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Motivation

Ø Explicitly confirm factorization

Ø What is the difference between different treatments of TMD factorization?
• W + Y : leading power accurate point-by-point in qT
• Power law correction to TMD factorization (1/Q2 corrections)

Ø Different pdf definitions?
• Renormalization or cutoff? (”On the normalization of integrated parton densities” (Guiot), “The complete tree-level result up to 

order 1/Q for polarized deep-inelastic leptoproduction” (Mulders, Tangerman) )
• Positivity of pdfs? (“Positivity and renormalization of parton densities” (Collins, Rogers, Sato) , “Can MS bar parton distributions be 

negative”(Candido, Forte, Hekhorn))
• Parton model interpretation?

Ø Test transverse coordinate TMD PDF techniques
• b* prescription 
• Unconstrained or constrained g functions?
• Hadron Structure Oriented (HSO) approach (“Combining nonperturbative transverse momentum dependence with TMD 

evolution” (Gonzalez-Hernandez, Rogers, Sato) ) 

https://arxiv.org/abs/2205.02873
https://arxiv.org/abs/hep-ph/9510301
https://arxiv.org/abs/hep-ph/9510301
https://arxiv.org/abs/2111.01170
https://arxiv.org/abs/2108.10774
https://arxiv.org/abs/2108.10774
https://arxiv.org/abs/2205.05750
https://arxiv.org/abs/2205.05750
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Yukawa QCD
• No gluons

• Known asymptotic 
states

• No asymptotic
freedom

• Renormalizable

• Finite range

• Factorization 
theorems

• Gluons

• Confinement

• Asymptotic 
freedom
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Scalar Yukawa theory
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5How Factorization works

F1 =
(
F̂ (0)
1 + F̂ (1)

1 + . . .
)
⊗
(
f (0) + f (1) + . . .

)

Massless 
partonic 
physics

Intrinsic 
hadronic 
physics

+

σ =
∑

partons

σ̂ ⊗ f +O
(
m2

Q2

)

pQCD Non Perturbative

⊗ ⊗
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With factorized results
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TMD W and Y terms contributions

0 1 2 3 4 5 6 7

10-5

10-4

10-3

TMD Observable = small kT + large kT

W + Y

Both are necessary !!

Collinear from TMD
<latexit sha1_base64="8d7J37y2O+/cSmbRujlrLeOWU1A="></latexit>

f(x;µ)
??
=

Z
d2kT f(x,kT;µ)

TMD distributions FO Collinear 
factorization



9W+Y and subleading power suppressed terms
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small kT $ large kT

interpolation

0 5 10 15
0

0.2

0.4

0.6

0.8

1

<latexit sha1_base64="wdJVISMO3BWRUoPCD7vK9H1NE5s=">AAACBXicbVDLSsNAFJ34rPVVdamLwSK4kJKUoi6Lbly2YB/QxDKZTtqhM5MwMxFLyMaNv+LGhSJu/Qd3/o3TNAttPXDhcM693HuPHzGqtG1/W0vLK6tr64WN4ubW9s5uaW+/rcJYYtLCIQtl10eKMCpIS1PNSDeSBHGfkY4/vp76nXsiFQ3FrZ5ExONoKGhAMdJG6peO3EAinDhp0ryrpu6ZKzkkDxESKrPLdsXOABeJk5MyyNHol77cQYhjToTGDCnVc+xIewmSmmJG0qIbKxIhPEZD0jNUIE6Ul2RfpPDEKAMYhNKU0DBTf08kiCs14b7p5EiP1Lw3Ff/zerEOLr2EiijWRODZoiBmUIdwGgkcUEmwZhNDEJbU3ArxCJlYtAmuaEJw5l9eJO1qxTmv1Jq1cv0qj6MADsExOAUOuAB1cAMaoAUweATP4BW8WU/Wi/Vufcxal6x85gD8gfX5A1iNmH4=</latexit>

1

Q2
expansion
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PDFs can be negative
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Different pdf definitions ?
Factorization at low Q

<latexit sha1_base64="c9JRBQLczFBFiQie0UFJzDHUR+c="></latexit>
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dF

d log kc
= O

✓
m2

k2c
,↵2(µ)

◆<latexit sha1_base64="XKRRc2Dr0o7odqFx2Crk438k7eI="></latexit>

�F c(kc(xbj))
?
< �FMS

<latexit sha1_base64="F90udie4RGgxz4e83CuBLh7aZOM=">AAACCnicbVDLSgMxFM34rPU16tJNtAgupMxIUZdFN26EivYBnaFk0rQNzWNIMkIZunbjr7hxoYhbv8Cdf2OmnYW2nhA4nHPvTe6JYka18bxvZ2FxaXlltbBWXN/Y3Np2d3YbWiYKkzqWTKpWhDRhVJC6oYaRVqwI4hEjzWh4lfnNB6I0leLejGISctQXtEcxMlbquAeB4lARLG0RDE7syVg2Lc2cm7txxy15ZW8COE/8nJRAjlrH/Qq6EiecCIMZ0rrte7EJU6QMxYyMi0GiSYzwEPVJ21KBONFhOlllDI+s0oU9qewVBk7U3x0p4lqPeGQrOTIDPetl4n9eOzG9izClIk4MEXj6UC9h0EiY5QK71KZg2MgShBW1f4V4gBTCxqZXtCH4syvPk8Zp2T8rV24rpeplHkcB7INDcAx8cA6q4BrUQB1g8AiewSt4c56cF+fd+ZiWLjh5zx74A+fzB4+TmjI=</latexit>

recover MS



12Coordinate space pdf

f̃(xbj , bT ;µ) =

∫
d2kT e

ikT ·bT f(xbj ,kT ;µ)
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f(xbj , bT) =

(
fOPE(xbj , b⇤) bT ⌧ bmax

fOPE(xbj , b⇤)e�g(xbj ,bT ) bT > bmax

Non Perturbative
<latexit sha1_base64="foLjC43dh3smSt9pi097NARCuoU="></latexit>

df̃(xbj , bT)

dbmax
= O(mbmax)
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Common issues
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14Cutoff defined pdfs and constrained g functions
(QCD SIDIS cross section)
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Summary

• Factorization theorem statement verified

• Differences between W+Y and power suppressed terms in TMDs

• Different pdf definitions might push factorization to lower Q and 
provide a consistent TMD parametrization

• Test bT space techniques and avoid sources of large errors
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Thank you !
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Additional slides
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Hadronic structure: scattering experiments

Statement of factorization :

pQCD Non Perturbative

σ =
∑

partons

σ̂ ⊗ f +O
(
m2

Q2

)

18



19The role of the integrated W and Y terms
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The difficulties with QCD

Ø Quark and gluons are never observed ( color confinement )

Ø The interaction is strong (of order 1)
Ø Unlike photons, gluons interact with themselves

20
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dσDIS

dx dy dψ
=

yα2
em

Q4
LµνW

µν
DIS

Wµν =
(
− gµν +

qµqν

q2

)
F1

+
(
Pµ − P · q

q2
qµ

)(
P ν − P · q

q2
qν
) F2

P · q
+ iεµναβqαSβ g1

P · q
+ iεµναβqα[(P · q)Sβ − (S · q)P β ]

g2
(P · q)2

Lµν = 2(lµ1 l
ν
2 + lν1 l

µ
2 − (l1 · l2)gµν)

DIS Cross Section

21



22Collinear 
Momentum

Transverse 
Momentum 22
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For fixed x Bjorken
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25Recovering collinear pdfs from TMD pdfs?
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TMD W and Y terms contributions

0 1 2 3 4 5 6 7

10-5

10-4

10-3 TMD Observable = small kT + large kT

W + Y

Both are necessary !!

Sometimes is 
ignored
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W + Y for FL
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Typical scattering experiment

DIS
(Deep Inelastic Scattering)

28
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Wµν =
(
− gµν +

qµqν

q2

)
F1

+
(
Pµ − P · q

q2
qµ

)(
P ν − P · q

q2
qν
) F2

P · q
+ iεµναβqαSβ g1

P · q
+ iεµναβqα[(P · q)Sβ − (S · q)P β ]

g2
(P · q)2

Lµν = 2(lµ1 l
ν
2 + lν1 l

µ
2 − (l1 · l2)gµν)

DIS Cross Section

dσDIS

dx dy dψ
∝

29



30The role of different definitions
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31The role of different definitions
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How do we get it?

For small bT we can use collinear factorization because:

f̃(xbj , bT ;µ) = C̃(ξ, bT )⊗ f̃(ξ;µ) +O(mbT )

How is it extended to all bT ?
With the power of RG equations 

pQCD Experiments/pheno

f̃(xbj , bT ;µ) = f(xbj , µ)− aλ(µ)(1− xbj) ln

(
µ2b2T e

2γE

4

)
+ · · ·+O(mbT )

32



33
OPE vs Unfactorized

bmax

33
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Trick:
f̃(xbj , bT ;µ) = f̃(xbj , b∗;µ)

f̃(xbj , bT ;µ)

f̃(xbj , b∗;µ)

= f̃(xbj , b∗;µ)e
−g(xbj ,bT )

Non 
perturbative

no µ
dependenceb∗(bT ) =

{
bT bT ! bmax

bmax bT " bmax

OPE is valid

34



35Optimization of f and calibration of bmax

How large should it be?

It is often chosen too large

f̃Evol(xbj , bT ;µ = Q) = f(xbj ;µb∗) exp−2

∫ Q

µb∗

dµ

µ
γ2(aλ(µ))− g(xbj , bT )

d

dbmax
f̃Evol(xbj , bT ;µ = Q) → 0

For sufficiently small bmax

35



36We use RG equation to optimize OPE and fit g functions

f̃Evol(xbj , bT ;µ = Q) = f(xbj ;µb∗) exp−2

∫ Q

µb∗

dµ

µ
γ2(aλ(µ))− g(xbj , bT )

36
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QCD and Yukawa:

π

∫ ∞

0
dk2T f(xbj , kT ) = f(xbj)

Parton model:

π

∫ ∞

0
dk2T f(xbj , kT ) = ∞

Same for bT case

37



38Recovering the parton model 
∫ ∞

0
d2kT

∫ ∞

0

d2bT
(2π)2

eikT ·bT f̃Evol(xbj , bc(bT , bmin);Q) = f̃Evol(xbj , bmin;Q)

f(xbj , b0/b∗(bmin)) exp

(
−2

∫ Q

b0/b∗(bmin)

dµ

µ
γ2(aλ(µ))− g(xbj , bmin)

)

f(xbj , b0/bmin) +O
(
bmin

bmax
,mbmin,mbmax, a

2
λ

)

Collinear PDF
ONLY if 
bmin/bmax << 1 
or equivalently 
Q0/Q << 1 38
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The constituents of the hadrons
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dσDIS

dx dy dψ
=

2yα2
em

Q2

[(
F1 + (1− y − γ2y2

4
)

F2

xbjy2

)

− 2sexbj

yQ2

[ (y − 2)

(1 + γ2)
(q · S)gL − 2ygT

(
(S · l′)−

(1− y)− γ2

2 y

y(1 + γ2)
(q · S)

)]]

40


