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Introduction

® Deeply-inelastic scattering (DIS)

® Key process for studying the structure of
hadrons

® Backbone of global analyses of parton
distribution functions (PDFs)

® DIS off nucleons and nuclei will be at the
forefront again with high precision studies at
the EIC, future neutrino facilities, ...

® Target mass corrections (TMC) to DIS structure
functions

® Improve description of high=-x/low=-Q DIS
data

® More precise data in this region will provide
important tests of QCD

® Timely to review again with particular focus
on nuclear targets
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Two major theoretical approaches to DIS
® Operator Product Expansion (OPE)
® Georgi, Politzer '76: LO QCD
® Barbieri et al '76: LO+including quark masses
® De Rujula, Georgi, Politzer *77: NLO QCD
® Parton model

® Ellis, Furmanski, Petronzio ‘83: LO+partonic transverse momentum (k; # 0)
Agreement of non-collinear parton approach with OPE at LO shown!

e Aivazis, Collins, Olness, Tung ‘93: TMCs in collinear parton model (k, = 0)
® Theory not carved in stone!

® OPE proven only for simple scalar models

® Non-collinear parton model not covered by QCD factorisation theorems

® Threshold problem:TMC corrected structure functions do not vanish for x — 1.
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Master formula

Xy Py 2My X
™My, 0%) = < 5NFN> FHOy. 0% + ( ];vv ) B (& 0%) + < Oir ]3VN> 8 (& 0°)

IS et al, A review of TMC, arXiv:0709.1775
Nucleon mass M,

Nachtmann variable &, = 2x,/(1 + ry), ry = \/1 + dxi M35/ Q°

F?’(O) standard parton model structure functions with M,, = 0
hi', g/ convolution integrals over F;"(O)

Modular, easy to use (organising the rather complicated expressions in the OPE literature)

Valid to any order in ,, quark masses included in 7", valid for nucleons and nuclei!
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New review 2301.07715

e Reconsider TMC from OPE with particular focus on nuclear case

Attention to notation exhibiting kinematics

e Consider conditions of light cone dominance for nuclei

e Consider spin of target nucleus which can be different from spin-1/2 of nucleons
* Present derivation of TMCs from OPE in much greater detail

* Prove validity of TMC master equation for nuclei
(Why does the nucleon mass M, appear and not M ,?)

e Consider full nuclear target:
* No use of nucleonic degrees of freedom

* Proper theoretical definition of nuclear structure functions and PDFs as they are intuitively
used in the literature

* Parametrization of TMC accurate at the sub-percent level.
Useful to calculate TMC to structure functions with any PDF set
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Kinematics of lepton-nucleus DIS

Nucleus A Nucleon N
My =AMy My =MalA
pa=Apn pN =palA
LA = 21%2-(1 =an/A UN = 21?;-61 =atA
24 €[0,1] zx € [0, A]

W2 = (pa+q)?

W2 = (py +q)*

va=(q-pa)/Ma=vn

vn =(q-pn)/Mn =v4

ya =Va/E = yn

yn =UN/E =ya




Cross section

do ~ LM Wﬁ‘y

Leptonic tensor

LHV :
calculable in pert. theory

wwv  Hadronic tensor

not calculabe in pert. theory

Pa




Hadronic tensor

Most general form in terms of structure functions:

Wi a) = ¥ db (A T2 X Gx)NX (0x)17.(0) [A(pa))

= pA pA : P’
— _gul/Wl R W2 L€uvpo — ;759 4 WS
A A
dudv % PAnGy T PAVY = PAuqv — PAvYqu %
+ Wy + Wy + W .
M2 e M2 ° M2 °

Modern notation:

{ﬁ17 FZ) FS) Fll) ﬁ5,6}

2 2 2 2
Q Q W, Q) W Q)
QMZ‘ ZZEAMi

o W? W7
{ ! QQZAMi ° wAMi

w}



Hadronic tensor

Most general form in terms of structure functions:

T 1 1q-2
Wi (rasa) = ¥ d' @ (Apa)| Ju(2)IX (0x))(X (017, (0) | A(pa))
_ _gwwl pA,upAV W2 i€ po AL pAq W3
A MA
Q,uqy + PApqy T PAVGL pA,uQV PAvqy
"M M2 > M2 O
d0|W4 X mlz dO-IWs X mlz d6|W6 =0

Modern notation:

{ﬁ17 FZ) FS) Fll) ﬁ5,6}

_ QQ _ Q2 _ Q2 _ Q2 _
= W Ws, Wiy, Wy, W
{ Voo M2 Y pa M2 22 2p M2 0
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Hadronic tensor

Most general form in terms of structure functions:

Wi a ) = ¥ db (A T2 X Gx)NX (0x)17(0) [A(pa))

T pA,upAV pAq

— _gul/Wl W2 ie,uupa WS
A MA
Q,uqy PApqy T PAVGL pA,qu/ PAvqy
T\ e A G
A

Modern notation:

{Fla FZ; FB) Fll) F5,6}

_ Q2 _ Q2 _ Q2 _ Q2 _
= W W, Wiy, Wy, W
{ Yooz M2 Y pa M2 2M2 Y 2g M2 0




Master formula from OPE

£aT A Q1% Q47“A
2 2.3
fA’I“A Q T A Q TA
2.2
p;LTMC( 4) = $A2 ﬁw;l,(())(fA)Jr 2]\42145;714 h;j‘(f ),
r Q-r
A A

® Nucleus mass M,

o Nachtmann variable &, = 2x,/(1 + 1)), 7, = \/ I + 4x2M2/ 0>

° F?’(O)(XA, 0?) standard parton model structure functions with M/, = 0

° hA, g% convolution integrals over Ff’(o)

® Same structure as master formula for nucleons. Detailed derivation.
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From nuclear to averaged

Nucleus A Nucleon N
My =AMy My =Ma[A
pa=Apn PN =palA
$A=2]?jq=$N/A a:N:QZ?;_qEAxA
xa€[0,1] xzy €[0,A]

W3 =(pa+q)?

W3 = (py +q)*

va=(q-pa)/Ma=vyn

N =(q-pN)/Mn =v4

ya=va/FE =yn

YN = I/N/EEyA

Nachtmann Variable & Hadronic Mass

4x> M?2
TAZ\/l-I- ézAETN

42 M?
TN:\/1+ 0r  =TA

Ea=Ryzra=En/A

€A S [07 1]

En =Ryan=Aéa

€N S [07 A]

Since 74 =ry =1, then Ry =

2
1+7ra N

Also, €aj/xa=En]xn = Ry = %

We define € = (xM/Q).
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nucleon kinematics

The M ,-terms are always
Accompanied by x, factors:
MY (MY AY)AY M

Q2j QQ] Q2j

Rescaled structure functions:

AW, (pn,q) =W, (pa,q)
Fi (zn, Q%) = F5'(z4,Q7)

snFis(zn, Q%) = 24F {5 (24,Q°)




From nuclear to averaged nucleon kinematics

One easily finds for the convolution integrals:

A(0) A(0)

F U A A F U

hiy (Ea) = f du 4 2( ) Afg dun —2 uQ( v) = Ahb (EN)
() N N

. 1 FAO) A FAO)
h?(fA)ILA dup—2 (ua) =AL duy —> (un) = AhZ (En)

uA uUn

1 - A
3 (6a) = [ duah(ua) = [ duy Al (un) = 93 (6x)

With these expressions and x, = Ax, ,y = AS, 1y =1y My =AM,

Xy M3 xi 2My X3
FMCy, 0%) = < 5NFN> F Oy, 0% + < o > h' (. O°) + < o ;) 8 (&x- 0°)

. 6M 12M3%
Fy 0, 0°) = < 5;%) FOEy, 0% + < ijf) hy (En- Q) + < Qj?) g (&n: 0°)

2.2
F™C(xy, ) = < i >FA O&y. 03 + <2MN N) h{(Ey, 0% +0

5N”N Q? 1%/
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Discussion

® Everything defined in terms of a nuclear state, QCD operators and a
kinematics rescaling

® No use of nucleonic degrees of freedom was made
® Similarly, nuclear PDFs are introduced in the variable x,.

® DGLAP and Sum rules in x,

® Then, one can define the rescaling to the variable x,;:

fiA(xN)de = f?(xA)dxA
® DGLAP and Sum rules in xy

® Again no use of (bound) nucleon PDFs, just nuclear PDFs
(which is what is determined by data!)

® The rescaling at the hadronic level and the parsonic level are fully consistent



Which terms are included?

FA,TMC
i

Twist=2

FA,TMC
l

Twist=4

FA,TMC
[

Twist=6

e Master formula resums leading twist TMC to all orders in (M]%,/Qz)”

e Higher twist terms (Qg/Qz)” not included where O, is a hadronic scale
(To be modelled separately)
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FZTMC(XN’ Q2) / FiTMC’leading(XN, QZ)

Q0=4{1.3,1.5, 2, 3,4, 6} GeV Q=4{1.3,1.5,2, 3,4, 6} GeV Q=4{1.3,1.5,2, 3,4, 6} GeV
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Ratios very insensitive to nuclear A except A=| (dashed, dotted)
Simple parametrization of full TMC for everybody to use in numerical
calculations (see 2301.07715 for details)
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Summary

* New review of TMC from OPE with particular focus on nuclear case [2301.07715]
e Attention to notation exhibiting kinematics
* Consider conditions of light cone dominance for nuclei
* Consider spin of target nucleus which can be different from spin-1/2 of nucleons
* Present derivation of TMCs from OPE in much greater detail
* Prove validity of TMC master equation for nuclei

e Consider full nuclear target:
* No use of nucleonic degrees of freedom

* Proper theoretical definition of nuclear structure functions and PDFs as they are
Intuitively used in the literature

 Parametrization of TMC accurate at the sub-percent level.
Useful to calculate TMC to structure functions with any PDF set
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“Yesterday’s sensation is today’s calibration and
tomorrow’s backup slide”

—Richard Feynman (modified)




Light cone dominance of nuclear DIS

T 1 1q-2
Wi (asa) = — [ 'z (AT 4, (2) Txan(0)]4)

DIS limit:

2
Q2 — 00, U4 — oo, such that Q— =2M x4 1s fixed
VA

Dominant contribution to Fourier integral: () < 72 < const/ Q2

What does the DIS limit mean in practice?

Nucleon case (see textbook by Muta): Q2 ~DPy g2 M]%,

Nuclear case (naively): Q2 ~Ps g2 Mj would suggest very large Q2

We argue instead: | O~ ~ Upy 2 Aﬁad > AéCD




Forward Compton scattering amplitude

T (pa,q) = [ d'z € (AT T}, () Ja(0)|4) |

B
pAq ~ A
ATS

PA pAV :
AT + PR AT — e yap 20
A A

L Wl v AT (PALGy 2pquu) AT5AG |
M
A A

For comparison

W aa) = ¥ d' T (A@a)l L)X p)NX 031 (0)[A(pa))

T pA,upAl/ pAq

= _gw/Wl W2 ieuvpa M2 WS
A A
Q,uqy PApQy T PAVYy & PAuqv — PAvYqu %

Wy +

W= +
"3 M3 ’

We
M2 0
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Relation between W and T

Analytical structure of 7* in the complex ® . plane:

A

m(2y')

—

/\

T4l =1

WA R
%

Re(x

) \

_

e 7" converges in the region |w,| < 1 where v, = xAl (short distance region)

® The discontinuity in the physical DIS region |w,| > 1 is related to W"
(after analytic continuation)

x Im

~J

W;‘y X ImTW



Relation between W and T

(1/xa)+ie

Tfy(pA,q) R =47 W;ﬁ,(pA,q), for x4>0,
T A)—1E

(1/xa)—ie

- : i
Tfl/(pAa Q) =4m [W/ﬁ/ (pA7 _Q)] ) for x4 <0

(1/xa)+ie

An important consequence is the following link between individual AT?
and the Mellin moments of the structure functions

AT} ~ ) FAN,QDx™
N
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Operator Product Expansion (OPE)

There are two different expansions:

a) short distance A( E C 33/2)
expansion
xﬂ—>0
b) light cone (5) - ~(7,1)
expansion A(x/2)B(=2/2) = Y CP (@)t -2 0L, (0)
x 230 J»? f \
| local ops. of definite spin |

Light cone dominance of Wilson coefficients (symmetric traceless

DIS hadronic tensor tensors of rank j)

C-(j) x (V12 dji—j—da—dpB . _ . . .
oL Ve »\ twist = dimension - spin
x2—0

Light cone ops. with lowest
twist dominate!
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Short distance expansion of T’/jy

OPE . o,
lim T4 (para)  O2° 20 Y2

k..

MUY -

(@)

(A(pa)|O, 725" |A(pa)) | + O(7 > 2)

L, T=2
>_ A

L,T=2

(A|OFL 12k |A) = A%z Rl

where

/
Local operators

[T#1"#2k: Traceless,
symmetric rank-2k tensor

M2k _ Z( )J (Q.k_j)' n(j,2k-25) {9...9} ipA---pA}J (p?ax)j

27 (2k)!

— ~
j gunuwus (Qk_zj)zﬁxz

2 2k 2
Criiiy s o (q) = [_QQWQMQMCl + Gpupy Gy @ C — 1€uvapYpn, 4 qMQC
2k
e 2k 2k 2
+4 g Q1 Gua O + 2(Gupn Wi £ Gopin ququ2)05,6] X ( I1 qum) :

(C?Z)Qk

m=3
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Short distance expansion of T’/jy

Evaluating the contractions of Lorentz indices gives:

J
M2 (N +4)! Cy 2 AN
N — QFATMC 2 T=2
f dogay "k (04, Q%) = Z (N =2) (N+2))(N+2j-1)

Similar for the other structure functions

The master equations in x-space are then obtained by
iInverse Mellin transformation
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