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Quark TMDs

Quark Polarization

Un-Polarized Longitudinally Polarized Transversely Polarized

(U) (8 4

The leading twist quark TMDs give various correlations between the transverse momentum and
polarizations of the quarks within a hadron with the polarization of the parent hadron

Their scale evolution in Q2 is given by the CSS equations, but the small- x evolution is an ongoing
effort
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T-Odd TMDs

The T-odd leading-twist quark TMD called the Sivers f;+ encodes spin-orbit coupling within the
hadronic state

sL)+p—>h(7r 7°,..)+X

46 -<L2— O((Sp Xﬁ)-ET

Right

This function changes sign between SIDIS and the similar Drell-Yan (DY) process

fir™P P (@, k) = —fir " (, k1)
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Operator Definition of TMDs

Quark TMDs are defined by the non-local operator product in the hadron state

dr— d? 71
<I>[F1=/ e® (P, S|t ,0]Ty(0)| P, S
The unmtegrated quark den5|tyf1 and the Sivers functlonflT are given by the taking the matrix
to be 7" /2

_|_

ExS dr— d? . _
Fllo ) - 2L ) = s C (P S ULr, 050 (O)|P. 5)
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Small-x TMDs from polarized Wilson
lines

Kovchegov, Sievert and Pitonyak (2015-2019) developed a Light Cone Operator Treatment (LCOT)
for deriving small- x evolution of TMDs

Studied small- x evolution equations for the quark helicity TMD, gluon helicity TMD, quark
transversity TMD, and quark Sivers function

Rewriting the TMD operator definitions at small- x yields modified dipole correlators

Dipole =
g g g y
tr[VfEVJ] — g g Ve[b~,a”] = Pexp {ig/ds_ A+(s,:1;1)}
Standard eikonal dipole, . — a~
Balitsky (1996) Target *in A — O Ve = Vs [OO, _OO]

or 8MA“ — () gauge

DIS 2023 5

03/28/2023




Small-x TMDs from polarized Wilson
lines

Simplify
o Rewrite operator definition in small- X limit using shockwave formalism

o Expand to a given order in eikonality
o Obtain expression for TMD in terms of ‘polarized dipoles’

Evolve
o Calculate small- x gluon/quark emissions in dipole

o Take (for example) large- N, limit to obtain closed equations

Solve
> Solve integral equations analytically (if possible) or numerically

o Plug evolved dipole back into TMD definition
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Gauge Link to Dipole
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Sub-eikonal corrections

The (anti)quark propagator through the shockwave can include sub-eikonal corrections to allow
for spin-dependence

From the helicity and transversity TMDs, at least need sub-sub-eikonal corrections for general
leading-twist quark TMD

P(€) ¥(§) D : : g

= Oy y/ V&T + sub-eikonal corrections

= Ox.x’ VwT T prOlT

k1 VKo
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Operator Product to Dipoles

The quark correlator can be rewritten in terms of Wilson lines

kxS 2py d?ky dky
q 2 2P 1 2 2 z(k: +k)-(w—¢)
i k) = S i k) = —gtsy [ @ Py
_ 1 ij
k) T T T 2 e L (k) (T, (O o (k2))
1 1

- X1 X2
. . . tpol, T : :
The polarized Wilson line V) makes the correlator a transverse polarized dipole

Ve N
N > tr |V Vpeh ™)

V&TPOL T \
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Fikonal Flavor Non-Singlet Sivers
-unction

The flavor non-singlet Sivers function has a nonzero eikonal contribution

k X §p 1 NS 2 ] 4p1 / 2 2 d? ki1 dkl i(k,+Ek)-(w
- z, k d%¢, d®w, ¢t w=0) @ (kT
Mp Hr ( T) eikonal 27T)3 (2 ) ( )
k- k, . _
T tr [VeVE] =T te [V V| + T o [Vevit] = T e [V

(xprkk: - <T . [m] ey >}

The terms in angle brackets give us the imaginary part of eikonal dipoles
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Dipole Odderon

In the color dipole picture, the odderon is the antisymmetric, imaginary piece of a dipole
correlator

Color symmetric

d**¢ = tr[t*{t®, t°}]

O(CIZ,y) ~

Dipole position antisymmetric

O(IB, y) — _O(ya ZE)

(T te[VeVil] + T er[VeVill ) = 2Ne (Scw + i Ocu)
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Eikonal Sivers Function = Spin-Dependent
Odderon

The imaginary correlator in the Sivers function is exactly the odderon amplitude, so we have

EXQP 1lgq 2 42Ncpi|_ / 2 9 dzk'u_dkl_ (k) (w— B
B - d d i(ky+E)-(w=0) (L
Mp fir (@ k) cikonal  (27)3 (L diwy (27)3 € (k1)
[ QQE . El . + E% . ng
(xkal_ +k1)(a:p]Lk1_ + k%) (xpfkl_ + k)2 AL
1
L 2
x, k ~ —
flT( T) eikonal T

Agreement with the results of Boer et al (2016) and Zhou et al (2019)!

Eikonal spin-dependent effect even after evolution
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Sub-Eikonal Flavor Non-Singlet Sivers
Function

Previously we considered the known eikonal (spin-dependent odderon) contribution and the
new sub-eikonal contribution

We neglected some sub-eikonal operators which mix and change the small- x asymptotics,

which we have now restored
1

16Nc /dzx kolJ_ e’i(ﬁ‘l‘ﬁl)‘&lo /%
RECOER

sub-eikonal (27’(‘)3

kxS
BB NS a3

A2

S

% {El -k (k- kl)i [Eij S?D 5’7%0 Fﬁs(ﬁm z) + x’io Z1g X Sp FﬁS(x%Oa z) + e 517{0 Zig*Sp Fﬁs(ﬁm Z)]

. 2 . ma,
+iky -k 219 X Sp Fz[v!g(ﬁmz) — ik X kyz19- Sp Fy (a3, Z)} ‘

/

= chromomagnetic interaction + covariant phase factor

Previously missed!
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Large-N,. Small-x Evolution for Sivers
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Large-N, Linearized Small-x Evolution for NS

Sivers in Double Logarithmic Approximation
DLA

Z/%% min[:—,’,xglyxlz]
NS (0) N, d " d 2
P s) =P Deios) DYShyah o) = FYSOWh+ e [ 2 [ S
i 1 32
mm 7T105 T 2 x[m2 ., ]
O‘s Ne dz3, NS(.2 : e
/ x5, (6 A (01,2 = B3, &)+ P51, 2] X [6 FAS (23, 2") — FF5 (235, 2") + FO 5 (235, 2")]
max[zfo,z,s] Zligl min z—/xg <
NS (0 z%q 27 T2y
Fp®(a3,2) = Fp ( )(3510» ) NS, 2 2 5(0) N s Ne dz" dz3,
mln[ix 1 FB (‘T107 T21, % ) - FB (m107 ) T ? 7 17_?,2
27 T100 32
asNe [ d? / da3, NS NS, 2 a2 max[a3o, ;|
+ D -2 _2FA (:L‘ y % )+5FB (.’E )y % ) FC (.’E ) /) ) y =
i A2 g [ ] 1%1 [ N N . ] X [_2 F}Xvs(xg& N) +5 FNS(xS% /) - ng(x§2, z//)] )
e max xlo,z,s
NS z'I i :_’/’ 2 1
ng(fffm ) = FC (0)(1'107 ) Oé N 10 dz” mn[ o AT] d(L‘2
FN ( 2 ) _ F (0)(1, / s 32
min[ %z}, 1] T10,T215 % c 105 % 2
asN ; * dl‘%l NS mag 4 max[w2 L] o
72 [2F (132 157 ) + 6FC (15217 )] ) [ Ve , ] 1003775
21 g pNSmag(y2 M L 6 F, (:c 2"
max[zlo,i] X 32 C’ 32 ,
FNsmag(l'io, ) FNSmag (0) (CL‘ 2 Z) FNSmag(I%mm%l’ Z’) — FNSmag(O) (37?0,2/)
min [wfo ,wgl :—,/,] )
S N d N d " d
3, 32
smlo z's
+2T)° ($107$§1a ") = TE5 (20,23, 7)) + 3085 (03, 235, /)] X [FNsmag(x%Oaxsw ")+ 2085 (ahy, 235, 2") — T 5 (230, 230, 2") + 315 (a3, 43, Z”)}
. . . I . ’ . . .
Dipole evolution equations Neighbor’ dipole evolution equations
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Numerical Solution for NS Sivers

We can discretize and numerically solve the equations, taking the intercept from the log of the amplitudes

LoglF)®(s10=0,n)|

Log|FNS(
70

$10=0,n)|
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aSNcln(ﬁ) S10 = achln —1
4 A2)’ TN 4n 552

v 5 10 15 20" NMMax = 20,

LogIFNS, (s10=0,1)] grid size N = 600
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All four amplitudes
have similar
asymptotic power law

" behavior
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Pre-Asymptotic Behavior

We find that a modified ansatz beyond the simple power law behavior describes the numerical
solution well

e FJ(\?% eontBe e——"" ‘pre-asymptotic’ correction

usual intercept term

Interesting to find an exponential correction to the intercept, equivalently an infinite series of
sub-leading power corrections

S /e R gffgg 1 (a—7)v/ gﬁi—v"‘ ,82 1 (a—2'y)\/9—§l;v£
entpBe _)O; ( ) + ( ) I 12 (—) =

€T T 2 \z
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Numerical Results

The pre-asymptotic terms are very small compared to our numerical precision, so extrapolating
to the continuum limit we find

NS NS NS NS
FNS ~ FYS ~ FNS ~ FNS

mag

(1>3.4\/T50

X

Plugging this into the definition of the Sivers function we find the sub-eikonal contribution as

ach

1 3.4 o=
sub-eikonal €T

S
1J_TN ([B, k’%)
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Conclusions

We obtained new sub-eikonal evolution after restoring the missing Fy,,4 dipole

Small-x Sivers function is dominated by eikonal spin-dependent odderon with a sub-eikonal,
energy dependent correction

ach

1 1\ 34V 55
fil(x < 1,k%) = Co(k%, x) =+ C1 (k%) (E) T

T T

Odderon Sub-eikonal Correction

Odderon small-x evolution is known to have a zero intercept away from the saturation regime

Sub-eikonal correction provides a background which may be comparable with the odderon
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Backup Slides




Small- x = Shockwave formalism

Fourier factor picks out long range correlations in the x™ direction

. _|_ —_ o
e 5 large v~ for small z

Hadron is very Lorentz contracted, so interactions in gauge link happen over short x~ lifetime
inside the shockwave
/ x*

‘Target’ hadron ‘Projectile’ quark
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Eikonal power counting

We can expand in powers of x or equivalently inverse powers of CM energy s

Eikonal distributions q(x, k1) ~ %, no COM energy suppression

Sub-eikonal distributions q(x, k1) ~ x°,

v R

energy suppression

Sub-sub-eikonal distributions q(x, k1) ~ x, Siz energy suppression
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Small-x TMD diagrams
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Fairly general analysis shows that only class B diagrams contribute to spin dependent TMDs at
sub-eikonal order
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General polarized Wilson line
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General polarized Wilson line

Full sub-sub-eikonal polarized fundamental Wilson line for TMDs which depend on the proton’s
transverse spin _

Veyix'x = Ve 8 (z - Y)Oxx + / dz" d*z Vi[oo,27] 8 (z - 2) Oi?,lxc (27, 2) Vg[z_, —oc)] 52@ -z)

o /
* / dzy d2z1/d22— 4’z Z Vi[oo, 23] 8 (z - )Op IG(ZZ 25) Vz, [25, 21 116%(z5 — 21) = &
“oo - X/'=*1 " m
X Oif’,lx (21, 21) Vylzr, —00] 82(y — 21) /dzl—/dz2 00,25 | ORI T (25 27 2, y) Vylz1, —00) g g
’ K B Y z
+ [ dzy [ dzy [ dz3 Valoo, 25 OPOI qq( L 2532,2) Vilzg, 23] OiOIQq(z_ 2152,Y) Vylzg , —o0]
_ZO 1 Z 22[ %3 [ 21 n 3 297134 Y) Vylz1
b [ [ [y [ valoo s O3 55 57 5 ) Ve —oclPz - )
+ / dz;/d 2_d2z2/dz3 Va[oo, 23] 62(25 — 2)OP 992 25, 2512, 20)02 (20 — y)Vy 27, —0)] cf. Altinoluk et al (2020),
o - Chirilli (2021) sub-
[ [as [asa 2 Valoo, 571 0%(z — 2) O G (2575 2) Valey s 27 ) OXA 0325 275 2,) Vy o, —ox)] eikonal propagator
. a a =41
+ / dzy /d /dz3 d? Z Vg [oo 23](’)1’0};}15(2 2532, 2) Valzg 27 ] O G (275 2) VL2, —o0) 5%y —z)
o — = X''=%1 -
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Sivers Flavor Non-Singlet Dipoles

FNSi(:) = %Re <<T tr [Vg Vif] ~T tr {VQVQ] >>

FYSE() = W Tm <<T tr [Vg vt ] T tr {VE@& Vg] >>

Fgg mag () _ WRe <<T ir [VS ymas ] ~T tr [V;ag vﬂ >>
V_——g—i dz~ Vy[oo, 27 (D, — D}) V,[2~, —o]

—0o0

. J’_ 0
Vo = ngl /d = Vgloo, 27| P2 (27, 2)Ve[z ™, —o0]

g p1 /dzl /dz2 2[00, 25 | tbd)@ (25 ,2) U, [z2 21 ] [7 27 ] zﬁa(zf,g)t“ Velzy, —00]
af
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