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Abstract: We explore the collinear limit of final-state quark splittings at order ↵2
s. While at

general NLL level, this limit is described simply by a product of leading-order 1 ! 2 DGLAP

splitting functions, at the NNLL level we need to consider 1 ! 3 splitting functions. Here, by

performing suitable integrals of the triple-collinear splitting functions, we demonstrate how one

may extract Bq
2
(z), a di↵erential version of the coe�cient Bq

2
that enters the quark form factor at

NNLL and governs the intensity of collinear radiation from a quark. The variable z corresponds to

the quark energy fraction after an initial 1 ! 2 splitting, and our results yield e↵ective higher-order

splitting functions, which may be considered as a step towards the construction of NNLL parton

showers. Further, while in the limit z ! 1 we recover the standard soft limit results involving the

CMW coupling with scale kt, the z dependence we obtain also motivates the extension of the notion

of a physical coupling beyond the soft limit.
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Abstract: Jet calculus o↵ers a unique mathematical technique to bridge the area of QCD

resummation with Monte Carlo parton showers. With the ultimate goal of constructing

next-to-next-to-leading logarithmic (NNLL) parton showers we study, using the language

of generating functionals, the collinear fragmentation of final-state partons. In particular,

we focus on the definition and calculation of the Sudakov form factor, which physically

describes the no-emission probability in an ordered branching process. We review recent

results on quark jets and compute the Sudakov form factor for the collinear fragmenta-

tion of gluon jets at NNLL. The NNLL corrections are encoded in a z dependent two-loop

anomalous dimension B2(z), with z being a suitably defined longitudinal momentum frac-

tion. This is obtained from the integration of the relevant 1 ! 3 collinear splitting kernels

combined with the one-loop corrections to the 1 ! 2 counterpart. This work provides the

missing ingredients to extend the methods of jet calculus in the collinear limit to NNLL

and gives an important element of the next generation of NNLL parton shower algorithms.

As an application we derive new NNLL results for for both the fractional moments of

energy-energy correlation FCx and the angularities �x measured on a mMDT/Soft-Drop

groomed jet.



A bird’s eye view 
———————————————————————————————————————

(Semi)-analytic resummation has achieved an impressive accuracy (NNLL and ) over previous decades. 

Parton showers (PS) have not kept up with such progress. 

PS are essential due to their versatility: It is much more efficient to simulate QCD dynamics than to resum a specific 
observable.

N3LL

A Bird’s-Eye view

� (Semi)-analytic resummation has achieved an impessive

accuracy (NNLL and N3LL) over previous decades.
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D-parameter 1912.09341

� Parton showers (PS) have not kept up with such progress.

� PS are essential due to their versatility: It is much more e�cient

to simulate QCD dynamics than to resum a specific observable.
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Motivation: Recent progress in NLL accurate PS 
———————————————————————————————————————

The PanScales family of PS has been able to achieve NLL accuracy for any recursive IRC safe observable: 

The crux of this development is to design recoil maps that preserve the correct physical limits required for NLL. 

More in Silvia’s, Alexander’s & Alba’s talks.

Motivation: Recent progress in NLL accurate PS

� The PanScales family of PS has been able to achieve NLL

accuracy for any recursive IRC safe observable:1

1
Dasgupta et. al. (2002.11114), color and spin

�
2011.10054,2103.16526,2111.01161

�
, G. Salam “The power

and limits of parton showers”
�
https://gsalam.web.cern.ch/gsalam/talks/repo/202109-SLAC-seminar

-SLAC-panscales-seminar.pdf
�
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Dasgupta et. al. (2002.11114), colour 
and spin 

(2011.10054,2103.16526,2111.01161), 
G. Salam “The power and limits of 

parton showers” https://
gsalam.web.cern.ch/gsalam/talks/repo/

202109-SLAC-seminar\\-SLAC-
panscales-seminar.pdf
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https://gsalam.web.cern.ch/gsalam/talks/repo/202109-SLAC-seminar%5C%5C-SLAC-panscales-seminar.pdf
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https://gsalam.web.cern.ch/gsalam/talks/repo/202109-SLAC-seminar%5C%5C-SLAC-panscales-seminar.pdf


Outline: what do we need to achieve NNLL? 
———————————————————————————————————————

The goal is to define and compute a differential anomalous dimension which encodes collinear dynamics at NNLL. 

Outline: 

1. Review the results for quark jets as these form the conceptual basis of the physics. 

2. Compute the relevant anomalous dimension for gluon jets. 

Tool kit: triple-collinear splitting functions (double-real) and 1L correction to 1 2 splitting (real-virtual). 

3. Derive new resummed results for groomed jet observables. 

→
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Look back at NLL 
———————————————————————————————————————

Over 30 years ago Catani, Marchesini & Webber introduced the notion of a soft physical coupling: 

The CMW coupling represents the intensity of soft gluon radiation. 

For showers that intertwine real and virtual corrections through unitarity, specifying the scheme and scale of the 
coupling is the sole NLO ingredient to achieve NLL accuracy.

Look back at NLL

� Over 30 years ago Catani, Marchesini & Webber introduced the
notion of a soft physical coupling:

dPsc = Ci

↵phys

s

⇡

dk
2
t

k2
t

dz

1� z
, ↵phys

s = ↵s(k
2

t )

✓
1 + KCMW

↵s(k
2
t )

2⇡

◆

� The CMW coupling represents the intensity of soft gluon
radiation.

KCMW =

✓
67

18
�

⇡2

6

◆
CA �

10

9
TF

� For showers that interwine real and virtual corrections through

unitarity, specifying the (CMW) scheme and scale of the

coupling is the sole NLO ingredient to achieve NLL accuracy.
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Questions for NNLL PS: key concepts 
———————————————————————————————————————

How to include NLO virtual corrections in a shower algorithm? 

The CMW lesson: at NNLL can we properly define an inclusive emission probability, i.e. 

The inclusive limit of the double-soft function defines the CMW coupling  furnish a commensurate understanding 
of the triple-collinear splitting functions. 

The coefficient    define a suitable differential version thereof?

↔

B2 →

6

d𝒫q
!=

CF

2π
dθ2

θ2
dz pqq(z) αeff. (z, θ2)



Introduction into  
———————————————————————————————————————

B2

So what exactly is ? 

Let us take an example from the transverse momentum distribution in hadronic collisions: 

The interesting piece is the function , which includes the quark/gluon form factor:

Bq/g
2

WF
ab

Introduction into Bq

2

� So what exactly is Bq

2
?

� Let us take an example from the transverse momentum distribution in

hadronic collisions:2

d�ab!F

dp2t
=

1

2

Z
b dbJ0(bpt)W

F

ab
(s,Q, b)

� The interesting piece is the function W F

ab
(s,Q, b), which includes the

quark/gluon form factor :

Sq/g (Q, b) = exp

 
�
Z

Q
2

b2

0
/b2

dq2

q2


Aq/g (↵s) ln

Q2

q2
+ Bq/g (↵s)

�!

2
de Florian & Grazzini hep-ph/0108273 (see also the references therein)
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Introduction into  
———————————————————————————————————————

B2

Each function has a perturbative expansion. The  function has a soft origin, while the  function has a hard-collinear 
origin. 

Let us focus on the B series. Going back to direct space, one finds a hard-collinear logarithm: 

This talk is about a suitably defined differential , which controls the effective coupling. 

To give an example, at leading order we have:

A B

ℬ2(z)

Introduction into Bq

2

� Each function has a perturbative expansion. The A function has soft

origin, while the B function has a hard-collinear origin.

Aq/g =
1X

n=1

⇣↵s

2⇡

⌘n

Aq/g
(n)

, Bq/g =
1X

n=1

⇣↵s

2⇡

⌘n

Bq/g
(n)

� Let us focus on the B series. Going back to direct space, one finds a

“hard-collinear” logarithm:

⇣↵s

2⇡

⌘
Bq/g
1

||
⇣↵s

2⇡

⌘2

Bq/g
2

This talk is about Bq

2
and a suitably defined di↵erential version

Bq

2
(z).
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Bq
1 = −

3CF

2
→ ℬq

1(z) = − CF(1 + z) Bg
1 = − b0 → ℬg

1(z) = CA(−2 + z(1 − z)) + TRnf (z2 + (1 − z)2)



Introduction into  
———————————————————————————————————————

B2

What do we know about the structure of ? 

For final-state observables, we have:   

We have two pieces. An observable dependent constant, , that comes multiplied by . The other pieces, , is 
universal and represents the endpoint contribution, i.e. , to the NLO DGLAP kernel obtained from sum rules.

Bq/g
2

Xv b0 γ(2)
q/g

δ(1 − x)

Banfi, BKE & Monni 1807.11487, 
Banfi et. al. 1412.2126 

See also de Florian & Grazzini hep-
ph/0407241, Davies & Stirling Nucl. 

Phys. B 244 (1984)

9

Bq
2 = − γ(2)

q + b0 Xq
v , Bg

2 = − γ(2)
g + b0 Xg

v

γ(2)
q = C2

F ( 3
8

−
π2

2
+ 6ζ(3)) + CFCA ( 17

24
+

11π2

18
− 3ζ(3)) − CFTRnf ( 1

6
+

2π2

9 ) γ(2)
g = C2

A ( 8
3

+ 3ζ(3)) − CFTRnf −
4
3

CATRnf



Quark jets 
———————————————————————————————————————

Let us recap the results of arXiv:2109.07496 

Here we see the following features: 

The emergence of the scale of the coupling  

The CMW piece. 

The LO collinear anomalous dimension. 

The NLO collinear anomalous dimension.

k2
t = (1 − z)2 θ2

10

• hP̂ (ab)
g1q2q̄3i corresponding to the abelian channel, CFTR, of a gluon splitting into a qq̄

pair, with subsequent emission of a gluon.

• hP̂ (nab)
g1q2q̄3i corresponding to the non-abelian channel, CATR, of a gluon splitting into

two gluons, one of which branches further into a qq̄ pair.

The splitting functions in Ref. [4] are expressed in terms of invariants, sij , and energy

fractions zi. In the relevant collinear limit, we have that sij = (pi+pj)2 ' E
2
zizj✓

2
ij where

E denotes the energy of the initial gluon. The triple-collinear phase space in d = 4 � 2✏

dimensions may be expressed in the form [? ]

d�3 =
1

⇡

E
4�4✏

(4⇡)4�2✏�(1� 2✏)
dz2dz3d✓

2
13d✓

2
23d✓

2
12(z1z2z3)

1�2✏��1/2�✏⇥(�) , (6.1)

where the Gram determinant is given by

� = 4✓2ik✓
2
jk �

�
✓
2
ij � ✓

2
ik � ✓

2
jk

�2
, i 6= j 6= k . (6.2)

As explained before, we are interested in the double-di↵erential distribution in (z, ✓),

which is defined according to the procedure of Sect. 4 and will be illustrated in the following:

• CATR: This colour channel exhibits a simple collinear structure because the sole

collinear singularity appears as ✓23 ! 0, see Fig. 2. Therefore, we fix the energy

fraction of the gluon to be z1 = z and the angle ✓ = ✓g shown in Fig. 2. We map

the set (z1, z2, z3) into an independent set (z, zp) defined as shown in the figure. Now

when z falls below zcut, the angle will be defined as ✓ = ✓23 and the longitudinal

momentum defined as z = z2 as shown in Fig. 3.

✓g = ✓

z2 = (1� z)zp
✓23 z3 = (1� z)(1� zp)

z1 = z

Figure 1: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair.

1� z

✓
z

Figure 2: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair.

– 12 –

d𝒫q
NNLL =

dθ2

θ2
dz {( αs

2π )(CF pqq(z) −
αs

2π
2 CF

1 − z
b0 ln

θ2

4
−

αs

2π
ℬq

1(z) b0 ln
θ2

4
−

αs

2π
2 CF

1 − z
b0 ln(1 − z)2 +

αs

2π
2 CF

1 − z
K(1)) + ( αs

2π )
2

ℬq
2(z)}



Quark jets (contd.) 
——————————————————————————————————————-

 is decomposed by colour factors: 

The individual expressions are given in arXiv:2109.07496 

This function is, by construction, free from any soft physics and is integrable in  

The take-home message is that we can determine  for any observable using  and the one-gluon form of the 
observable.

ℬq
2(z)

z ∈ [0,1]

Xq
v d𝒫q

NNLL

11

ℬq
2(z) = C2

F ℬq,(ab.)
2 (z) + CFCA ℬq,(nab.)

2 (z) + CFTRnf ℬq,nf
2 (z) + CF (CF −

CA

2 ) ℬq,(id.)
2 (z)

Bq
2 (θ2) = ∫

1

0
dz ℬq

2(z; θ2) = − γ(2)
q + b0 Xq

θ2 → Xq
θ2 = CF ( 2π2

3
−

13
2 )



Gluon jets (to appear soon arXiv:2306.xxxx)  
——————————————————————————————————————-

 is decomposed by colour factors: 

We observe immediately the Casimir replacement, , for all soft-enhanced structures. 

The LO collinear anomalous dimension sits in the right place. 

The computation carries through identically to the quark case, let us dive right in.

ℬg
2(z)

CF → CA

12

d𝒫g
NNLL =

dθ2

θ2
dz {( αs

2π )(CA pgg(z) + TRnf pqg(z) −
αsCA

2π
b0

z(1 − z)
ln

θ2

4
−

αs

2π
ℬg

1(z) b0 ln
θ2

4
−

αsCA

2π
b0

z(1 − z)
ln(1 − z)2 +

αs

2π
CA

z(1 − z)
K(1)) + ( αs

2π )
2

ℬg
2(z)}



 
—————————————————————————————————————————
CATR

This channel has the feature that there is a single collinear singularity as  

The kinematics variables fixed are both  and  

                                            

The computation is conveniently done using the “web variables”:

θg z

• hP̂ (ab)
g1q2q̄3i corresponding to the abelian channel, CFTR, of a gluon splitting into a qq̄

pair, with subsequent emission of a gluon.

• hP̂ (nab)
g1q2q̄3i corresponding to the non-abelian channel, CATR, of a gluon splitting into

two gluons, one of which branches further into a qq̄ pair.

The splitting functions in Ref. [4] are expressed in terms of invariants, sij , and energy

fractions zi. In the relevant collinear limit, we have that sij = (pi+pj)2 ' E
2
zizj✓

2
ij where

E denotes the energy of the initial gluon. The triple-collinear phase space in d = 4 � 2✏

dimensions may be expressed in the form [? ]

d�3 =
1

⇡

E
4�4✏

(4⇡)4�2✏�(1� 2✏)
dz2dz3d✓

2
13d✓

2
23d✓

2
12(z1z2z3)

1�2✏��1/2�✏⇥(�) , (6.1)

where the Gram determinant is given by

� = 4✓2ik✓
2
jk �

�
✓
2
ij � ✓

2
ik � ✓

2
jk

�2
, i 6= j 6= k . (6.2)

As explained before, we are interested in the double-di↵erential distribution in (z, ✓),

which is defined according to the procedure of Sect. 4 and will be illustrated in the following:

• CATR: This colour channel exhibits a simple collinear structure because the sole

collinear singularity appears as ✓23 ! 0, see Fig. 1. Therefore, we fix the energy

fraction of the gluon to be z1 = z and the angle ✓ = ✓g shown in Fig. 1. We map

the set (z1, z2, z3) into an independent set (z, zp) defined as shown in the figure. Now

when z falls below zcut, the angle will be defined as ✓ = ✓23 and the longitudinal

momentum defined as z = z2 as shown in Fig. 2.

✓g = ✓

z2 = (1� z)zp
✓23 z3 = (1� z)(1� zp)

z1 = z

Figure 1: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair.

• CFTR: This colour channel exhibits two collinear singularities as ✓13 ! 0 and ✓12 ! 0.

Therefore, we partition the phase space into two sectors ✓13 < ✓12 and ✓12 < ✓13. In

the former, we fix the quark energy z2 = 1 � z and the angle ✓ = ✓2,13 as shown in

Fig. 3. In the latter we fix the anti-quark energy z3 = z and the angle ✓ = ✓3,12. The

configurations in which z < zcut, in sector 1, and z > 1� zcut, in sector 2, correspond

to a power-suppressed contribution in zcut (due to a soft quark), therefore, we neglect

these contributions.

– 12 –

Gluon decay: web variables

� To obtain an analytic handle on the integrals, we express the
triple collinear phase space as follows:

d�
web

1!3 =
(4⇡)2✏

256⇡4

2z
1�2✏

dz

1� z

1

�(1� ✏)

d
2�2✏

k?
⌦2�2✏

ds12

(s12)
✏

dzp

(zp(1� zp))
✏

1

�(1� ✏)

d⌦2�2✏

⌦2�2✏

� The meaning of the di↵erent variables is as follows:

z3 = z

z1 = (1 � z)zp

z2 = (1 � z)(1 � zp)

kt = EJ (1 � z)✓g

� The invariant masses (s13, s23) can be readily expressed in

terms of these variables.

10

13

θqq̄ → 0

Triple-collinear splitting functions: Catani & Grazzini hep-ph/9810389, Campbell & Glover hep-ph/9710255

s23



 
—————————————————————————————————————————
CATR

We obtain the following analytic result:                

To extract the anomalous dimension we need two more inputs 

Virtual corrections (Sborlini, de Florian & Rodrigo arXiv:1310.6841)                         

Subtract the iteration of the NLL result, i.e. 

( θ2

σ0

d2σ(2)
ℛ

dθ2 dz )
CATR

=
1
2!

CATRnf ( αs

2π )
2

z−3ϵ(1 − z)−3ϵ θ−4ϵ
g [pgg(z)(−

8
3ϵ

−
40
9 ) −

4
3

(1 + z) ln z −
4
3

(2 − z) ln(1 − z) +
26
9 (z2 + (1 − z)2 −

1
z(1 − z) ) +

10
3 ]

( θ2

σ0

d2σ(2)

dθ2dz )
itr.1→2

= ( αs

2π )
2

z−2ϵ(1 − z)−2ϵθ−4ϵ (CA pgg(z) + TRnf pqg(z, ϵ)) 1
−ϵ ∫ dzpz−2ϵ

p (1 − zp)−2ϵ(CA pgg(zp) + TRnf pqg(zp, ϵ))

14



 
—————————————————————————————————————————
CATR

After adding virtual corrections and subtracting NLL structures, we get: 

The  colour channel has no double-real correction, it comes purely from virtual corrections: 

Integrating both functions: 

                         

The observable dependent constant can be computed for any observable using the inclusive emission probability 
integrated against the observable in the limit of a single splitting. 

T2
Rn2

f

ℬg,CATR
2 (z) = − pqg (ln2 z + ln2(1 − z)) +

1
9

(28 − 41z + 41z2) + ln z ( 4
3(1 − z)

−
26
3

z2 + 8z − 7) + ln(1 − z)( 4
3z

−
26
3

(1 − z)2 + 8(1 − z) − 7)

ℬg,T2
Rn2

f
2 (z) = pqg(z)( 1

3
+

4
3

ln(z(1 − z)))
Xg

θ2 = − CA ( 67
9

−
2π2

3 ) +
23
9

TRnf

15



 
—————————————————————————————————————————
CFTR

This channel has two collinear singularities  and  

The situation if identical to the abelian  contribution for quark jets. 

We divide the phase space into two regions, where at most a single collinear singularity appears in each: 

  Only starts at NNLL:                                       

θqg → 0 θq̄g → 0

C2
F

16

z1 < zcut

z = z2

✓23 = ✓

1� z = z3

Figure 2: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair, where g1 goes below the energy threshold and is allowed to fly o↵ at

wide angles.

z2 = 1� z

✓2,13 = ✓

z3 = z zp

✓13
z1 = z(1� zp)

Figure 3: The Feynman diagram representing the qq̄ emission, and the energy fraction

parameterization is suitable for the region ✓13 < ✓12.

z3 = z

✓3,12 = ✓

z2 = (1� z) zp

✓12
z1 = (1� z)(1� zp)

Figure 4: The Feynman diagram representing the qq̄ emission, and the energy fraction

parameterization is suitable for the region ✓13 < ✓12.

• C
2
A: This channel is the most complicated since there is a collinear pole as any angle

✓ij ! 0. Therefore, we partition the phase space into three distinct sectors defined

by the smallest angle in each. For example, in the sector min.{✓ij} = ✓12 we fix the

angle between the parent of the clustered pair, and the remaining gluon, i.e. ✓ = ✓12,3

as shown in Fig. 5. The energy being fixed is z3 = z. When z falls below zcut, then

once again we fix ✓ = ✓12 and z = z2.
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Figure 5: The Feynman diagram representing gluon emission followed by its subsequent

decay to a gg pair, where the energy fraction parameterization suitbale for the angular

region min.{✓ij} = ✓12 is shown.
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Figure 2: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair, where g1 goes below the energy threshold and is allowed to fly o↵ at

wide angles.
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✓ij ! 0. Therefore, we partition the phase space into three distinct sectors defined

by the smallest angle in each. For example, in the sector min.{✓ij} = ✓12 we fix the

angle between the parent of the clustered pair, and the remaining gluon, i.e. ✓ = ✓12,3

as shown in Fig. 5. The energy being fixed is z3 = z. When z falls below zcut, then

once again we fix ✓ = ✓12 and z = z2.
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Figure 5: The Feynman diagram representing gluon emission followed by its subsequent

decay to a gg pair, where the energy fraction parameterization suitbale for the angular

region min.{✓ij} = ✓12 is shown.
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θ13 < θ12 θ12 < θ13

ℬg,CFTR
2 (z) = pqg(z)( 1

2
ln2 ( z

1 − z ) +
1
2

ln2 ( 1 − z
z ) −

π3

3
+ 5) + Hfin.(z) ∫

1

0
dz ℬg,CFTR

2 (z) = 1→



 
—————————————————————————————————————————
C2

A

This channel has a collinear singularity as any  

Unlike the situation for quark jets, correlated and independent emission terms are mixed together. 

‘Divide and conquer’ by partitioning the phase space into 3 identical regions, e.g.  , and fix . 

One can instead leverage the universality of the double-soft limit and locally subtract off the double-soft function. 

When the DS functions are added back, they are to be treated identically to the quark case. Here the separation between 
correlated and independent is dynamical.                                     

θgigj
→ 0

min{θij} = θ12 z = z3
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⟨ ̂Psub.
g1g2g3

⟩ ≡
1

s2
123

⟨ ̂Pg1g2g3
⟩ − ⟨ ̂Pg1g2;g3

⟩ − ⟨ ̂Pg1g3;g2
⟩ − ⟨ ̂Pg2g3;g1

⟩

Full splitting function DS limit: zi, zj → 0

→Divide and conquer 



 (contd.) 
—————————————————————————————————————————
C2

A

One complication when dealing with  manifests as . As the gluon becomes soft, it is allowed to fly off at 
wide angle and the angle is rendered ill-defined. 

Putting everything in, subtracting the NLL pieces, we find:

⟨ ̂Psub.
g1g2g3

⟩ z → 0
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z3 = z

✓3,12 = ✓

z2 = (1� z) zp

✓12
z1 = (1� z)(1� zp)

Figure 6: The Feynman diagram representing the qq̄ emission, and the energy fraction

parameterization is suitable for the region ✓13 < ✓12.

once again we fix ✓ = ✓12 and z = z2.

z3 = z > zcut

✓12,3 = ✓

z1 = (1� z)zp
✓12 z2 = (1� z)(1� zp)

Figure 7: The Feynman diagram representing gluon emission followed by its subsequent

decay to a gg pair, where the energy fraction parameterization suitbale for the angular

region min.{✓ij} = ✓12 is shown.

We integrate the splitting functions over the three-body phase space in d = 4 � 2✏

dimensions to obtain real emission contributions. The integrals we carry out are generically

of the form

✓
2

�0

d
2
�

dz d✓2
=

Z
d�3(zi, ✓ij)

�
8⇡↵sµ

2✏
�2

s
2
123

hP̂ i ✓2 �
�
✓
2 � ✓

2 (zi, ✓ij)
�
�(z � z(zi))⇥cut(✓ij) ,

(6.3)

where ⇥cut(✓ij) denotes the angular cuts due to sectoring that we described above. We

evaluate the above integrals by expanding out the singular structure as a Laurent series in

distributions, and then handle the remaining integrations by means of Mathematica with

the help of the HPL [] and PolyLogTools [] packages. Some of finite z dependent terms

produce very lengthy analytical expressions and in some cases are left in a one- or two-fold

integral representation which guarantees a very good numerical accuracy.

6.1 The CFTRnf channel

We start with the CFTRnf channel. The splitting function to be integrated is the un-

polarised quantity hP̂g1q2q̄3i from Ref. [4]. The approach to the calculation of the corre-

sponding phase-space integrals, as well as other computational details, are discussed in the

corresponding calculation for the quark fragmentation given in Refs. [1, 2].

Following our definition of z and ✓, we consider two sectors: ✓13 < ✓12, which contains

the collinear singularity along the antiquark, and ✓12 < ✓13, which contains the collinear

singularity along the quark. In the first sector we parametrise the momenta as if the gluon

is emitted from the antiquark so that z2 = (1 � z), z3 = zzp and z1 = z(1 � zp) as shown
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→

z1 < zcut

z = z2

✓23 = ✓

1� z = z3

Figure 3: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair, where g1 goes below the energy threshold and is allowed to fly o↵ at

wide angles.

z3 < zcut

z2 = z

✓12 = ✓

z1 = 1� z

Figure 4: The Feynman diagram representing gluon emission followed by its subsequent

decay to a qq̄ pair, where g1 goes below the energy threshold and is allowed to fly o↵ at

wide angles.

• CFTR: This colour channel exhibits two collinear singularities as ✓13 ! 0 and ✓12 ! 0.

Therefore, we partition the phase space into two sectors ✓13 < ✓12 and ✓12 < ✓13. In

the former, we fix the quark energy z2 = 1 � z and the angle ✓ = ✓2,13 as shown in

Fig. 5. In the latter we fix the anti-quark energy z3 = z and the angle ✓ = ✓3,12. The

configurations in which z < zcut, in sector 1, and z > 1� zcut, in sector 2, correspond

to a power-suppressed contribution in zcut (due to a soft quark), therefore, we neglect

these contributions.

z2 = 1� z

✓2,13 = ✓

z3 = z zp

✓13
z1 = z(1� zp)

Figure 5: The Feynman diagram representing the qq̄ emission, and the energy fraction

parameterization is suitable for the region ✓13 < ✓12.

• C
2
A: This channel is the most complicated since there is a collinear pole as any angle

✓ij ! 0. Therefore, we partition the phase space into three distinct sectors defined

by the smallest angle in each. For example, in the sector min.{✓ij} = ✓12 we fix the

angle between the parent of the clustered pair, and the remaining gluon, i.e. ✓ = ✓12,3

as shown in Fig. 7. The energy being fixed is z3 = z. When z falls below zcut, then
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ℬg,C2
A

2 (z) = Gsub.
z3>zcut

(z) + ℬg, C2
A, analytic

2 (z)

∫
1

0
dz Gsub.

z3>zcut
(z) ≃ 6.976(1) ∫

1

0
dz ℬg,C2

A,analytic
2 (z) = − 14.832.... (−γ(2)

g + b0 Xg
θ2)C2

A



Resummation of groomed observables 
—————————————————————————————————————————

As a practical application of these results, we can obtain new resummed results for a host of groomed jet observables. 

Following the ARES formalism, Ref. arXiv:2211:03820 showed that knowing the anomalous dimension  of the 
ungroomed variant of observables allows for a straightforward NNLL resummation of mMDT groomed observables. 

Ref. arXiv:2211:03820 initiated such a formalism for quark jets, and focused on WTA angularities in :    

The resummed cross section takes a very simple form  

The collinear logarithm in the Sudakov has  as its coefficient.                             

B2

e+e−

Bq
2
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λx =
1
E ∑

i

Ei |sin θi |
x (1 − |cos θi | )1−x

Σ(v) = (1 +
αs(E2)

2π
C(1)

v (zcut)) e−Rq
v (v,zcut) (1 + ℱclust(v))



Resummation of groomed observables 
—————————————————————————————————————————

It requires no work to generalise the resummed formula to capture gluon jets as well: 

The whole problem reduces to the determination of  for any observable, which we can obtain quite easily using our 
inclusive emission probability.         

We can do much more with very simple computation!                   

Xv

20

Cq(1)
v (zcut) = Hq(1) + Xq

v + CF (4 ln 2 ln zcut −
π2

6 ) Cg(1)
v (zcut) = Hg(1) + Xg

v + CA (4 ln 2 ln zcut −
π2

6 )→

Xq
λx

= CF
(9 − π2 + 9 ln 2)

3(2 − x)
+ Xq

θ2
Xg

λx
=

1
2 − x (CA ( 137

36
−

π2

3
+

44 ln 2
12 ) − TRnf ( 29

18
+

4 ln 2
3 )) + Xg

θ2

FCx =
1

E2 ∑
i≠j

EiEj |sin θij |
x (1 − |cos θij | )1−x



Summary & Outlook 
———————————————————————————————————————

Understanding collinear dynamics at NNLL is one core ingredient of next generation parton showers. 

We have been able to define and compute a NLO differential anomalous dimension, which will control the no-emission 
probability in a self-similar branching process. 

This anomalous dimension ties in very well with what we know from analytic resummations.  

Phenomenological study of multiple jet observables is one future avenue. 

The inclusion of the differential anomalous dimension in a shower Monte Carlo.→
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Thanks PSR23!


