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Transverse Beam Dynamics II1

1) Linear Beam Optics
Single Particle Trajectories
Magnets and Focusing Fields
Tune & Orbit

Il) The State of the Art in High Energy Machines:
The Beam as Particle Ensemble
Emittance and Beta-Function
Colliding Beams & Luminosity

IIl) Errors in Field and Gradient:
Liouwville during Acceleration
The Ap/p #0 problem
Dispersion
Chromaticity

B. J. Holzer, CERN



Luminosity

p2-Bunch

10 ! particles

p1-Bunch

10 Y particles

Example: Luminosity at LHC

_ 1 « Lol p2
B, =055m f, =11.245 kHz 4me” fom, 0x9y
e, =5%10"" radm n, =2808 @/
O,,=16um

I b= 584 mA Overall cross section of the Higgs:

ofpp — H*X) [pb]

L=1.0%10* %mzs

00 500 1000
M, [GeV]

Make p* as small as possible to achieve um beam size at the IP !!!

B. J. Holzer, CERN 3



What is a um ?




pe (m), B (m)

12.) Insertions
LHC CMS mini-beta MAD-X 5.05.02 16/04/21 09.05.03

5000.
4500.4 | ;
4000. { | v
F5008 5 '
3000.
2500.
2000.
1500.
1000.
500.

0.0 DOOLLEOOEEOONMKS, N \6ocoSOOBSOBBEEE00:
12.20 12.89 13.58 14.27

B. J. Holzer, CERN D (m) [*]0**( 53)]



p-Function in a Drift

In a drift, without focusing, the f-function is increasing quadratically.

At the end of a long symmetric drift space the beta function reaches its maximum
value in the complete lattice.

-> here we get the largest beam dimension.

-> keep L™ as small as possible

L2
) = B% 4+ —
pL) =+

7 sigma beam size inside a mini beta quadrupoée

B. J. Holzer, CERN
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yes ... yes ... there is NO talk without it ...
The Higgs

ATLAS event display: Higgs => two electrons & two muons

B. J. Holzer, CERN
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Arc: regular (periodic) mangtructure:
bending magwets B define the energy of the ring
main focusing & tune control, chromaticity correction,

multipoles for higher order corrections

Straight settions:| drift spaces for injection, dispersion suppressors,
low beta insertions, RF cavities, etc....
... and the high energy experiments if they cannot be avoided




The LHC Insertions

Inner Separation/

ATLAS Tripl t R inati Matching
riple ecombination
uadyrupoles
LAS _Trip R  —Quadyup
. Ql 02 Q3 DI £D2 04 05
P18 oo qf OFD S
) ﬂ L '::I i
— | 9K _|_ Warm
J

5000. LI:IC {Er-rorlA-nal);lsis MADX §00 '0'3/-]2/I0;‘3 ]0.‘-35.'00
4500. B B
4000
3500.
3000.
2500.
2000.
1500. -
1000. -

500. H

B (m), By (m)

0.0 RSOA L U el
12.850 13.135 13.420 13.705
Momentum offset = 0.00 %

s(m) [*10¥%( 3)]
mini f optics

B. J. Holzer, CERN



... finally ... let’s talk about acceleration

crab nebula,

burst of charged
particles E =10 20 eV

B. J. Holzer, CERN 11



14.) Liouville during Acceleration

e =y (8) x°(8) +20.(8)x(5)X'(s) + B () x'*(5)

2
Wity o e
Beam Emittance corresponds to the area covered in the / /}
x, x " Phase Space Ellipse ——— o
/ JeB

Liouville: Area in phase space is constant.

But so sorry ... &% const!

Classical Mechanics:

phase space = diagram of the two canonical variables
position & momentum

X Px

B. J. Holzer, CERN 12



According to Hamiltonian mechanics:
phase space diagram relates the variables q and p

Liouvilles Theorem: f pdq = const
... referring to the hor. plane

[pxdx = const

for convenience (i.e. because we are lazy bones) we use
in accelerator theory:

XA
I 2R 2 0 S Ol e VR 2 WD),
L st L e p
p

[ ] | pedx const

xdx =——— & —,B

p moyC ¥
H_I 0
€
. = (' dx o L the beam emittance shrinks during
e By acceleration ¢~1/y

B. J. Holzer, CERN




Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV =980

emittance € (40GeV) =1.2 *10-7
£((920GeV)=5.1 *10-

B. J. Holzer, CERN

7 o beam envelope at E = 40 GeV

... and at E = 920 GeV

14



B (m), B (m)

Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!
as soon as we start to accelerate the beam size shrinks as y -2 in both planes.

o =ep

2.) At lowest energy the machine will have the major aperture problems,
=  here we have to minimise -

B

5000 LHC Error Analysis ~ MAD-X 3.00.03 03/12/08 10.32.07

3.) we need different beam optics adopted to the energy:  4500. - B ' B |
A Mini Beta concept will only be adequate at flat top.  4000. { |
3500.
3000. -
2500. -
2000. -
600. -._...U ey 1500. —
sso. ] B+ B i _
s00. 4 - ] 1000.
450.1 | ] s500. 1 ;
wed | | ] 0.0 8.01 16.02 24.03
55 0. 1 _ : 1 Momentum offset = 0.00 %
50. 1 s(m) [*10%%( 3)]
200.
150. LHC mini beta
“;z optics at 7000 GeV
050 81 1862 243 LHC injection
Momentum offset =  0.00 % . optics at 450 GeV ]5



Liouville during Acceleration

Protons

. shrink during acceleration

ATTENTION !!!

Electron beams|in a storage ring are determined by light emission
and behave completely different.

... they grow.

B. J. Holzer, CERN



The ,, not so ideal world “

15.) The ,, Ap / p # 0" Problem

ideal accelerator: all particles will see the same accelerating voltage.
<> Ap/p=10

whearly ideal accelerator: Cockroft Walton or van de Graaf

Ap/p=10-5

. "';“' SN
Vivitron, Straffbourg, inner
structure of the acc. section

y £

MP Tandem van de Graaf Accelerator
at MPI for Nucl. Phys. Heidelberg

i



RF Acceleration-Problem:

panta rhei lll
(Heraklit: 540-480 v. Chr.)

Just a stupid (and a little bit wrong) example)

storage ring rf cavity

Bunch = Icm

5 v =400MHz | , ___
t: C=AV
-t e,
e
A=75cm
sin(90°) =1
Ty~ AU 60 10°
sin(84°) = 0.994
A _
typical momentum spread of an electron bunch: ?p~1.0 107

B. J. Holzer, CERN 18



Dispersive and Chromatic Effects: Ap/p = 0

Are here any Problem ???
font colors due to

Sure there are !l pedagogical reasons
B. J. Holzer, CERN

19



16.) Dispersion and Chromaticity:
Magnet Errors for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl A
dipole magnet o= L x,(5) = D(s) S

ple p
&
&~
| F 0 D 0 'sumplé t}ejét.;tory
focusing lens k = ol P i el == [l ’
p/ %
e . | , - 7| =% particle having ...
’ . cell length to hlgh energy
Figure 29: FODO cel a to low energy
ideal energy

B. J. Holzer, CERN 20



Dispersion
the typical Formula 1 effect:

Those who are faster (have higher momentum) ...
... are running on a larger circle.

BUT

they are focused nevertheless.

B. J. Holzer, CERN

21



Dispersion

Example: homogeneous dipole field — '

Matrix formalism:

x(s) = x5 (s) + D(s) Ap
p
x(s) = C(s)- ¥y + (5 x) + D(s)- 2
p

B. J. Holzer, CERN

it for Ap/p > 0

r=,,,+—,
x| \C S)\x| p\DJ

2



or expressed as 3x3 matrix

VB
(R G ST A o o
el GrES DIl x
A A
\ pp/s Uy \ %/0 )
D T
Example :

Xg =1...2mm

D(s)=1.2m ~

AI/zl-IO"”
p )

~—

HERA P-Ring, Lumi-A-QOptik, 7/0.5 m, p/e+
T T T

920 GeV, 1999, qd997z, nts920e+8, A+8 Namen
T T T

" p
I|I| 'lll
| l | \
AR
| 1 P\
| \
I
'll [ 1
[
.' [
| \
| || \
A / \ ," \ .".'\
A ACA NN ASA DN M\ { \ | \irf \ [ /\ A A
A ASAA \" A A [ \\i/ \ ‘A A w Y / AUTA
Y X f X/ \ \ Y I\ A \ |/ \ ANAW iy /
S A/ \.\/ \/ \\// VARV AVRY V\/ \/ \/ \// ‘v/\.' \/ \/ .‘\/ \d AN AN N \\/ Y
1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400
S ——=> (M)

Calculate D, D’: ... takes a couple of sunny Sunday evenings !

Amplitude of Orbit oscillation
contribution due to Dispersion = beam size
=  Dispersion must vanish at the collision point

: :
T T
=
1 A AL \ A AN :
EANAANNAANAANTY VNV VN YAAAAAANAAA/
.Il'l"‘ \'-"I \\“l / |l"-"v \ Ilyi"‘ ‘VI 1 L .1 v II"x l"."'. IIV“ \'v" \'."' \'J“ |‘l"4'( V I'v)l
) 200 400 600 800 1000 1200 1400

/

D(s)=S(s) f;;l%C(:i)d’s” - C(s) fS?%S('sT)d's"

B. J. Holzer, CERN

(proof see CAS 5937’00. )



Dispersion is visible

34 Hera P New BPM Display

Printing  Optionen Korrekturen Offsets Save File Select File Set Optics Set Bunch  Spezial  Orbit View Expert

nnnnnnnn

- Darstellung R |~ Maschine : HERA-p - /- Protonen
" Orbit [~ orb-Ref " Ref Mittelwert RMS-wert Energie 39.73

|\ j IScratch1 j X £ hor .0000 5559 | Strom 44
| Bunchhr 22?
hpi40n Ep = 39.726 L D001 0893 e

[ WL197 MX

|Jan 28 15:30:16 2004 2004-01-28 15:29:12 dplp  dpip Aus ] 0.110 | [geladen] hpid0n

i Closed Orbit -+ ' o }
FEC Betriebsmode Setzen Orhit-=OpticServer
Closed Orbit / Inj Trig - | Standig Inj Mode I IRein | Less ] 1mal lesen | Bereich I Save Orhit

Ablage (mm) | .0.348
Status 0K
B7¢ | 107.7/.00

dedicated energy change of the stored beam

> closed orbit is moved to a
dispersions trajectory

S =D(s)*A—p
p

Attention: at the Interaction Points
we require D=D = ()

B. J. Holzer, CERN

HERA Standard Orbit

HERA Dispersion Orbit

ﬁ Hera P New BPM Display [D

Printin

g Optionen Korrekturen Offsets Save File Select File Set Optics Set Bunch Spezial  Orbit View  Expert

Z:::::::::::}: A o SO SR

A A

N
e st e aleledel
_____ 1 (e e b [

] !!1]!![]!!!!!]1]]' |

[~ Dar ~Maschine : HERA-p |~ Prot  NR344 MX

‘ " Orbit * Orb-Ref | " Ref ‘ Mittelwert RMS-wert || Energie  39.73 | Ablage (mm) [~ 2.46
|| closed orbit | [ scratchs | || X4 hor. 20538 | 23572 {{ESHEq ol | Status | wrong tu
r 1 | 1 1

hoidOn Ep = 39745 | Ziven [ 0008 [7880 ||\ pouon || P74 18376
Feb 08 23.09:16 2006 2005-02-08 23:07:15 |dplp Aus | [ 1482 | [geladen] hpidOn || Retease | I"E




17.) Chromaticity:
A Quadrupole Error for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

Remember the normalisation
of the external fields: A F 0 D 0O sampl fajectry

e : ' SeniElope

cell length
Figure 29: FODO cell

particle having ...
to high energy

) . to low energy
a particle that has a higher momentum feels a weaker quadrupole ideal energy

gradient and has a lower tune.

k— k— Ak 0O—- 0-AQ
\ e
definition of chromaticity: AQ =0 7

B. J. Holzer, CERN 25



.. what is wrong about Chromaticity:
Every individual particle has an individual momentum and thus an
individual tune.

Q'is a number indicating the size of the tune spot in the working diagram,
Q' is always created if the beam is focussed

—> it is determined by the focusing strength k of all quadrupoles
1 Ap 1
AQ =———k B (s)ds Q0 =—— ﬂgk(s)ﬂ(s)ds
4t p, 4

k = quadrupole strength

f = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: LHC

J

'= 250 —>Some particles get very close to
gp/_p — 0.2 %103 b resonances and are lost
ML LR el in other words: the tune is not a point
- it is a pancake
B. J. Holzer, CERN
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Tune signal for a nearly
uncompensated cromaticity

(Q'=20)

Ideal situation: cromaticity well corrected,

(Q'~1)

B. J. Holzer, CERN 24



Tune and Resonances

m*Q +n*0 +*0 = integer

Tune diagram up to 3rd order

... and up to 7th order

” ~
P )
y .
o .
x A
- [} ’,.-'
. - J
e, g
-4 .
3 ,-
A P
)

Homework for the operateurs:
find a nice place for the tune

o -~ !
VI ~ |1

where against all probability
the beam will survive

B. J. Holzer, CERN 28



Correction of Chromaticity:

Need: additional quadrupole strength for each momentum deviation Ap/p

A
1.) sort the particles acording to their momentum xp(s) = D(s) _p

.. using the dispersion function

Ve tergatln N 1l f
Tﬁ! el il | [ i I II | I | I II l A I“I[”ll”l] ”||”7| B Iy, LS

4 HERA-p
M(tMn RMS ert

|cms:u:rhi| B m = ], || xnor. [ 20538 [ 23572 S"E?nﬂ %EEE %
hpidOn Ep=39.746 ver. 0008 T80 ||\ g || P4 8376
Feb 08 23:09:16 2006 2006-02-08 23.07:15 dofp aus | [1482 || [geladen] hpidOn Release |
2.) apply a magnetic field that rises quadratically with x (sextupole field)
- N
By = gxy 0B, " @B
B o l "(xz o 2) ay ax
y 2 g y J

—> amplitude dependent gradient
B. J. Holzer, CERN 29



Correction of Q': k, normalised quadrupole strength

k, normalised sextupole strength

Sextupole Magnets:

k,(sext) = f—; —

Eisenjoch

Combined effect of ,,natural chromaticity* and Sextupole Magnets:

Q' = Jkl(s)ﬂ(s) ds + sz(S)D(S)ﬁ(S) ds}

1{
4

You only should not forget to correct Q¢ in both planes ...
and take into account the contribution from quadrupoles of both polarities.

B. J. Holzer, CERN 30



I
. A word of caution: keep non-linear terms in your storage ring low.

I ]_If[ -11‘ ]_[ljr-'l 1'1"

blM MQXCD_inj := 0.0000 ; blU_MQXCD_1inj :=

h2M  MOQXCD inj := 0.0000 ; h2U _MOQXCD 1n3 :=

b2 MOWCD Sna =0 0000 .- BIATT MOWCT 5o - =
}:l.'.' . n-| -
]:'-E . o .x + l 1. - =
b B\- + IB.\' = Bn'/' * (bn + ia, —

b’ = 0

"-IIIII

]—l' AL AL .LLLI P e W ) > L e .LLI.I =

hOM MOXCD_inj := 0.0000 ; bOU_ _MQXCD_inj =
b10M MQKED 1n1 .= 0.5000 ; b1l0OU MUHED 1ﬂ1 ;=
h11M MQXCD_inj := 0.0000 ; b11lU MOXCD_inj :=
b12M MQXCD inj := 0.0000 ; b1l2U MQXCD inj := uzuu
h13M MOXCD_inj := 0.0000 ; b13U_MQXCD_inj := SOroo00 : oD 11 1 00
h14M MOXCD_inj := -0.2700 ; b1l4U MOXCD_inj := 0.0300 ; b14R_MQXCD inj := 0.0100

}—llcl'I IIIJ::E [I 1 (] (minluls |l 1= l“r‘r—'\l.-.'v.-.'r;. - I . . |"| mimimie ) 1 _'FL_I‘IIJIII_ Il_lfl:] - = I_I ) I_I I_I I_I I_I

II-.IIII

I

h1lM MQXCD _cd
bh2M MQXCD cq
h3 I'I_I-I QXECD _ cg
hdM MOXCD cc
b5M MQXECD cd
bEM MQXCD
b7M MQXCD ¢
b8M MQXCD
bOM MQXCD ¢
b10M MQXCD
b11M MQXCD

o

R MOECD co = [0.0000

R MOQXCD co .= 0.0000
'[—}ﬁj:n:[f"..g .= 0.8900
. MOXECD co = [0.6400

. MOXEC D co .= 0.3030
. MOXEC D coO = 0. 9600
MI_J::I_ [I CO - = 0. 2001
R MOXC D co = 0.1600
bﬂJIH_II “col := 0.0800
_IE MOQEC ]:I CO - = 0. 0600
IR MQXCD col = 0.0300
h12M _MOQXCD _ PR III:IIIIZII_u 0 .= 0.0200
BR_MQXCD col := 0.0100

h13M MOQXCD_ i
h14M MQXCD ¢ 0 ' L | : | - | 1 1R MQXCD col := 0.0100

Pqﬁmilg_ CHogelcery 0.0000 ; b15U_MQXCD_col : 0.0000 ; b1SR MQXCD col := 030000

6014—88 MPI K

JI JI

Jl

o
Ul

Magn. Induktion B (T)




Clearly there is another problem ...
. if it were easy everybody could do it

Again: the phase space ellipse

for each turn write down - at a given

position ,s" in the ring - the
single partilce amplitude x
and the angle x” ... and plot it.

0.04

0.02 —

+++

+
+F

+
+ 5
1—'&- +w +™ 5

o+

+
+

-0.04 -

A beam of 4 particles
— each having a slightly different emittance:

-0.1 0 0.1
Xn,1-%n,2:%n 3.%n 4

S



Installation of a weak ( I! ) sextupole magnet

The good news: sextupole fields in accelerators
cannot be treated analytically anymore.

- no equatiuons; instead: Computer simulation
. particle tracking "

| | | | |
0.02 —
0.01 — —
*Pn.1 +
- +
APn, 2
+ + + 0 + + am
XPn. 3
+ 4+ + "
Pn .4
+ + +0.01 " =
-0.02 —
| | | | |
-0.2 -0.1 0 0.1 0.2

Xn,1-%n,2-%n 3-%n .4
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Effect of a strong ( I ) Sextupole ...

=  Catastrophy !

0.02

0.01

+
+F

g
s

+
g1
1-'& +w +w

-
+

-0.02 [~

-0.2 -0.1 0 0.1 0.2
Xn 1:%n,2:%n 3:%n 4

wdynamic aperture*
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The Mini-Beta scheme ...

... focusses strongly the beams to achieve smallest possible beam sizes at
the IP. The obtained small beta function at the IP is called B*.
Don't forget the cat.

Beam dimension during acceleration: A proton beam shrinks during acceleration
in both ytransverse dimensions. We call it unfortunately ,adiabatic
shrinking”.

Nota bene: An electron beam in a ring is growing with energy !l

Dispersion ...
. is the particle orbit for a given momentum difference.

Chromaticity ...
. is a focusing problem. Different momenta lead to different tunes
- attention ... resonances !!

Sextupoles ...

have non-linear fields and are used to compensate chromaticity. However we
have to be careful: Strong non-linear fields can lead to particle losses
(dynamic aperture)
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