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 very much NOT perturbative 😳

Inclusive reactions just a subclass

 Virtual Compton scattering: PDFs, GPDs,…

 arbitrarily time scale, t



time
 arbitrarily time scale, t

Inclusive reactions just a subclass

 Virtual Compton scattering: PDFs, GPDs,…
inclusive neutrino-nucleus scattering,
double beta decay 
Glueball structure, 
Radiative corrections in weak decays
…

All can be defined as: 𝒯 ∼ ∫ d4x eix⋅q ⟨nf | T [𝒥2,M(t) 𝒥1(0) ] |ni⟩∞



Euclidean spacetime:  
 Monte Carlo sampling

finite volume:  
lattice spacing: 
quark masses: 

tM → − itE

L ∼ 1 − 10 fm
a ∼ 0.03 − 0.1 fm

mq → mphys
q
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lattice QCD only current non-perturbative QCD tool

L
Figure 43: Lattice results and FLAG averages for the isovector axial charge gu�d

A for Nf = 2,
2 + 1 and 2 + 1 + 1 flavour calculations. Also shown is the experimental result as quoted in
the PDG [165].

axial charge by the interval 1.218  gu�d

A
 1.274, where the lower bound is identified

with the result of PNDME 18, while the upper bound is the weighted average plus the
scaled 1� uncertainty. Hence, for Nf = 2+1+1 we quote gu�d

A
= 1.246(28) as the FLAG

estimate, where the central value marks the mid-point of the interval, and half the width
is taken to be the error.

For QCD with Nf = 2 + 1 dynamical quarks, the calculations of �QCD 18 [101],
Mainz 19 [102] and NME 21 [965] are free of red tags, while the calculation by PACS 18A
[843] and LHPC 19 [845] do not o↵er enough control over lattice artefacts according to
the FLAG criteria. Since the result by NME 21 was published only as a preprint by the
FLAG deadline, it does not qualify for being included in a global average. Hence, for
Nf = 2 + 1 we compute a weighted average from �QCD 18 [101] and Mainz 19 [102],
assuming no correlations between the two calculations. This yields gu�d

A
= 1.248(23) with

�2/dof = 0.07.
Due to the modified criteria for excited-state contamination, none of the results ob-

tained in two-flavour QCD qualify for a global average. Nonetheless, we find it instructive
to show the results for Nf = 2 together with the calculations with Nf = 2+1 and 2+1+1
and the respective FLAG estimates in Fig. 43.

To summarize, the FLAG averages for the axial charge read

Nf = 2 + 1 + 1 : gu�d

A
= 1.246(28) Refs. [98–100], (430)

Nf = 2 + 1 : gu�d

A
= 1.248(23) Ref. [101, 102], (431)

Within errors, these averages are compatible with the result of gu�d

A
= 1.2724(23) quoted

by the PDG. While the most recent lattice calculations reproduce the axial charge at the
level of a few percent or even better, the experimental result is more precise by an order
of magnitude.
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Euclidean spacetime:  
 Monte Carlo sampling

finite volume:  
lattice spacing: 
quark masses: 

tM → − itE

L ∼ 1 − 10 fm
a ∼ 0.03 − 0.1 fm

mq → mphys
q

lattice QCD only current non-perturbative QCD tool

- i (time)

strongly correlated issues: 
“time evolution operator  
depends on both the time-signature and size 
of the volume”

∼ e−tĤL



Euclidean spacetime:  
 Monte Carlo sampling

finite volume:  
lattice spacing: 
quark masses: 

tM → − itE

L ∼ 1 − 10 fm
a ∼ 0.03 − 0.1 fm

mq → mphys
q

lattice QCD quantu
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If exclusive and interesting

 After developing increasingly complex formalism…

 Lattice QCD will always win

Exclusive vs. inclusive reactions

RB, Dudek, Edwards, Wilson (2018)
Hansen, RB, Edwards, Thomas, & Wilson (2020)

m2
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If exclusive and interesting

 After developing increasingly complex formalism…

 Lattice QCD will always win

Inclusive reactions, QC methods may be needed and worth investigating. 

Exclusive vs. inclusive reactions

Infinite-volume reactions 

complex functions,

 kinematic singularities,

due to intermediate on-shell states.



Four-point functions in a finite, Minkowski spacetime
Hamiltonian frameworks 

𝒯 ∼ ∫
T

0
d4x eit(ω+iϵ) ⟨nf | 𝒥(t) 𝒥(0) |ni⟩∞

[only considering one time ordering, 
introduced  as a regulator]ϵ

= ∑
n

∫
T

0
d4x eit(Ef+ω−En+iϵ) ⟨nf | 𝒥(0) |n⟩⟨n | 𝒥(0) |ni⟩∞

[inserting a complete set of discrete 
finite-volume states]

≈ ∑
n

i
⟨nf | 𝒥(0) |n⟩⟨n | 𝒥(0) |ni⟩∞

(Ef + ω − En + iϵ)

≈ ∑
n

i
⟨nf | 𝒥(0) |n⟩⟨n | 𝒥(0) |ni⟩∞

(Ef + ω − En)

[assuming ]ϵT ≫ 1

[assuming ]ϵ/E ≪ 1



Four-point functions in a finite, Minkowski spacetime
Hamiltonian frameworks 

𝒯 ∼ ∑
n

i
⟨nf | 𝒥(0) |n⟩⟨n | 𝒥(0) |ni⟩∞

(Ef + ω − En)
sum over real-valued poles…

clearly unphysical 😬

Im[s]

Re[s]

Im[s]

Re[s]

Complex functions with 
kinematic singularities, due to 
intermediate on-shell states.

purely real, sum of poles



(hopefully) interesting and not obviously straightforward. 

 Extrapolation is not even obviously well defined. 

 To explore and test new ideas, we can use existing formalism:

exact relationship between finite- and infinite-volume amplitude, 

 derived using principles of scattering theory.

 For simplicity: assume scalar currents and current hadrons, and  (2m)2 < s < (3m)2

Assessing feasibility in 1+1D

RB, Davoudi, Hansen, Schindler, Baroni (2019)

TL = T �H(s,Q2
f )

1

F�1(P,L) +M(s)
H(s,Q2

i )
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<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit> �<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>iH(s,Q2

f ) =
<latexit sha1_base64="fEX5yMswqwzRjx47aemmfinuAWg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaLUEFKUgTdCEU3XbZgH9DGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jpM1CqwcuHM65l3vv8WNGpbLtL6O0srq2vlHeNLe2d3b3rP2DrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT86W3u9x6IkDTid2oWEzdEY04DipHSkmcd0WGI1AQjljazqjxv39e94My89qyKXbPngH+JU5AKKNDyrM/hKMJJSLjCDEk5cOxYuSkSimJGMnOYSBIjPEVjMtCUo5BIN50/kMFTrYxgEAldXMG5+nMiRaGUs9DXnfm1ctnLxf+8QaKCKzelPE4U4XixKEgYVBHM04AjKghWbKYJwoLqWyGeIIGw0pmZOgRn+eW/pFuvOXbNaV9UGjdFHGVwDE5AFTjgEjRAE7RAB2CQgSfwAl6NR+PZeDPeF60lo5g5BL9gfHwD78WVTQ==</latexit><latexit sha1_base64="fEX5yMswqwzRjx47aemmfinuAWg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaLUEFKUgTdCEU3XbZgH9DGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jpM1CqwcuHM65l3vv8WNGpbLtL6O0srq2vlHeNLe2d3b3rP2DrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT86W3u9x6IkDTid2oWEzdEY04DipHSkmcd0WGI1AQjljazqjxv39e94My89qyKXbPngH+JU5AKKNDyrM/hKMJJSLjCDEk5cOxYuSkSimJGMnOYSBIjPEVjMtCUo5BIN50/kMFTrYxgEAldXMG5+nMiRaGUs9DXnfm1ctnLxf+8QaKCKzelPE4U4XixKEgYVBHM04AjKghWbKYJwoLqWyGeIIGw0pmZOgRn+eW/pFuvOXbNaV9UGjdFHGVwDE5AFTjgEjRAE7RAB2CQgSfwAl6NR+PZeDPeF60lo5g5BL9gfHwD78WVTQ==</latexit><latexit sha1_base64="fEX5yMswqwzRjx47aemmfinuAWg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaLUEFKUgTdCEU3XbZgH9DGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jpM1CqwcuHM65l3vv8WNGpbLtL6O0srq2vlHeNLe2d3b3rP2DrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT86W3u9x6IkDTid2oWEzdEY04DipHSkmcd0WGI1AQjljazqjxv39e94My89qyKXbPngH+JU5AKKNDyrM/hKMJJSLjCDEk5cOxYuSkSimJGMnOYSBIjPEVjMtCUo5BIN50/kMFTrYxgEAldXMG5+nMiRaGUs9DXnfm1ctnLxf+8QaKCKzelPE4U4XixKEgYVBHM04AjKghWbKYJwoLqWyGeIIGw0pmZOgRn+eW/pFuvOXbNaV9UGjdFHGVwDE5AFTjgEjRAE7RAB2CQgSfwAl6NR+PZeDPeF60lo5g5BL9gfHwD78WVTQ==</latexit><latexit sha1_base64="fEX5yMswqwzRjx47aemmfinuAWg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaLUEFKUgTdCEU3XbZgH9DGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jpM1CqwcuHM65l3vv8WNGpbLtL6O0srq2vlHeNLe2d3b3rP2DrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT86W3u9x6IkDTid2oWEzdEY04DipHSkmcd0WGI1AQjljazqjxv39e94My89qyKXbPngH+JU5AKKNDyrM/hKMJJSLjCDEk5cOxYuSkSimJGMnOYSBIjPEVjMtCUo5BIN50/kMFTrYxgEAldXMG5+nMiRaGUs9DXnfm1ctnLxf+8QaKCKzelPE4U4XixKEgYVBHM04AjKghWbKYJwoLqWyGeIIGw0pmZOgRn+eW/pFuvOXbNaV9UGjdFHGVwDE5AFTjgEjRAE7RAB2CQgSfwAl6NR+PZeDPeF60lo5g5BL9gfHwD78WVTQ==</latexit>

iF (P,L) =
<latexit sha1_base64="7oC9DvxqiBRj7pUyzGIpLWu7N10=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQiFAXx4KGC/ZB2Kdk0bUOT7JJkhbL0V3jxoIhXf443/43Zdg/a+mDg8d4MM/OCiDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GDmNFaJ2EPFStAGvKmaR1wwynrUhRLAJOm8HoOvWbT1RpFsoHM46oL/BAsj4j2Fjpkd2Uayd3x5eFbrHkVtwp0CLxMlKCDLVu8avTC0ksqDSEY63bnhsZP8HKMMLppNCJNY0wGeEBbVsqsaDaT6YHT9CRVXqoHypb0qCp+nsiwULrsQhsp8BmqOe9VPzPa8emf+EnTEaxoZLMFvVjjkyI0u9RjylKDB9bgoli9lZEhlhhYmxGaQje/MuLpHFa8dyKd39Wql5lceThAA6hDB6cQxVuoQZ1ICDgGV7hzVHOi/PufMxac042sw9/4Hz+AIB+juM=</latexit><latexit sha1_base64="7oC9DvxqiBRj7pUyzGIpLWu7N10=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQiFAXx4KGC/ZB2Kdk0bUOT7JJkhbL0V3jxoIhXf443/43Zdg/a+mDg8d4MM/OCiDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GDmNFaJ2EPFStAGvKmaR1wwynrUhRLAJOm8HoOvWbT1RpFsoHM46oL/BAsj4j2Fjpkd2Uayd3x5eFbrHkVtwp0CLxMlKCDLVu8avTC0ksqDSEY63bnhsZP8HKMMLppNCJNY0wGeEBbVsqsaDaT6YHT9CRVXqoHypb0qCp+nsiwULrsQhsp8BmqOe9VPzPa8emf+EnTEaxoZLMFvVjjkyI0u9RjylKDB9bgoli9lZEhlhhYmxGaQje/MuLpHFa8dyKd39Wql5lceThAA6hDB6cQxVuoQZ1ICDgGV7hzVHOi/PufMxac042sw9/4Hz+AIB+juM=</latexit><latexit sha1_base64="7oC9DvxqiBRj7pUyzGIpLWu7N10=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQiFAXx4KGC/ZB2Kdk0bUOT7JJkhbL0V3jxoIhXf443/43Zdg/a+mDg8d4MM/OCiDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GDmNFaJ2EPFStAGvKmaR1wwynrUhRLAJOm8HoOvWbT1RpFsoHM46oL/BAsj4j2Fjpkd2Uayd3x5eFbrHkVtwp0CLxMlKCDLVu8avTC0ksqDSEY63bnhsZP8HKMMLppNCJNY0wGeEBbVsqsaDaT6YHT9CRVXqoHypb0qCp+nsiwULrsQhsp8BmqOe9VPzPa8emf+EnTEaxoZLMFvVjjkyI0u9RjylKDB9bgoli9lZEhlhhYmxGaQje/MuLpHFa8dyKd39Wql5lceThAA6hDB6cQxVuoQZ1ICDgGV7hzVHOi/PufMxac042sw9/4Hz+AIB+juM=</latexit><latexit sha1_base64="7oC9DvxqiBRj7pUyzGIpLWu7N10=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQiFAXx4KGC/ZB2Kdk0bUOT7JJkhbL0V3jxoIhXf443/43Zdg/a+mDg8d4MM/OCiDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GDmNFaJ2EPFStAGvKmaR1wwynrUhRLAJOm8HoOvWbT1RpFsoHM46oL/BAsj4j2Fjpkd2Uayd3x5eFbrHkVtwp0CLxMlKCDLVu8avTC0ksqDSEY63bnhsZP8HKMMLppNCJNY0wGeEBbVsqsaDaT6YHT9CRVXqoHypb0qCp+nsiwULrsQhsp8BmqOe9VPzPa8emf+EnTEaxoZLMFvVjjkyI0u9RjylKDB9bgoli9lZEhlhhYmxGaQje/MuLpHFa8dyKd39Wql5lceThAA6hDB6cQxVuoQZ1ICDgGV7hzVHOi/PufMxac042sw9/4Hz+AIB+juM=</latexit>

iM(s) =
<latexit sha1_base64="Cb4mTt+oRr/8wXnzcCKBVPYrsk4=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoigm6Eohs3QgX7gDaUyXTSDp1MwsxEKbGf4saFIm79Enf+jZM2C209MHA4517umePHnCntON9WYWV1bX2juFna2t7Z3bPL+y0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++PrzG8/UKlYJO71JKZeiIeCBYxgbaS+XWa9EOsRwTy9nVbVSemyb1ecmjMDWiZuTiqQo9G3v3qDiCQhFZpwrFTXdWLtpVhqRjidlnqJojEmYzykXUMFDqny0ln0KTo2ygAFkTRPaDRTf2+kOFRqEvpmMsupFr1M/M/rJjq48FIm4kRTQeaHgoQjHaGsBzRgkhLNJ4ZgIpnJisgIS0y0aatkSnAXv7xMWqc116m5d2eV+lVeRxEO4Qiq4MI51OEGGtAEAo/wDK/wZj1ZL9a79TEfLVj5zgH8gfX5AyvDk0Q=</latexit><latexit sha1_base64="Cb4mTt+oRr/8wXnzcCKBVPYrsk4=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoigm6Eohs3QgX7gDaUyXTSDp1MwsxEKbGf4saFIm79Enf+jZM2C209MHA4517umePHnCntON9WYWV1bX2juFna2t7Z3bPL+y0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++PrzG8/UKlYJO71JKZeiIeCBYxgbaS+XWa9EOsRwTy9nVbVSemyb1ecmjMDWiZuTiqQo9G3v3qDiCQhFZpwrFTXdWLtpVhqRjidlnqJojEmYzykXUMFDqny0ln0KTo2ygAFkTRPaDRTf2+kOFRqEvpmMsupFr1M/M/rJjq48FIm4kRTQeaHgoQjHaGsBzRgkhLNJ4ZgIpnJisgIS0y0aatkSnAXv7xMWqc116m5d2eV+lVeRxEO4Qiq4MI51OEGGtAEAo/wDK/wZj1ZL9a79TEfLVj5zgH8gfX5AyvDk0Q=</latexit><latexit sha1_base64="Cb4mTt+oRr/8wXnzcCKBVPYrsk4=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoigm6Eohs3QgX7gDaUyXTSDp1MwsxEKbGf4saFIm79Enf+jZM2C209MHA4517umePHnCntON9WYWV1bX2juFna2t7Z3bPL+y0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++PrzG8/UKlYJO71JKZeiIeCBYxgbaS+XWa9EOsRwTy9nVbVSemyb1ecmjMDWiZuTiqQo9G3v3qDiCQhFZpwrFTXdWLtpVhqRjidlnqJojEmYzykXUMFDqny0ln0KTo2ygAFkTRPaDRTf2+kOFRqEvpmMsupFr1M/M/rJjq48FIm4kRTQeaHgoQjHaGsBzRgkhLNJ4ZgIpnJisgIS0y0aatkSnAXv7xMWqc116m5d2eV+lVeRxEO4Qiq4MI51OEGGtAEAo/wDK/wZj1ZL9a79TEfLVj5zgH8gfX5AyvDk0Q=</latexit><latexit sha1_base64="Cb4mTt+oRr/8wXnzcCKBVPYrsk4=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoigm6Eohs3QgX7gDaUyXTSDp1MwsxEKbGf4saFIm79Enf+jZM2C209MHA4517umePHnCntON9WYWV1bX2juFna2t7Z3bPL+y0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++PrzG8/UKlYJO71JKZeiIeCBYxgbaS+XWa9EOsRwTy9nVbVSemyb1ecmjMDWiZuTiqQo9G3v3qDiCQhFZpwrFTXdWLtpVhqRjidlnqJojEmYzykXUMFDqny0ln0KTo2ygAFkTRPaDRTf2+kOFRqEvpmMsupFr1M/M/rJjq48FIm4kRTQeaHgoQjHaGsBzRgkhLNJ4ZgIpnJisgIS0y0aatkSnAXv7xMWqc116m5d2eV+lVeRxEO4Qiq4MI51OEGGtAEAo/wDK/wZj1ZL9a79TEfLVj5zgH8gfX5AyvDk0Q=</latexit>

Assessing feasibility in 1+1D



In a finite-volume, the spectrum and all observables depend on the total momentum 
, where  is discrete. P = 2πd/L d

How bad are these effects? real bad!

ML(s) = M(s)�M(s)
1

F�1(P,L) +M(s)
M(s)

<latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit>
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In a finite-volume, the spectrum and all observables depend on the total momentum 
, where  is discrete. P = 2πd/L d

How bad are these effects? real bad!

ML(s) = M(s)�M(s)
1

F�1(P,L) +M(s)
M(s)

<latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit>
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In a finite-volume, the spectrum and all observables depend on the total momentum 
, where  is discrete. P = 2πd/L d

How bad are these effects? real bad!
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d = 1

ML(s) = M(s)�M(s)
1

F�1(P,L) +M(s)
M(s)

<latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit><latexit sha1_base64="q0/G7LV2S8+s6yQvtMNRwIBsXNw="></latexit>



E?, L 6= 1
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“take an  step away from the poles”ϵ

 For large enough 
 and small enough  

L

ϵ

Constructing reliably estimators
 Determine time-dependent matrix elements 

 Introduce an  by handiϵ

𝒯L(ϵ) ∼ ∫
∞

−∞
dτ eiq0 t−ϵ|t| ⟨nf | T[𝒥2(t) 𝒥1(0)] |ni⟩L

[easier said than done 😅]



 Determine time-dependent matrix elements 

 Introduce an  by hand 

Binning/wave packets 

Exploit symmetry:

Physical amplitudes only depend on Lorentz scalars.

Boost average

iϵ

𝒯L(ϵ) ∼ ∫
∞

−∞
dτ eiq0 t−ϵ|t| ⟨nf | T[𝒥2(t) 𝒥1(0)] |ni⟩L

[easier said than done 😅]

[makes sense 🙂]

[makes sense 🙂]

[uh? 🤔]

Constructing reliably estimators
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Toy model investigation for 𝒯



The volume effects are encoded in , which is not a Lorentz scalar. 

Asymptotic behavior   

Averaging over different boosts, volume effects are expected to reduce. 

F(P, L)

F ∼ e−Lϵα0 (−1)d
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d = 0

d = 6

s = 2.2 m, ϵL = 1

eF
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Boost averaging 

TL = T �H(s,Q2)
1

F�1(P,L) +M(s)
H

0(s,Q2
if )
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Following the recipe
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Q2 = 10 m2

By averaging over  boost with ,  and binning in energy and virtualities.mL = [20,25,30] d ≤ mL
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Extensions other amplitudes

Checks on arbitrary number of channels Purely hadronic amplitudes using LSZ
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Testing finite-time dependence
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𝒯 ∼ ∫
T

0
d4x eit(ω+iϵ) ⟨nf | 𝒥(t) 𝒥(0) |ni⟩∞ = ∑

n
∫

T

0
d4x eit(Ef+ω−En+iϵ) ⟨nf | 𝒥(0) |n⟩⟨n | 𝒥(0) |ni⟩∞

Using spectral decomposition, we can estimate the order of magnitude of time ( ) needeT



 Inclusive scattering observables are not out of the question

 No sophisticated formalism is needed

 existing formalism serves as diagnostic tool

 Does life get harder or easier in D?

 Test on toy theory [quantum simulation vs. lattice]
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