

Use mq = 0 fits from Beuf et al, 2007.01645

Fitted light quark pseudodata:
interpolated c and b subtracted form total σr

In total 12 different fits (different running coupling
prescription, resummation scheme, . . . )

Compute predictions for c and b production
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Comparison to world data
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3/12 fits: successful predictions, χ2
c/N < 2.5 using optimal 1.1GeV < mc < 1.6GeV

Also b data well described with these 3 fits

Obtain χ2/N = 1 . . . 2: excellent description of all small-x DIS data

Additional constraints as charm probes dipole amplitude at much shorter length scales
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Fit 1

Fit 2

Fit 3

inclusive

charm× 2

bottom× 30

No FL data included in fits

All 3 determined fits compatible with the FL data

More precise data from the EIC can provide further
constraints

FL is different from F2 ≈ σr , as no aligned jet
contribution from large dipoles
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Conclusions

First CGC description of all (total+charm) HERA small-x structure function data

Successfully predict heavy quark production data at full NLO accuracy

Charm provides strong additional constraints for the initial condition of the BK evolution

Having both (approximative) NLO evolution and NLO impact factor is crucial

Demonstrated feasibility of global analyses

The determined 3 fits should be used in all NLO CGC phenomenology

Deviations rough estimate for initial condition uncertainty

Outlook/in progress: Bayesian inference including total and heavy quark data
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Best fits

#
Resum.
scheme

αs Y0,BK
mc

[GeV]
χ2
c/N

mb

[GeV]
χ2
b/N χ2

tot/N

1 ResumBK PD 0 1.42 1.86 4.83 1.37 1.25
2 KCBK PD 0 1.49 2.55 4.96 1.58 1.23
3 TBK BSD 0 1.29 1.02 5.04 1.12 1.83
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