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Motivation

1
Proton spin sumrule: S, + L, + S¢ + L¢ = 7 (Jaffe, Manohar ‘89) 10.1016/0550
1 1
5@ = 5 [ A, Q) 5(@) = [ drAG(, Q)
0 0
S,(Q* = 10 GeV?) ~ 0.15 + 0.20 Sc(Q? =10 GeV?) ~ 0.13 + 0.26
for for
z € [0.001, 1] R e z € [0.05, 1]

DSSV: 1404.4293v1, 0904.3821v2)

Still short of V% How much spin at small-x?



https://www.sciencedirect.com/science/article/pii/0550321390905069?via%3Dihub#:~:text=https%3A//doi.org/10.1016/0550%2D3213(90)90506%2D9
https://arxiv.org/pdf/2009.01291.pdf
http://arxiv.org/abs/1404.4293v1
http://arxiv.org/abs/0904.3821v2

Small-x Helicity Evolution

Cougoulic, Kovchegov, Tarasov, Tawabutr ‘22 2204.11898v3

Novel small-x helicity evolution equations § e mhomsmeon

term

Already solved numerically (at large-N ),
giving numerical agreement with existing
results

Bartels, Ermolaev, Ryskin ‘96 9603204 v1

Cross check numerical results.
—

What about an analytic solution?
y Can we learn anything new?


http://arxiv.org/abs/2204.11898v3
http://arxiv.org/abs/hep-ph/9603204v1

Quark and aluon helicity evolution at small-x

,-,/'\\
Dipole picture of DIS M\ >“WM

Helicity evolution enters at the sub-eikonal level
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Turns out that lots of observables can be expressed in terms of the
‘polarized dipole amplitudes’ G/(z2,, zs), Ga(z3,, 25)
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Polarized Dipole Amplitudes

1 > 7
_ 2NCRe<<T tr VoV + T [V >>(zs) /
) 1 1 G 1 G T ) / ] ” Eb G \
Gio(zs) = N, <<t1‘ [VJVl ¢ (VL 0[2]) VQ] >>(zs) : < /JA\\]J)_

/d2 (azo _12_ Tl) Gio(zs) = G(z3,, 25)

o (X1 + T ; i : ij : :
/d2 ( l 0) G (25) = (210)} G1 (279, 28) + €7 (x10) G2 (@1, 25)

2
V is ordinary (unpolarized) Gl iG[2]
fundamental Wilson line VL , VL are polarized Wilson line operators
oo
V, =Pexp |ig / de= AT (0+; :1;—&) polarization-dependent interactions sandwiched
B between ordinary Wilson lines

—o0



Dipole Amplitudes Also Give helicity TMDs, PDFs

N, . 0 Q?
. . Gdip/ . 1.2\ __ c 2 —ik-x 2 _
G x, k7)) = dxipe =0 |1+ 2]g==| G2 | 79,28 =
Gluon helicity TMD 911 (@ k7) ! 10 [ lod:z;%()] 2( 10 :L,)
8iN.N dz ke Lo K ‘
Flavor Singlet quark helicity TMD  97.(z. k%) = (27T)5f / -~ /dz 210 %Z 2 [G(20, 28) + 2Ga (e, 25)]
A2/s
- 2N, 0 ‘ Q2
Gluon helicity PDF AG(, Q%) = 22 [(1 e ) G, (xfo,zs _ 7)]
w%ozl/QQ
1 Inin{ﬁ—,%g} )
: . N.N dz ’ dz
Flavor Singlet quark helicity PDF  AX(z,Q%) = — 27T3f / ~ / me [G(23, 28) + 2G2(x3g, 28)]
A2/s i 10
mm{? 7} )
dz : dz
g, structure function Z 13 / / ?;0[G(afio,zs)+2G2(x%o,zs)]
A2/s "15



. : 2
Small-x evolution of 1 e e G ([L‘lo y R S)
the dipole amplitudes |

Cougoulic, Kovchegov, Tarasov, I G 11
Tawabutr 22 2204.11898v3 0 0 0 - 0

DOUbIe'IogarithmiC + other eikonal diagrams + c.c.
approximation
(resumming powers of - -
2
aln (1/x)) )
. inhomogeneous 2
) ) + c.c. I term ( )
Full evolution equations don’t | 1 GQ xlO? <S

close
(like Balitsky hierarchy)
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http://arxiv.org/abs/hep-ph/9509348v1
http://arxiv.org/abs/hep-ph/9812311v1
http://arxiv.org/abs/2204.11898v3

Cougoulic,
Equations do close in the large-IN . limit ey, e
- 2204.11898v3

Would like to solve these equations analytically

z ;1‘%0 2
T . 7 1 . . .
G (@3, z5) = GO (a4, zs)+ 57 = J d;f J (l)l {F(a T0: @31, 2'8) +3G (a3, 2'5)+2G (@3, 2's) + 2F2(¢’J’f()vx§1:z"q)]
1 1 T2
er?u z's
y min |:Tf0”('§l ;—,,/}
D(x2. 22 o's) = GO (g2 asNe. [ dz" (1:1?%2 T(22. 22 5 g)is 2 L2 n 2 2 .
(210, 31, 2'8) = (210, 2's)+ o 7 2 (10, T39, 2" S H3G (X359, 2'S) + 2G2(255, 2" s) + 22 (270, T52, 2" S)
| / 32
sty 2'"s
llllIl[?T%O,A%']
9 9 asNe N, dzs;
Ga(ak, 25) = G (ahy, 25)+ / [ SR 166 + 26, 2]
' 21
max {m%“, z}s
e —
2 / |
z/% 111111[%;13%1 %} :
as N, dz" dz? ! I' and I, are auxiliary
o2, 22, 2's G()a, 28 =5 / / 32 [G(22,.2"8) + 2Go (225, 2" s ' 27 T
2(®10, ¥1,2'8) = Gy (T10, ')+ J 2 , 22, [ 2253, 2"5)] | functions (‘neighbor
2 . 1 . . ,
= max a3, z773 | dipole amplitudes’)
|
|
. |
|
|
|


http://arxiv.org/abs/2204.11898v3

Starting point - double

Laplace transforms for G,

and G

Solution

1
dw d w ln mrlo)—l—f; ln( ) >
/ / ’7 '1OA GQWWI

Go(x79, 25)
( L 271 27r1 ~ as N,
Qs = 9
" dw d/\ wln( qrw)—}—*yh1(—lf\2> Tr
G(z3,, 25) 104/ G,
2"&'2 2/(&

Along with corresponding transforms for the initial conditions of the evolution

Can then manipulate the large-N_ equations to find expressions for the other dipole

amplitudes and constrain the coefficient GZwy

After some work, the results are...




Solution

~ 1
1 dw dry “’1“("”10)+71n< 2 2)
Go(22y, 28) = — 710" Gy

OZS 271 21
T0: 2 D) 1 =2 (G, - GE), ) 26,
_ ~(0) Qs (0) (0) ) 0) (0) (0)
Gawy = Gouyt w(y—7)(y—1) { (7= 95) (GW 20552, ) 2(0 = o) (Gai o 2G26i J) 80, (sz ; G2wﬁd>]
- w = w 160, =
of:§[1i 1—%} wf_g 1i\/1— = 1_%]

Note G2m G are the double-Laplace images of the initial conditions G (22, 2s) , GO (23, 25) o



Using the Dipole Amplitudes

Can write down small-x large-N_ expressions for hTMDs and hPDFs (for arbitrary initial conditions)

I” functions, not

k2
GCdP (g k2 = 4 1 [dw [ dy "”“( T)+'1“< >22w QWF(W—"H-UGQ neighbor dipole
1L » v agﬂz /{,‘% ] 2w | 2mi T (’7’ . w) wy amplitude
.2 /
(z,k%) = — / /dv “’ln _% +““(Ilg>226‘)_2~/F(w—fy+1) _(G G("))
g7 T ozzN 7r2 kz 2wt ) 2mi D(y—w+ 1)7 ey 20y
2
4 dw [ d’}’ wln(l>+”y’ ln(c\“)—z)
G(z,Q?) = / : : @ 2% ) Qo
(2, Q%) aln | 2mi 2m6 2wy
—N wlin( =5 o Tl =2 v 1n Q—Z s
AX(z, Q%) 2Nfﬂ/ 27 / 2wt W — GZW/ _Ggi)“/) [76 l <Q2)+w (1 +e! (QZ> le 1 <A2> — 11 —e”’ln(A_?)>]
’ d 1 win( =5 ol === In Q_Z S
91(2, Q%) = 27ra2N /27r2 / 2’7@(*) vy G%ﬂ’/ - G(Q(i?,y) [76 | ( Z)ﬂU (1 e | <QZ> leﬁy <A2) - 1] - ln(A2)>]
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Resummed Anomalous Dimension

Géo)(t"[?%m zs) =1

G(O)(CU%Oa ZS) =0

Now fix the initial conditions of the evolution to be simply

- 2
o 9N, [ dw wh(L)+s 111(Q+> 1
Gluon helicity PDF takes the nice form  AG(z, Q%) = - e (l) / =
a2 ) 2mi W

_ oV

(s =
Pure-glue polarized anomalous dimension ) 21

w 160, das | 4as  8a?  56a 4964t 5

AvgeWw) =7, == |1 =/l - —— /1 — — | = — = — — + O {a;

166(@) = T 2 \/ w? w? w Tt T ()

Agrees with fixed-order calculations up to O (ozf) Mertig & van Neerven “18 9506451;

Moch, Vermaseren, & Vogt ‘14 1409.5131v1;
Blimlein, Marquard, Schneider, & Schénwald ‘21
2111.12401 12



https://arxiv.org/pdf/hep-ph/9506451.pdf
http://arxiv.org/abs/1409.5131v1
https://arxiv.org/pdf/2111.12401.pdf

Small-x Asymptotics

1 ap
Asymptotics governed by the ‘intercept’ (v, ==> AX(«x, QQ) ~ AG(:{;?Q2) ~ g1(x, QQ) ~ <;>

dw corresponds to the rightmost singularity in the w-plane

F) = [ 52ef,

271

Contour for Laplace - parallel to imaginary axis, right of all
singularities

A w 4 W
X X

®
&
\/
X
&
\/

X (0% 02 (0%9) Leading contribution

at small x

13



Small-x Asymptotics

Rightmost singularity here comes from the polarized anomalous dimension ’7’;

2N, [ dw wi(})+om(E)1

See e.g. gluon helicity PDF  AG(z, Q%) = : e
" asm2 | 27l W
w 160, 40,
== 1=1/1— “4/1 - —
RE \/ w2 w2

Turns out to be a branch point from the large square root

4 1/8] [a.N, s Ve
=7 Re[( 9+iVI1I) } St R 3.66074 O‘éﬁ

14



Comparison to BER

Bartels, Ermolaev, and Ryskin (BER) IR evolution

Bartels, Ermolaev, Ryskin ‘96 9603204 v 1

Polarized GG anomalous dimension

W 16a, 1 — 39 4a, 8a2 56a  504a’
AyBERW) = |1—4/1- 52— | = — + =2
2 w? 1-— % W W w° w”
Compare to us
W 160, dav, da, 8a? 5H6a  496ar
A’)/GG((,U) :'yw = — 1 — ! 1 — 2‘ 1 — 2‘ — - + ‘38 + r.5 - s
2 W W W W" w? W

15


http://arxiv.org/abs/hep-ph/9603204v1

Comparison to BER
Bartels, Ermolaev, and Ryskin (BER) IR evolution

Bartels, Ermolaev, Ryskin ‘96 9603204 v 1

Small-x (pure-glue) intercept

17+ 97 [ayN, N,
QBER = [2LE VI, JQse o 3 66304, ) 2
2 27 27
~ 3.660741/ 22

Could be an issue with two softest gluons as part of a non-ladder diagram, Kovchegov, Pitonyak, &

Compare to us

4 1/3
oy = 313 Re[( 9+z\/11 }

Why the (very small) disagreement with BER?

not included in IREE (?) Sievert 16 1610.06197v1

16


http://arxiv.org/abs/1610.06197v1
http://arxiv.org/abs/hep-ph/9603204v1

Takeaways

e Analytic solution at small-x and large-N_ for the dipole amplitudes
o — Analytic expressions in the same regime for gluon and flavor-singlet quark helicity TMDs and PDFs,
along with g,
e We find small-x asymptotics

‘ 1 p ,quc
AZ(?L’ QZ) ~ AG(ZL,QQ) ~ gl(l’,Q2> ~ (—) Qp ~ 366074\/?

. icti c -IC;NC,
o A very small discrepancy compared to the prediction of BER: @‘EER ~ 3 66304 Qg -

e We find a resummed small-x anomalous dimension

w 160 da | 4da,  8a?  56al 4964
AWGG((U) — 5 |:1 N \/1 - ‘ L 1= J = : + e + 35 + > +O ((Ys

a
S

w? w? W w3 W w?

o Comparison with BER again yields a very small discrepancy at O (aﬁ)

w 160, 1 — 2% |  4a, 8a® 56a° 50444 -
AvGER (W) = 5 [1 \/1 s T T w2 ] =T e T L T 10 (of)

w? 1-— 2 w w3 W w7

o

Large - N_ & N_ limit in the future? -



Extra Slides
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Polarized (Fundamental) Wilson Line Operators

oll1] _ y/G[1 1 ol2] _ /G2 2] 52
175 []—VQ[]—FV;[], V;g[]_vg,g[hrv&q{](g@_g),

. + 09
Vel = 2 [ da Voo, 5] (e, 2) Vale™, —od),
2 4 o0 o0 )
Ve —E / doy / dzy Veloo, o3 |8 s (s ,2) Ug'lwz 21 [v77] 4 Yal@r, @)t Velor, —o0),
VP = -2 [ dr i Viloo, 2718 - 2 D', D D, 2) Yyl —ool 82y - 2,
Cl[2]__92P+ dr= dr= —14b — bar..— ..— + e - AV [pT. —
Vo o == 21 [ doy Viloo, 23|t Pp(xz , 2) Ug*[z3,27] [vF] 5 Paler,2) t* Vilzy, —o0).
ic2) — P = 1 [Di(z 2) — D'(2- -
e = 5 dz= V00,27 |D*(27,2) — D (27,2)| Vz[z7,—00].

— o0
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Neighbor Dipole Amplitudes

One step in evolution of neighbor dipole amplitude

(1) DLA lifetime ordering ) g;%lz’ > 5(;%2/2”
(2) Butalso have IR cutoff for dipole 02 =— T39 < T9o0

/
p

When J,go > J,gl T E— (1) is more constraining than (2)
<

So for everything to be ordered properly, subsequent evolution in dipole 02 (here evolving to give dipole 32)
‘knows’ about dipole 21 20



QLNC < tr [V_Vfom]q +c.c.> (zs) = IN, <<tr [V 48 olf1] T} + c.c. >>0(zs) G(x%m 23)

+ a2s7r];/'c /z d_z/’ /d2$2{ [migl — &_51 . @] ;2 <<tr [ bVot VT] (UEOI[I])M + c.c.>>(z's)
A2

T2 3320

+ zezgl%l e (5;22 xglxél) ~ Qiz%(; ;;m (Zi _ ””20)] ;2 (o [rvery] (UQG[Z])M +c.c.>>(z'8)}
47r2 /d2$2{ Vt Vp ol[1] } Uba>>(2/$) +25i;%ll%1 NLC2<< [th taV i G[2] T} Ub >>( / )—I—C.C.}
A__

.+_

27r2 /dz_ /d2$2 j%OQO {]\22 <<tr[ t° Vot V;>° oll1] T] Ub”>>(z g — ;2 << {V 4 1[1”] >>(z s) + c.c. }

Full equations for
the fundamental

| . 2 dipole amplitudes
o (] e = e ([ ) o Galaty =) | R ooy
as N, ? et 5 eijm‘gl € ;c20 i :c21 X i@ug | 1 5 t pol[1]) ** ,
[ % of [ 2ok o St L] (o17)” e
+ |8t (i_zbo'xm ) z2131”20 < Loo * Loy +1>+2$21ﬂ”§1 <2£20 ZL21 +1) +2z20x20 2%1%1
3 T35y T35 3, T3, 3, 3 T3 3 30 x%l
x — (tr [Pvaeevil] (U3 9%) " +ec. ) }

+ a;gc / dz_z/' /d2$2 I%f%wozo {NLC << r {t W t® Vic[zl T} (Uz)ba >>(z'3) — % << [Vo Vi 2”] >>(z’s) + c.c.}.
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Useful properties of the large-N_ equations

Scaling between G, and I,

0 0
F2(8103 521, 7)/) — Gé )(8103 77/) = G2(8107 N = 7}/ + S10 — 821) - Gé )(8103 N = '7)/ + S10 — 821)

Boundary conditions for neighbors (510, 521 = 810,71) = Ga(510,7)

F(Sloa §21 = S10, 77) — G(Sloa 77)

PDE for r 82F('910$ S21, 77/) + OQF('Slos S21, 7]/)

053, e L(s10,821,m") = —3G(s21,1") — 2G2(s21,1") — 2T2(s10, S21. 1)

<S8 M
N = A/ 791 N OV — 2 )
Note the rescaled variables g - n 1 =V In A2 it — Oé.ch
1 ’ 27
S10 = VA, In o A2 So1 = v/ s In > A2
o T21 22



1 Full Solution
a (;L' ZS / df7 wln(*srlo)—!-f\, ln( )G
A0 2mi 2771 2wy
wln z smn)—}— yIn|{ 5723 (0) wln(z/,s‘(p%())—}—"‘/’ In ﬁ 0
FQ(’I%O :L‘Ql,z S) / 5 / 5 [ < T > (GQwv — GQW/) +e < 10\ )GZ'W?'y

¢ 1 “d “d wln(zszf, )+vIn L 1
G(ZB%(),ZS) = T/ —w i e ( 10) ( %OAZ) |:2wf} (GQW,) GQuﬁ) ZGQ“”

Ol 271 271

As

2 92
['(z70, 12172’ s)

L10)€

1 1
/ g In(#'sa) [rw%o)e"j (%) o= (2" 1“(—w51A2)]
\/ 278 “

+; / d_w d’y ln(z’sa‘%ﬁ—}-ﬁin(ﬁ) [( WY + 4 )qup, + W’)’GQW,\]

2mi 2m Y2 —wy + ag

2wy 2y

wln @ "sx ~In wln(z'sx2, )+~ In #)
__/ / 31)+ ( foM) (Gme _ G( ) )+2€ (#/safo )+ (m{OAZ G(O)
2w ) 2mi :
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Full Solution

Goor = GO + - W;;S(v — [ (v=05) (G +265) )-2(aF —o3) (G +268) ) +807 (GE), - G;‘jjﬁ)]
GOty = L [ 2 [ 0 i) o
G(O)(:Llo,zs /27r1 / 2d7:1 e me(;) Géﬂ%
o) = —m 5(o> pomw) il o (1 446, - 86,5) G2, (07— 1)
)= (o?l)s/z 6 65: - jiAZ) 2d7jz b <ﬁ)jw—5§: _GZ“’” (77 - wy +44. - 808 ) =G, (0 - wn +4O?S)_
6f:g[1i 1—%] ﬁ:% 11\/1—12275 1_4&1

24



Disagreement with BER

One softest gluon — Bremsstrahlung theorem

f?
Two softest gluons BER ' mustbe aladder

k1

ks

ks < by € Ky

Two brehmsstrahlung gluon
correction to ladder?

Higher order diagram in
a similar spirit
How do these enter IREE?



