
CT on uncertainties: 
Parton distributions need 
representative sampling

Aurore Courtoy for the CT collaboration 

Instituto de Física

National Autonomous University of Mexico (UNAM)

PDF4LHC meeting  — November 2022

CTEQ-TEA members 

China:    S. Dulat, J. Gao, T.-J. Hou, I. Sitiwaldi, M. Yan, and collaborators

Mexico: A. Courtoy

USA:     T.J. Hobbs, M. Guzzi, J. Huston, P. Nadolsky, C. Schmidt, D. Stump, K. Xie, C.-P. Yuan

1



A. Courtoy—IFUNAM___________Sampling bias________________PDF4LHC Meeting 2022

Our messages in [2205.10444]

Goodness-of-fit criteria come to the forefront as the community increasingly looks toward 
precision analyses using the PDFs. 


Sampling uncertainty. Outside of HEP/NP, there is significant interest in statistical problems 
that are similar to the PDF tolerance problem. These studies introduce a fundamental 
distinction between the fitting uncertainty and sampling uncertainty, often overlooked in the 
PDF fits. 


Effective parameter dimensions. Sampling uncertainty, while intractable in general, can be 
more reliably estimated for specific predictions in targeted low-dimensional searches like the 
"hopscotch scan" that we designed. 


PDF tests outside of the fit. It is probably simpler to ascertain the quality of given PDFs than 
the process by which these PDFs were found.
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Recent advancements in the determination of unpolarized PDFs: 

CT18, MSHT20, NNPDF4.0, ATLASpdf21 as well as PDF4LHC21.

Precision PDFs (Snowmass 21 WP) 
[2203.13923]
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Uncertainty prescription (tolerance) in different groups

PDF4LHC21 benchmarking exercise: 

comparison of uncertainties for same sets of data and QCD settings.


The uncertainties for CT18, MSHT20 and NNPDF3.1 reduced sets are still different. 


Key role played by methodology.
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Monte-Carlo global analyses seem to lead to 
smaller uncertainties wrt Hessian fits. 

Trend sustained by NNPDF4.0 set.

PDF4LHC21 [J.Phys.G 49]
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Outside of HEP, there is significant interest in statistical problems that are similar to the 
PDF tolerance problem. These studies introduce a fundamental distinction between 
the fitting uncertainty and sampling uncertainty, often overlooked in the PDF fits.


The tolerance puzzle and the big-data paradox
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A new avenue to understand PDF tolerance

ExperimentalTheoretical

Parametrization Methodology

In all four categories of uncertainties, we can further distinguish 
 PDF fitting accuracy from PDF sampling accuracy. 

[Kovarik et al, Rev.Mod.Phys. 92 (2020)]

Goodness-of-fit applies to an 
individual best fit.

Sampling accuracy applies either 
to the tolerance or the number of 
error sets in a PDF ensemble.

This talk.
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Differences of tolerance prescriptions are in part due to sampling conventions. 
There is evidence that PDF fitting groups doing the same analysis arrive at different 
conclusions because of their tolerance criteria. 

PDF sampling takes place over experimental data sets, parametrization forms, 
hyperparameters, settings of fits, model approximations. 

Biases in sampling are particularly risky in large-scale analyses.

Sampling accuracy vs. fitting accuracy
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PDFs need representative sampling

In this talk, sampling uncertainty will be estimated for specific predictions in targeted low-
dimensional searches, called the hopscotch scan, that we designed.

[2205.10444]

Filled color ellipses:

areas of possible solutions corresponding to 
lower ( ) w.r.t. the nominal solution

found through the hopscotch scan — a 
dimensionality reduction method to be 
described next.

Δχ2 < 0
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From small to big data sets — sampling uncertainties

Illustration from:
Pavlos Msaouel (2022) 

Cancer Investigation, 40:7, 567-576

With an increasing size of sample , under a set of hypotheses, it is usually 
expected that the deviation on an observable decreases like . 


That’s the law of large numbers.

n → ∞
( n)

−1

̂μμ

The law of large numbers disregards the quality of the sampling,                              .

What uncertainties keep us from including the truth, ?μ
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Xiao-Li Meng

 The Annals of Applied Statistics


Vol. 12 (2018), p. 685Trio identity

 μ − ̂μ = (data+sampling defect) × (measure discrepancy) × (inherent problem difficulty)

can tend to  for random sampling( n)
−1

depends on the sampling algorithm

 statistical model, quality of data,…≡

μ − ̂μ = Corr[observable, sampling quality] ×
N
n

− 1 × σ(observable)

For a sample of  items from the population of size , we 
can consider an array built by the random spanning of the 
binary responses of the  (0) and  (1) items, so that 

n N

N − n n
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Origin of sampling biases — experience with large population surveys

Surveys of the COVID-19 vaccination rate with very large samples of responses and small 
statistical uncertainties (Delphi-Facebook) greatly overestimated the actual vaccination rate 
published by the Center for Disease Control (CDC) after some time delay. 


The deviation has been traced to the sampling bias. 

In contrast to the statistical error, the sampling bias can involve growth with the size of 
the sample.

696 | Nature | Vol 600 | 23/30 December 2021

Article

The Big Data Paradox in vaccine uptake
We focus on the Delphi–Facebook and Census Household Pulse surveys 
because their large sample sizes (each greater than 10,000 respond-
ents20) present an opportunity to examine the Big Data Paradox1 in sur-
veys. The Census Household Pulse is an experimental product designed 
to rapidly measure pandemic-related behaviour. Delphi–Facebook has 
stated that the intent of their survey is to make comparisons over space, 
time and subgroups, and that point estimates should be interpreted 
with caution3. However, despite these intentions, Delphi–Facebook has 
reported point estimates of vaccine uptake in its own publications11,21.

Delphi–Facebook and Census Household Pulse surveys persistently 
overestimate vaccine uptake relative to the CDC’s benchmark (Fig. 1a) 
even taking into account Benchmark Imprecision (Fig. 1b) as explained 
in ‘Decomposing Error in COVID Surveys’. Despite being the smallest 
survey by an order of magnitude, the estimates of Axios–Ipsos track 
well with the CDC rates (Fig. 1a), and their 95% confidence intervals 
contain the benchmark estimate from the CDC in 10 out of 11 surveys 
(an empirical coverage probability of 91%).

One might hope that estimates of changes in first-dose vaccine 
uptake are correct, even if each snapshot is biased. However, errors have 
increased over time, from just a few percentage points in January 2021 
to Axios-Ipsos’ 4.2 percentage points [1–7 percentage points with 5% 
benchmark imprecision (BI)], Census Household Pulse’s 14 percentage 

points [5% BI: 11–17] and Delphi-Facebook’s 17 percentage points  
[5% BI: 14–20] by mid-May 2021 (Fig. 1b). For context, for a state that  
is near the herd immunity threshold (70–80% based on recent  
estimates22), a discrepancy of 10 percentage points in vaccination rates 
could be the difference between containment and uncontrolled expo-
nential growth in new SARS-CoV-2 infections.

Conventional statistical formulas for uncertainty further mislead 
when applied to biased big surveys because as sample size increases, 
bias (rather than variance) dominates estimator error. Figure 1a shows 
95% confidence intervals for vaccine uptake based on the reported 
sampling standard errors and weighting design effects of each survey23. 
Axios–Ipsos has the widest confidence intervals, but also the smallest 
design effects (1.1–1.2), suggesting that its accuracy is driven more by 
minimizing bias in data collection rather than post-survey adjustment. 
The 95% confidence intervals of Census Household Pulse are widened 
by large design effects (4.4–4.8) but they are still too narrow to include 
the true rate of vaccine uptake in almost all survey waves. The confi-
dence intervals for Delphi–Facebook are extremely small, driven by 
large sample size and moderate design effects (1.4–1.5), and give us a 
negligible chance of being close to the truth.

One benefit of such large surveys might be to compare estimates of 
spatial and demographic subgroups24–26. However, relative to the CDC’s 
contemporaneously reported state-level estimates, which did not include 
retroactive corrections, Delphi–Facebook and Census Household Pulse 

Table 1 | Comparison of survey designs

Axios-Ipsos Census Household Pulse Delphi-Facebook

Recruitment mode Address-based mail sample to Ipsos 
KnowledgePanel

SMS and email Facebook Newsfeed

Interview mode Online Online Online

Average size 1,000/wave 75,000/wave 250,000/week

Sampling frame Ipsos KnowledgePanel; internet/
tablets provided to ∼5% of panelists 
who lack home internet

Census Bureau’s Master Address 
File (individuals for whom email /  
phone contact information is 
available)

Facebook active users

Vaccine uptake question “Do you personally know anyone who 
has already received the COVID-19 
vaccine?”

“Have you received a COVID-19 
vaccine?”

“Have you had a COVID-19 vaccination?”

Vaccine uptake definition “Yes, I have received the vaccine” “Yes” “Yes”

Other vaccine uptake 
response options

“Yes, a member of my immediate 
family”, “Yes, someone else”, “No”

“No” “No”, “I don’t know”

Weighting variables Gender by age, race, education, 
Census region, metropolitan status, 
household income, partisanship.

Education by age by sex by state, 
race/ethnicity by age by sex by 
state, household size

Stage 1: age, gender “other attributes which we have 
found in the past to correlate with survey outcomes” 
to FAUB; Stage 2: state by age by gender

Comparison of key design choices across the Axios–Ipsos, Census Household Pulse and Delphi–Facebook studies. All surveys target the US adult population. See Extended Data Table 1 for 
additional comparisons and Methods for additional implementation details.

CDC (benchmark)

Delphi–Facebook (n ≈ 250,000)

Axios–Ipsos (n ≈ 1,000)

Census Household Pulse
(n ≈ 75,000)
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Fig 1 | Errors in estimates of vaccine uptake.  
a, Estimates of vaccine uptake for US adults in 2021 
compared to CDC benchmark data, plotted by the 
end date of each survey wave. Points indicate each 
study’s weighted estimate of first-dose vaccine 
uptake, and intervals are 95% confidence intervals 
using reported standard errors and design effects. 
Delphi–Facebook has n = 4,525,633 across 19 
waves, Census Household Pulse has n = 606,615 
across 8 waves and Axios–Ipsos has n = 11,421 
across 11 waves. Delphi–Facebook’s confidence 
intervals are too small to be visible. b, Total error 
Y Y−n N. c, Data defect correlation ρ̂Y R, . d, Data 
scarcity N n n( − )/ . e, Inherent problem difficulty 
σY. Shaded bands represent scenarios of ±5% 
(darker) and ±10% (lighter) imprecision in the CDC 
benchmark relative to reported values (points).  
b–e comprise the decomposition in equation (1).

Based on

[Xiao-Li Meng, The Annals of Applied Statistics, Vol. 12 (2018), p. 685]
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Sampling bias in PDF global analyses—I

How do we know the “data+sampling defect=confounding correlation” of our analysis?

Hessian-based analysis: 

objective function includes penalties, establishing the tolerance criteria.


Size of uncertainties reflect a series of confounding sources —selection of fitted experiments, 
treatment of correlated systematic errors, functional forms of PDFs, …

Verification that proper spanning of parameter space 
is compatible with total uncertainties (a posteriori).

>300 functional forms are tested in CT18.

Hou et al, Phys.Rev.D 103 (2021)

Dimensions of the problem given by the number 

of parameters=eigenvector (EV) directions. 
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Sampling bias in PDF global analyses—II

How do we know the “data+sampling defect=confounding correlation” of our analysis?

Monte Carlo-based analysis: 

optimization implies selection of hyperparametersAutomatic hyperparameter selection

14

• Number and with of the layers


• Activation functions and initialization


• Optimization algorithm (and associated parameters)


• Training length, stopping patience, etc.


• Strength of lagrange multipliers  (positivity, integrability)

The usage of Neural Networks had as primary goal eliminating the biases associated with the choice 
of a specific functional form.

However, there are still many choices associated with the optimization:

Collectively called “hyperparameters”, usually selected manually.

In order to remove any kind of human intervention, better to do 
them automatically.

Automatic hyperparameter selection

14

• Number and with of the layers


• Activation functions and initialization


• Optimization algorithm (and associated parameters)


• Training length, stopping patience, etc.


• Strength of lagrange multipliers  (positivity, integrability)

The usage of Neural Networks had as primary goal eliminating the biases associated with the choice 
of a specific functional form.

However, there are still many choices associated with the optimization:

Collectively called “hyperparameters”, usually selected manually.

In order to remove any kind of human intervention, better to do 
them automatically.

CERN QCD Seminar

Cruz Martínez, 11/2022
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Sampling of multidimensional spaces ( ) is exponentially inefficient and may require  
replicas to obtain a convergent expectation value. 


In general, an intractable problem.

[Hickernell, MCQMC 2016, 1702.01487]


[Sloan, Wo´zniakowski, 1997]

d ≫ 20 n > 2d

Do we understand sampling for QCD global analyses?
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Sampling of multidimensional spaces ( ) is exponentially inefficient and may require  
replicas to obtain a convergent expectation value. 


In general, an intractable problem.

[Hickernell, MCQMC 2016, 1702.01487]


[Sloan, Wo´zniakowski, 1997]

d ≫ 20 n > 2d

Do we understand sampling for QCD global analyses?

2. How is sampling achieved in Monte Carlo-based PDF fits?


Importance sampling, as defined by NNPDF 
• =bootstrap/resampling of random fluctuations in data

• expectations are then unweighted averages over replica fits


Such sampling does not include sampling over 
hyperparameters and priors.

Uncertainties, from data to PDF

10

Perform thousand of fits, each to an “new” measure of 
the experimental data available.  

1. Justification for tolerance criteria for Hessian-based PDF fits
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Sampling of multidimensional spaces ( ) is exponentially inefficient and may require  
replicas to obtain a convergent expectation value. 


In general, an intractable problem.

[Hickernell, MCQMC 2016, 1702.01487]


[Sloan, Wo´zniakowski, 1997]

d ≫ 20 n > 2d

Do we understand sampling for QCD global analyses?

1. Justification for tolerance criteria for Hessian-based PDF fits


2. How is sampling achieved in Monte Carlo-based PDF fits?


Importance sampling, as defined by NNPDF 
• =bootstrap/resampling of random fluctuations in data

• expectations are then unweighted averages over replica fits


Such sampling does not include sampling over 
hyperparameters and priors.

15
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Effective dimensions

Algorithm for observable-oriented verification of representative uncertainty

To sample the PDF dependence for Monte Carlo-based global analyses:  

sample primarily the coordinates with large variations of physical cross section . 


Using NNPDF4.0 public code, we then employ:


1. Basis coordinates in the PDF space — Hessian representation of MC replicas

2. Knowledge of 4-8 "large dimensions" in PDF space controlling variation of 

3. A moderate number of MC PDF replicas varying primarily in these directions

σ

σ

the number of replicas/EV directions/…n =

“Parton distributions need a representative sampling” 
[2205.10444]


We determine dimensions of the problem from specific QCD observables: only few effective large 
dimensions contribute the bulk of the uncertainty. 
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How to play hopscotch?

◆

◆

-3 -2 -1 0 1 2

0

2

4

6

NN40nnlo EV 6

χ2

In the Hessian representation, the chi square behaves like a paraboloid 
of  dimensions, thus defining a global minimum.

Hessian and Monte Carlo representations of given PDF sets are shown 
to be compatible — convertions exist in both ways.

Hence, a chi-square paraboloid can also be defined for Monte Carlo-
based analyses.

nparam

For example, here’s a reconstructed EV direction for the 
NNPDF4.0 Hessian set, in blue. There are second EV sets with

, for all 50 EV directions.

Its shape indicates a larger paraboloid than the red curve 
provided by the NNPDF4.0 Hessian set.

Δχ2 = 0
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 1 
The NNPDF4.0 Hessian set ( ) defines 
a coordinate system on a manifold 
corresponding to the largest variations of the 
PDF uncertainty —red dots and curve.

Step 2 
Using the public NNPDF code, scan  along 
the 50 EV directions to identify a hypercube 
corresponding to  (where  is 
a user-selected value). 

Lagrange multiplier scan confirms the 
approximate Gaussian profiles, but suggest 
that there exist solutions with lower  — 
green dots and blue curve.

n = 50
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[NNPDF, 2109.02653]
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 1 
The NNPDF4.0 Hessian set ( ) defines 
a coordinate system on a manifold 
corresponding to the largest variations of the 
PDF uncertainty —red dots and curve.

Step 2 
Using the public NNPDF code, scan  along 
the 50 EV directions to identify a hypercube 
corresponding to  (where  is 
a user-selected value). 

Lagrange multiplier scan confirms the 
approximate Gaussian profiles, but suggest 
that there exist solutions with lower  — 
green dots and blue curve.

n = 50

χ2
tot

Δχ2 ≤ T2 T2 > 0

χ2

[NNPDF, 2109.02653]
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No fitting involved.
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 3 
Guidance from specific cross sections: 
we identify 4-7 EV directions that give the 
largest displacements for a given  per pair. 

Large EV directions are shared among various 
pairs of cross sections.

Construct the convex hulls for 
 w.r.t. NNPDF4.0 

replica 0 (red).

Δχ2

Δχ2 = + 10, 0, − 10, − 20
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 
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High-density MC sampling of a span of a few 
EV directions that drive the specific PDF 
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Step 4 
For each pair of cross sections, we generate 300 
replicas by sampling uniformly along the “large” 
EV directions. 

Sort the  resulting replicas according 

to their  w.r.t. to NN40 replica 0.


Hopscotch replicas are linear combinations of 
NNPDF4.0 Hessian EV. 

Each of the solutions is an acceptable PDF set 
from the NNPDF4.0 fit.

npairs × 300

Δχ2
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The green and blue areas are larger than the 
nominal NNPDF4.0 uncertainty (red ellipse).
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Δχt0
2<0 (approximate region)

Δχexp
2 <0 (approximate region)

NNPDF4.0 (nominal) ATLAS 13TeV

The green and blue ellipses (constructed 
using a convex hull method) are approximate 
region containing all found replicas with 

. They have no statistical meaning.

[Anwar, Hamilton, Nadolsky, 1901.05511]

Δχ2 < 0
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Monte-Carlo sampling sensitivity for PDFs

23

Region containing good solutions according
to the most recent  form of   
(used to train NN4.0 replicas)

t0 χ2

Regions containing (very) good solutions according
to the experimental form of   
(is used in  summary tables of the NN4.0 article, was a 
default in the NN4.0 public code)  

χ2

χ2
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Monte-Carlo sampling for PDF parametrizations: cross sections for LHC

Filled color ellipses:

areas of possible solutions corresponding to lower  
w.r.t. the nominal solution

found through the hopscotch scan — outside-the-fit test.

(Δχ2 < 0)

Monte Carlo uncertainties from 
sampling bias found through the 
hopscotch scans play a similar role as 
sampling of parameter space in 
Hessian uncertainties.

68% CL
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PDF tests outside the fit

alt EV25

alt EV33

10-5 10-4 10-3 0.01 0.02 0.05 0.1 0.2 0.5 0.7
-0.2

0.0

0.2

0.4

0.6

x

(s
-s- )/(

s+
s- )(
x,
Q
)

-(s-s)/(s+-s)�(x,Q)�at Q=1.7 GeV (sym. err)�
NN 4.0 NNLO 68% (solid), alt. (Δχ2)t0=0 (dashed)

alt. EV25

alt. EV33 

0.0 0.2 0.4 0.6 0.8
0.000

0.005

0.010

0.015

0.020

x

xc
(x
,Q

)

xc (x,Q)�at Q=1.7 GeV (sym. err)
NNPDF4.0 NNLO 68% (solid), alt. (Δχ2)t0=0 (dashed)

Hopscotch uncertainties wash out reported evidence for large 
positive strangeness asymmetry and non-zero intrinsic charm.
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Hopscotch NN4.0 replicas

2022-10-18 P. Nadolsky, FNAL theory seminar 38

Error bands available at https://ct.hepforge.org/PDFs/2022hopscotch/

Nominal NN4.0 1" bands and alternative Δ$!!" = 0 EV sets

Hopscotch NN4.0 replicas

2022-10-18 P. Nadolsky, FNAL theory seminar 38

Error bands available at https://ct.hepforge.org/PDFs/2022hopscotch/

Nominal NN4.0 1" bands and alternative Δ$!!" = 0 EV sets

Hopscotch replicas

Nominal NN4.0  bands and alternative  EV sets1σ Δχ2
t0 = 0

26
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Hopscotch replicas and goodness-of-fit criteria

The ensemble of the hopscotch replicas are solutions that account for sampling bias. The 
hopscotch ensemble enlarges the NNPDF4.0 uncertainty for LHC benchmark cross section.

27

NNPDF prior disfavors some of the most displaced 
hopscotch replicas.


[M. Ubiali, HP2 2022 workshop, Durham, 2022/09]

The hopscotch replicas pass CT18 criteria for good 
individual solutions.
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Conclusions

A new avenue to the tolerance puzzle is proposed through the study of the sampling 
uncertainties — a complementing source to the fitting uncertainty.


Highlights on the sampling uncertainties: 

1. Tolerance criteria related to sampling choices. A PDF fit with few parameters and  
tolerance probably underestimates the parametric uncertainty.


2. Concept of effective large dimensions. Difficult to sample the full parameter space with many 
parameters without biases. A hopscotch scan intelligently reduces dimensionality of the 
relevant PDF parameter space for an observable under consideration.


3. Validating the final PDFs may be easier than understanding the respective fitting algorithm. 
Hopscotch algorithm is a test outside the fit to verify the PDF uncertainty for a specific QCD 
cross section or observable. 

Δχ2 = 1

28
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Conclusions

A new avenue to the tolerance puzzle is proposed through the study of the sampling 
uncertainties — a complementing source to the fitting uncertainty.


Highlights on the sampling uncertainties 

Hopscotch scans, illustrated for the NNPDF4.0, can be performed using public codes (LHAPDF + 
mcgen + xFitter/NNPDF fitting codes).


Impact on the uncertainties at small and large , PDF ratios, correlations, strangeness asymmetry, 
fitted charm, …


Insights applicable to other analyses using a large parameter space — CT/MSHT tolerance, 
polarized PDFs, TMDs, etc.


Of particular interest for future experiments — EIC, …

x

29



Back-up slides
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Role of objective function

Hessian-based global analyses:

Figure-of-merit (function of the parametrization) and tolerance criteria will define the size of 
uncertainties.


Monte Carlo-based global analyses:

“The posterior probability for the parametrization depends on both the figure-of-merit […] given the 
parameters and on the prior probability.”           NNPDF [M. Ubiali, HP2 2022 workshop, Durham, 2022/09]

Experiments publish . 

To reconstruct , we need to decide on the normalizations .


Choices:

•             : “experimental scheme”; can result in a bias

• "fixed"  : “  scheme”; can result in a (different) bias

σi,α
βi,α Xi

Xi = Di
Xi = Ti t0

Chi-square definition

 are the central data, theory, uncorrelated error

 is the correlation matrix for  nuisance parameters.

Di, Ti, si
βi,α Nλχ2 =

Npt

∑
i, j

(Ti − Di) (cov−1)ij (Tj − Dj)

(cov)ij ≡ s2
i δij +

Nλ

∑
α=1

βi,αβj,α

βi,α = σi,αXi

31
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Goodness-of-fit functions

2022-11-23 A. Courtoy, PDF4LHC meeting

PDF
Analysis

!! prescription
to fit PDFs

!! prescription
to compare PDFs

Comments

HERAPDF HERA HERA

CT Extended " +prior Extended "

MSHT’20 T [? ] T [? ]

NNPDF4.0 (" + prior
with fluctuated data

Experimental or ("
with unfluctuated data

(" prescription comes in

pre- and post-NNPDF3.0 

versions

…

Hopscotch’2022 N/A Experimental or ("
[2022]

with unfluctuated data

1. Systematic errors are approximate and can introduce biases in all analyses.
2. D’Agostini [1994] demonstrated a bias in an !- fit to LEP data with one 

multiplicative normalization. In PDF fits, the pulls among several multiplicative 
factors may cancel, resulting in no substantial bias on the PDFs.

Please help to fill in



Toward robust PDF uncertainties

12021-05-03 P. Nadolsky, DIS 2022 workshop

The CT18/CT18Z uncertainties aim to 
be robust: they largely cover the 
spread of central predictions obtained 
with different selections of experiments 
and assumptions about systematic 
uncertainties

Overreliance on Gaussian distributions 
and covariance matrices for poorly 
understood effects may produce very 
wrong uncertainty estimates
[N. Taleb, Black Swan & Antifragile]

For instance, the 
cov. matrix may 
overestimate
the correlation 
among discrete 
data points, 
resulting in a too 
aggressive error 
estimate
[Anwar, Hamilton, P.N., 
arXiv:1905.05111]

cov. matrix

convex hull

Strong dependence on the definition of corr. 
syst. errors would raise a general concern: 

33
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Uncertainty prescription in different groups

34
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Setting for NNPDF4.0 code

The evaluation of  for NNPDF4.0 nnlo replicas is done by the public NNPDF code [NNPDF, EPJC 81], 
with its default setting.


 is computed by the perreplica_chi2_table function of validphys program of the public 
NNPDF code.


The kinematics cuts for the correlated uncertainties are fixed as the same of the NNPDF4.0 global 
analysis. 


The minimum value of  and  for DIS measurements are hence chosen to be 3.49 GeV and 12.5 
GeV respectively. 

χ2

χ2

Q2 W2

35



A. Courtoy—IFUNAM___________Sampling bias________________PDF4LHC Meeting 2022

Law of large numbers — Higgs XS

900 replicas
Group #1 (300 rep.)
Group #2 (300 rep.)
Group #3 (300 rep.)

45 46 47 48 49
0

20

40

60

80

100

120

Cross section [pb]

N
um

be
ro
fr
ep
lic
asWe take  groups of Higgs cross sections 

evaluated by 3 different groups.

 


We randomly select 300 out of the 900 cross sections. 

The law of large number is fulfilled in this case: there is no 
bias in the original sampling of the 3 sets of Higgs cross 
sections.

300 × 3

A toy sampling excercise

Population: Np=900
Sample: Ns=300 (random)

45 46 47 48 49
0

20

40

60

80

100

120

Cross section [pb]

N
um

be
ro
fr
ep
lic
as

μ-μ=0. ± 0.033 pb  μ − ̂μ ∝ σ/ n
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Trio identity— Higgs XS

This identity originates from the statistics of large-scale surveys

[Xiao-Li Meng, The Annals of Applied Statistics, Vol. 12 (2018), p. 685]

The law of large numbers disregards the quality of the 
sampling — distribution of  for a population size /measure 
of the parameter space.

n N

If we bias the selection by taking 200 items from one group 
and 100 from another, the deviation  is no longer 
proportional to  !

μ − ̂μ
σ/ n

 μ − ̂μ = (data+sampling defect) × (sampling discrepancy) × (inherent problem difficulty)

The trio identity remedies to that problem be accounting for the sampling bias:

Population: Np=900
Sample1: Ns=300
Sample2: Ns=300

45 46 47 48 49
0

20

40

60

80

100

120

σH [pb]

N
um

be
ro
fr
ep
lic
as

μ-μ1=0.206 pb

μ-μ2=-0.138 pb
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

39
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Hopscotch NN4.0 replicas

2022-10-20 P. Nadolsky, LPC Physics Forum 41

LHAPDF6 grids available at https://ct.hepforge.org/PDFs/2022hopscotch/

1. Alternative (second) EV sets with Δ"! = 0, 
for 50 EV directions

2. A total 2329 PDF sets from hopscotch scans on 
%" , %#! , %#" , %$ , %% ̅% total inclusive cross 
sections at the LHC 13 TeV

For "%#! and "'()! definitions in the NNPDF4.0 
code 

Codes to generate LHAPDF grids for 
hopscotch replicas available by request.

NN replica 0

40
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Monte-Carlo sampling for PDF parametrizations: cross sections for LHC

Ellipses at 68% CL

41
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 4 
For each pair of cross sections, we generate 300 replicas by sampling uniformly along the “large” EV directions. 
Sort the  resulting replicas according to their  w.r.t. to NN40 replica 0, here for .npairs × 300 Δχ2 Δχ2
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Δχ2=0 & approximate region

Δχ2=-60

Δχ2=-70

Δχ2=-80

NNPDF4.0 (nominal)

ATLAS 13TeV

The blue ellipse (constructed using a convex hull method) is an approximate region containing all found replicas 
with . 

The blue area is larger than the nominal NNPDF4.0 uncertainty (red ellipse).

Δχ2 = 0 ± 3

Each of the   replicas 
is an acceptable PDF set from 
the NNPDF4.0 fit.

Δχ2 = 0 ± 3

[Anwar, Hamilton, Nadolsky, 1901.05511]

68% CL
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Figures of merit in the NNPDF4.0 analysis I

2022-10-20 P. Nadolsky, LPC Physics Forum 1

1. !! with respect to the central experimental values

"" , $", %" are the central data, theory, uncorrelated error
&",$ is the correlation matrix for '% nuisance parameters.

Experiments publish (",$. To reconstruct &",$, we need to decide on the 
normalizations )".

NNPDF4.0 use: 
a. )" = "" : “experimental scheme”; can result in a bias
b. )" = .ixed $" : “3& scheme”; can result in a (different) bias

4' =5
",(

)!"
$" − "" cov*+ "( $( − "(
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Figures of merit in the NNPDF4.0 analysis II

2022-10-20 P. Nadolsky, LPC Physics Forum 2

3. NNPDF4.0 quotes the final unfluctuated !! in the “exp” scheme. 

NNPDF4.0 use: 
a. $" = &" : experimental scheme; can result in a bias
b. $" = (ixed -" : .# scheme; can result in a (different) bias

The conventions are neither complete nor unique. Ambiguity affects all groups. 
See Appendix in 1211.5142.

2. NNPDF4.0 trains MC replicas with !! for fluctuated /$, .# scheme, and 
replica selection (prior) conditions:

Cost=4%!& (-" , &"
'()*%)+%,-) + 4./"0/&

Experimental scheme: 
94%0%& :.% = 1.160 .

.# scheme:
94%0%& :.% = 1.233 .

4& exp − 4& B1 = −340 for 4618 data points
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2022-10-20 P. Nadolsky, LPC Physics Forum 3

(M. Ubiali, HP2 2022 workshop, Durham, 2022-09-22)
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Computing uncertainty Δ"

2022-10-20 P. Nadolsky, LPC Physics Forum 4

1. By unweighted averaging of 
predictions for 100 (or 1000) MC 
replicas:

! = 1
$!"#

%
$%&

'!"#
!$ ; Δ!( = ⟨ ! − ! (⟩

(NNPDF calls it “importance sampling”. The 
MC replicas are distributed according to the 
fluctuated data [Ball:2011gg]  using the same 
training algorithm).

Replica 0 is the mean of 1000 MC replicas; has better unfluctuated +( than MC replicas.

2. Using $"$) = 50 Hessian PDFs. 

Δ!( = %
$%&

'"$%
!$ − !* ( .

NNPDF4.0 MC and Hessian uncertainties are in a good agreement.
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2022-10-20 P. Nadolsky, LPC Physics Forum 5

If the hopscotch solutions are acceptable, a natural question to raise is why 
they are not covered by the nominal NNPDF set. … As a possible hint, any 
hopscotch solution can be represented by a neural network in accord with 
the universal approximation theorems. The challenge of representative 
sampling in a high-dimensional space must therefore be also present in the 
NN approach. The nominal NNPDF replicas only resample the fitted data 
points while using a fixed methodology, with specific choices made on the 
NN architecture, the cost function, stopping and smoothness conditions. 
Finding a hopscotch solution in an NN approach may require variations in 
the training methodology, … which may thus constitute an unstated part of 
the uncertainty, together with the uncertainty due to the prescription for 
experimental systematic errors. The closure test … checks for the 
agreement of the PDFs with the pseudodata within the uncertainties. Yet it 
does not establish the full size of uncertainties in all directions, and neither 
it rules out potential subtle biases with the real data…

From arXiv: 2205.10444 , Sec. 3D
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Evidence for non-trivial small-! dynamics depends on the uncertainty definitions

P. Nadolsky, LPC Physics Forum 6

A fit only to the pre-HERA DIS & DY data prefers fast 
growth of the gluon at ! → 0 , possibly reflecting a 
tension of BCDMS and NMC data. The growth is 
reduced by including the HERA data. 

2022-10-20

What, exactly, did HERA do for us?

Example: a future test in NNPDF4.0

no overlap

Fig. 29 in 2109.02653 Historically, HERA was credited 
for establishing the fast small-!
growth of the gluon (hard 
pomeron), not reducing the 
growth.

Which view is right?
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Art and science of polling

2022-10-20 P. Nadolsky, LPC Physics Forum 7

Identification of the few discriminating variables is an art component of predictive polls 
Here alcohol preferences and several other variables are proposed to weight election polls. 
More plots at https://tinyurl.com/yc67kkf9
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2022-10-20 P. Nadolsky, LPC Physics Forum 8
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