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Introduction

e (iiven the very nice resummation overview by Thomas I will focus on:

o (eneral aspects of resummation using Soft and Collinear Effective Theo1
m Modes, Factorization, Resummation from RGE, Boundaries

o Pushing Resummation to N4LL at e e’
m The Energy - Energy Correlation

m  Boundaries: from N3LO ¢, beam Functions to EEC Jet functions

m  Anomalous dimensions: The Rapidity Anomalous dimension to 4 loops

m The EEC in the back-to-back limit at N4LL

o What about N4LL resummation for other observables?



Resummation in SCET: Modes

e For a large class of standard observables (thrust, C-Parameter), the singular limit takes

do ~[H(Q, 1)Jn(T, 1) @ Ja(r, 1)|@[S(7, 1)

Hard Collinear Qoft

A VEktk— (~ Invariant Mass)
Hard

- I 1-RGE |running

In ’,:—; (~ Rapidity)




Resummation in SCET

e For a variety of simple observables, the singular limit takes the form

do ~[H(Q, 1)Jn(T, 1) @ Ja(r, 1)|@[S(7, 1)

Hard Collinear Qoft

e Kach of these ingredients is a gauge invariant cross section level object (not an

amplitude) defined in terms of fields with fixed momentum scaling

e We can calculate each object separately with SCET feynman rules (derived from

collinear and soft lagrangians)

p
e In calculating these objects, at each order one gets explicit log ( 27 )
1

® These logs have UV nature in the EFT

—> resum them using counterterms as done in standard QFT for running coupling!
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Resummation in SCET: RGEs for H,J, and S

e For a variety of simple observables, the singular limit takes the form

do ~[H(Q, 1)Jn(T, 1) @ Ja(r, 1)|@[S(7, 1)

d
B 5y — 2 NH(O?
d 5 5 5 Factorized objects obey
J(Q°7,p) = v(Q°T, 1) ® J(Q7T, 1) RG Equations
dln p T
d

dlnuS(QgTQ, w) = 15(Q*1%, 1) ® ST, 1)



Resummation in SCET: RGE Solution

e For a variety of simple observables, the singular limit takes the form

do ~[H (Q, (T, 1) ® Ja(r, )| @[S (7, )
a7 . A V= (~ Tovariant Mass)
dle(Q2,u) = vu(Q% u)H(Q?, 1) Y
d -
dln,uJ(Q2T’ =@ i) ® J(Q*T, ) . I“’RGEY 1111111 N
d
leILLS(Q2T27M) :VS(QQTQMM) §S<Q2T2,M) S o
HreS(QQ, /,L> — (Qz/lu%{, Qg (MH)) Z/[H(QQ, LEEE: /J) Solution in terms of
Boundary
JQ T, p) =\ (QQT/ W3 &s(w)) @ U (Q*T, s, 1) nd

SR (42, @) =\ Q°° [ u%; as(ms) @US(Q272>MS7M)




Resummation in SCET: RGE Solution

e For a variety of simple observables, the singular limit takes the form

do ~[H(Q, ) (T, 1) @ Ja(7, )| 0[S (7 )
a7 . A V= (~ Tovariant Mass)
dle(Q2,u) = vu(Q% u)H(Q?, 1) o
d -
TIn MJ (@ pmy="13(Q Ty ®J (Q°T, 1) . IRG T .
d
dlIlILLS(Q27_27 :LL) — 75(@2727 :u) (27? S<Q27_27 :u) S o
HreS(QQ, ,u) — (QQ/ILL%{, Qg (MH)) Z/[H(QQ, LEEE: u) Solution in terms of
Boundary
J(Q% T, ) =V (QQT/ K3 &s(w)) DU (Q*T, 11, 1) and

SR (42, @) =\ Q°° [ u%; as(ms) @US(QQTQMS,M)




Resummation in SCET: Boundary Scales

e For a variety of simple observables, the singular limit takes the form

N\
do ~(H(Q, )n(T, 1) @ Ja(7, 1)|® (S (7, 1)
J
A VI (~ Invariant Mass)
“Canonical” choice of scales for the boundaries -
is the one that minimizes all the logs in them
2 2 2 2 2 2 9 - I/t-RGE running
pa ~ Q% pr~QT, pg~ QT i 7,
Resummation uncertainties usually estimated by =
varying around these canonical choices &% (~ Rapidity)
' ' >
2 2 2 2 .
HreS(Q ’Iu) — (Q /IMH; O‘s(“H)) Z/{H(Q 7,“H7/~L) Solution in terms of
Boundary
2 2 2 2
T (Q%r, 1) =\T (Q7/13; s (110) \OUSH QP 115, 1) o
T

S QMR ) \G( Q7 pigs as(ps))) DUs(QT7, s, 1) ;




Resummation in SCET: Resummation Accuracy

e For a variety of simple observables, the singular limit takes the form

Accuracy | H,J, S | vy g  (as) Peusp(avs)

LL Tree level — 1-loop | 1-loop 'LL) ® B (T, 'U,)
NLL Tree level 1-loop 2-loop 2-loop

NLL/ 1-loop 1-loop 2-loop 2-loop Resummation accuracy is
NNLL 1-loop 2-loop 3-loop | 3-loop determined by perturbative
NNLL/ 2-loop 2-loop 3-loop | 3-loop accuracy of ingredients
N3LL 2-loop 3-loop 4-loop 4-loop entering resummed cross
N3LL/ 3-loop 3-loop 4-loop | 4-loop section

N4LL 3-loop 4-loop 5-loop 5-loop

HreS(QQ’ Iu) — (QQ/,U%—[; g (NH) Z/[H(QQ, L, :u) Solution in terms of
Boundary
TP i) = J<Q27/M,213 Cvs(MJ)) %UJ(QQT, W, ) and

SreS(Q27_2Mu> _— S QQTQ/,M?Q; ()gS(IUJS) @Z/{S(Q27_27M57M) 9




Resummation in SCET: Resummation Accuracy

e For a variety of simple observables, the singular limit takes the form

&) MJ(Q27—7 M, :u)

S™(Q%72, p) =\S( Q7 / p%; as(us)

e.g.
NNLL’ is better than NNLL

(also tames issues between scale setting/log

Z/[ H (2&\ accuracy in direct vs conjugate space)

Accuracy | H, J, S 'Y?{Of}gusp(as) B(as) FCUSp(aS)

LL Tree level - 1-loop | 1-loop 'U,) @ S(T, 'U,)
NLL Tree level 1-loop 2-loop 2-loop

NLL/ 1-loop 1-loop 2-loop 2-loop Resummation accuracy is
NNLL 1-loop 2-loop 3-loop 3-loop i rbative
NNLL’ 2-loop 2-loop 3-loop Primed orders: ts
N3LL 2-loop 3-loop 4-loop include boundaries at same 0SS
N3LL/ 3-loop 3-loop 4-loop order as anomalous dimensions

N4LL 3-loop W 4-loop 5-loop — > betiter aceuracy.

of

boundaary

and

%? MS<Q27_27 ns, ,LL)
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Resummation in eTe at N4LL

“The Four-Loop Rapidity Anomalous
Dimension and Event Shapes
to Fourth Logarithmic Order”
C.Duhr, B.Mistlberger, GV
[2205.02242]
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Energy-Energy Correlation

e One of the oldest IRC safe observables proposed to study QCD radiation is
the Energy-Energy Correlation (EEC)

do EZE'
EEC(X) = a = Z/dUeJre——m'j—l—X QQJ 5(COS (97;]' — COS X)
]

e Measure of the angle y
between pairs of color charged
particles, weighted by energy

12




KEnergy-Energy Correlation: Motivations

InterestinEECforavarietyofreasons: 1.5k||1\|||||||||||||||||||||||\||||J|||||||||||7

& e OPAL data i

1'2__ ) +,— had ! I__

e Very well measured event shape at L ere Tmdon ]

: : = 0.9 Q=912GevV = -

electron-positron colliders BREaES S I -

DATA! 2 .

€3] (L6j‘ 5 S ]

e Arguably the event shape with the simplest B S

: 0.3~ = a

analytic structure e _ _
THEORY! 0.0 | 1111 | 1111 | 1111 | 1111 l 1111 ] 1111 | I | 1111 | 1111 |

0 20 40 60 80 100 120 140 160 180

e (Can be expressed as a four point correlator )
X

in terms of energy flow operators

e Substantial recent progress in understanding it
both in QCD and CFTs.

e Natural playground for connections between

N =4 and QCD

e Allows precise extraction of a,




KEnergy-KEnergy Correlation: End Points

e [t has singular structure and logarithmic enhancement at both end points

___________________________________

x =0 v
i z—0 ! zzl(l—cosx) : z— 1 .
Collinear/small 2 ' Back-to-Back !
angle Limit . Limit |
1.5 | TTTT | TTTT | TTTT TTTT | TTTT | 1T | T | T l T |
-y i
- 1 e OPAL data .
1.2 = B
- eTe~ — hadrons . f-
—_ Tos i
= 0.9 Q = 91.2 GeV =
E)/ _ 3 = n
- . A
E 0.6— T
- L
030 I.!.H'*\ ....: .
0.0_| L1 | L1 | L1 | L1l I L1l I L1l I 1111 | L1l | L1l |_
0 20 40 60 80 100 120 140 160 180
x(°)

e We can derive factorization theorems at both ends in SCET for resummation
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Energy-KEnergy Correlation: Collinear limit

e The two limits have very different structure (no symmetry between them)

_____ /\c

ollinear/small angle Limit

I' | X — T
| 1 . 1 :
» ”Z _>/0 L1 EER e LZ :Bl L Single logarithmic series
ollinear/sma ACK-10-back
I angle Limit : Limit oo L1
I:l 5 TTTT l ITTT I T II I TTTT TTTT I TTTT | TTTT I TTTT I TTTT do— Z—>O L logm Z
ks I b Z Z CL,m
S | e OPAL data # ] — = z
2 = 3
:1 - | ee” — hadrons | f-
—_ T | . ~
= .o : : Q = 91.2 GeV — . 0(2)
D | - [ - .
Q1 : ] | o |
R 0.6 | S e Simple (time-like) collinear
: . 2] L.
oal ™ | EE. factorization in terms of Hard and
| I .o' . .
LT e e i single Jet function
If) O | L1l | L1 11 | (| =I | L1 11 I L1 11 I L1l | L1l | L1l | L1l |
0 20 40 ;160 80 100 120 140 160 180 2 1 2012 2
\ / o Z(z,an—.,u):/ dmej(lnsz ,u)-ﬁ(m,Q—,u)
_____ x(°) g’ Jo pe s ,

e No rapidity divergences 15



Energy-Knergy Correlation: Back-to-Back Limit

e The two limits have very different structure (no symmetry between them)

=TT T

N . _ _ . o o
X =0 |I o Back-to-Back Limit
z—0 c=t1—cosy) 1 21 : e Double logarithmic series
Collinear/small 2 I Back-to-Back :
angle Limit l Limit
| oo 2L-1 I m
1-5 TTTT l ITTT I ITTT TTTT TTTT I TTTT | I!I T I TTTT I TTTT I d—o- Zz]- Z Z (%) dL log (1 _ Z)
-3 I _ o) —
o e OPAIjdata # ] : dz e AL} (1-2)
1.2 ¢ i
- ete” —>:nadrons . 4
—_ i 11 _
< 0.9 Q=914Gev - -, ® ~ 0(1—2)
EJ-/ - [ I = ] I
R s I oy . e .
R 0.6 . ! : 1, ® TMD Factorization related to di-hadron
I I ] . i
03 L _ : production at small q,, in
I e L 1,  electron-positron annihilation
0.0 | L1l | L1 11 | L 111 | L1 11 I L1 11 I L1l | Ill | | L1l | L1l | I
0 20 40 60 80 100 120‘\140 160 1801 N
. _ £ D . AT Oete— —)hlhz
X(O) =———— 7 ;l—% & _/0 ledZ2 2 d qT(S(l “ >qT—)O Z dzldzzdqu

e Sensitive to rapidity divergences 16



EEC in the back to back limit to N4LL

e Back-to-back region of EEC obeys TMD-like fact. thm and resummation (“crossed version of q,,”)
e In pure rapidity renormalization it takes the following form

1 XN2 s q%
—z=(cos %) &y
Hard Function 25 d2 r & S (2[
do 60 77— [ d°brd®ar .5, ar , T |
a = ? ]’](1(1((2: /‘-) / (271_)2 € oll-2z- 2 - q (bT‘ 22 0 >x7(1 (be M, Qlev')J

v
Pure Rapidity EEC Jet Functions

A VEktk~ (~ Invariant Mass)

/ Standard RGE \ Hard

d
,u@ln Hq(j(Q, ,LL) — 7?{(@7 M) )
d Qbr i
a QBN _ u-RGE running
Mdu In J, (bT,,u, 5 ) V7, (s v/ Q)
by
Rapidity RGE . R
piaity n 1 .
Il

d Qbr
vty (br, s = ) = =592 (br, 1) = i
To~n (%) T, o (%) In £+ (~ Rapidity)

<< > 17
Rapidity RGE running




Logarithmic Accuracy for Resummed Predictions

e Resummation accuracy is
determined by perturbative
accuracy of ingredients entering
resummed cross section

e For NALL resummation:
o 3 Loop Hard Function

o 3 Loop EEC Jet Funection
0 4 Loop Collinear Anom. Dim.

o 4 Loop Rapidity Anomalous
Dimension

o 5 Loop Beta function

o 5 Loop Cusp (approx)

Resummed cross section to all orders (at LP)

n

3—2 B % 5 d(br@Q)* Jo(brQV1 — 2) Heg(Q, p1rr)
orr )

/

Jg (bT, I, QbTvn>]< Un )[er(bT,“,)]

HH
<enp [4 [ Lrfa ()] 25— 2o
P Q
Aceuracy | NEIR TN N6 o/ il Nel(@s I8N B (s ey s (@05 )
LL Tree level — - 1-loop 1-loop
NLL Tree level | 1-loop | 1-loop | 2-loop 2-loop
NLL' 1-loop 1-loop | 1-loop | 2-loop | 2-loop
NNLL 1-loop 2-loop | 2-loop | 3-loop 3-loop
NNLL' 2-loop 2-loop | 2-loop | 3-loop 3-loop
N3LL 2-loop 3-loop | 3-loop | 4-loop 4-loop
N3LL/ 3-loop 3-loop | 3-loop | 4-loop 4-loop
N“LL 3-loop 4-loop | 4-loop | 5-loop 5-loop
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Boundaries: from N3LO BF to EEC Jet Functions

Calculation of the q, beam functions to N3LO

“TMD PDFs at N3LO”
M.Ebert, B.Mistlberger, GV [2006.05329]

Calculation of the TMDFF to N3LO via analytic continuation

“TMD Fragmentation Functions at N3LO”
M.Ebert, B.Mistlberger, GV [2012.07853]

Calculation of the EEC Jet Functions to N3LO

“The EEC in the back-to-back limit at N3LO and N3LL"”
M.Ebert, B.Mistlberger, GV [2012.07859]



Boundaries: from N3LO BF to EEC Jet Functions

Calculation of the q, beam functions to N3LO

“TMD PDFs at N3LO”
M.Ebert, B.Mistlberger, GV [2006.05329]

A 1 million integral caleulation in 1 slide

e We calculated the collinear expansion of the partonic cross section for DY and

Higgs @N3LO differential in (QT’ 7, 7) oDerived system of Differential

o Collinear Expansion at the XS level Equations for the Master Integrals
“Collinear expansion for color singlet cross sections™  [Ebert, Mistlberger, GV] OSyStem haS 2 non terlal Sca].es Wlth

‘ il +0()\3):| algebraic dependence on the variables

N B (not something you can solve algorithmically with

CANONICA, Fuchsia, etc...)
o Reduction to basis of Master Integrals

_ i oAlgebraic sectors: constructed dlog
via Integration By Parts (IBPs)

integrand basis via calculation of

leading singularities of candidate
Expanded diagrams : . .
‘ integrals on maximal cut surface

admit (simplified)

IBPs identities ,Tﬁ " \ < oBoundaries from soft integrals [Anastasiou, Duhr,

Dulat, Mistlberger]

and constraints on singular behavior

© RVV: known in full kinematics [J¥= —off .
[Duhr, Gehrmann] [Duhr, Gehrmann, Jaquier] [Dulat, Mistlberger] i ORGSUlt has 1arge non-r’atlonal alphabet

© RRV: 170 Master Integrals

o RRR: 820 Master Integrals ™=



Boundaries: from N3LO BF to EEC Jet Functions

Calculation of the q, beam functions to N3LO

“TMD PDFs at N3LO”
M.Ebert, B.Mistlberger, GV [2006.05329]

Calculation of the TMDFF to N3LO via analytic continuation

“TMD Fragmentation Functions at N3LO”

M.Ebert, B.Mistlberger, GV [2012.07853]
g J

Calculation of the EEC Jet Functions to N3LO

“The EEC in the back-to-back limit at N3LO and N3LL"”
M.Ebert, B.Mistlberger, GV [2012.07859]



Boundaries: from N3LO BF to EEC Jet Functions

Calculation of the q, beam functions to N3LO

i i il 2 Py

M.E}

Analytic Continuation

Crossing symmetry for SIDIS (and similarly for decay processes)

p(p1) + h(q) = p(—p2) + X(=k) <+—  p(p1) +p(p2) = h(—q) + X (=k)

Semi-Inclusive DIS DY /Higgs production in pp

Variables we are differential in change sign under crossing!

Calculation of th|

Therefore, crossing means analytically continuing cross section in those variables

“TMD}
M.E}l

\_ e Partonic cross section branch cut structure can be tracked by organizing it as

Mandelstam equipped with prescription (pi+p)? = (pi+pj)?+i0

Difficult, but universal part

olkpulivatsail) n ' n
(mtl+k) l k1 (mebbbhiy i) | /_\
dnij —me idn; o
dQ2dw dwadz (swiwz) X Z“I]Z“E dQ2dw, dwsdz i
11,12=0 71,J2=0, }
X R{ [ (=) 3D su0n) =1 (su02) 2] [ ()92 (s ) 1 (s -'ﬁ'}*}i} “
offl T T R U | T S
C&lClllatl Mandelstam variables, easy to analytically continue ”
Simplest I-loop example: o st P
49 Q —s—40) e +0S 9 .4 50) " le :
The EEC in R [( s — i0) ] s cos(ime) R [(.s +10) ]
N ——
M E} DIS production
M 7 le) 7 C P




Boundaries: from N3LO BF to EEC Jet Functions

Calculation of the q, beam functions to N3LO

“TMD PDFs at N3LO”
M.Ebert, B.Mistlberger, GV [2006.05329]

Calculation of the TMDFF to N3LO via analytic continuation

“TMD Fragmentation Functions at N3LO”
M.Ebert, B.Mistlberger, GV [2012.07853]

Calculation of the EEC Jet Functions to N3LO

“The EEC in the back-to-back limit at N3LO and N3LL"”
M.Ebert, B.Mistlberger, GV [2012.07859]




Boundaries: from N3LO BF to EEC Jet Functions

1 dg® 2

—_— = —4CpL5(2)
Cr dz
. 220 40
+ L4(2)|-30C% — —( FCa + —(,'1:71] .
| | & ] . beam functions to N3LO
+£;;(5)[(‘f~(—lt;g»> - 104) + 5-Crny +CrCa(-166 5 )
242
~g g 5] . » DFs at N3LO”
+ Lo(2) | CE(—144¢ — 16¢3 — 189) + CrC. 5 — 723+ —
o : B B rger, GV [2006.05329]

88 40 2471 88
+(1nf( g)f—)‘(i( . ng)

3 3
y 16 . 760 44n%
(- ) + 43
+ £1(2) [('%(—i;' — 412, + 224C3 — wu)
2000 1688 . 3797
+ CrC. 4( 9 (2 — 3 G )
536 32 47¢
+ len,r( )( ’(2 + G- 2
9 3 9 ] v
. (A48 38( g,
+(—.4"f< G+ 16 — ) it /)[ y //. (\2) —

+ £o(2)[C3 (64632 — 40262 + 33265

dCC Z K, ( ¢ Bp . Y

212
CrC (,1-)64'-. e [ Sy SO = -
+CrCa (3C2 + 3 G2 9 3 b
c 20 206 244 623 _—
g7 1’1/(*—;0*7&3*—;@4*?) rger, Ov ro-e
c? (44 20 560 326 40¢ 4241 ) —_—
1\ 79 G2 9 G 3 Ca G5 o7
iC ( 1508 184 56 1414)
T g M o (O (S o
ANf 9 G+ 9 G+ 3 (@ o7

(117 16 .‘)S)}
+ n% + =G —
Ngetes—x

r.7 337 1049 530 -
+«>(:>[C;~(AT — —5—Ca + -G + 512G2Gs — 64G3 — 13964 + —g (uz@)
+CrC _4(”;1’_(’0 3t ‘)'——f"g = ”3‘“@ + )l‘g(’“‘ + 528C5 + 22C6 — 288Cals + mg;;’)
148 3340C; 58C; 368Cs 224 .

+Cpny(—o - o2+ BP0 T T Rgq) C Jet Funetions to N3LO

2 55504 3968 39337 . 3815 | 2720 | 700
7+ (.4(_ 31 8l G2+ 57 G+ 1—\Q4 = TQ:’, - :—ngz + 59(6 — )()g3>
+ (,'Azzf(—l"—fl?(j = %g) - %Qz - m“g; + 805 + ,)@g;) pack limit at NSLO and N?)LL”,

./ 1048 616 464 16
el i, . T rger, GV [2012.07859] )

d et 7 4

+ -\'1-:\‘"%?(2 +5C + é(z = % = %)Qs)] :




Logarithmic Accuracy for Resummed Predictions

e Resummation accuracy is Resummed cross section to all orders (at LP)

determined by perturbative do &y

accuracy of ingredients entering a5 — ] . d(bTQ)2 Jo (bTQV 1— Z) qu(Q, L)

resummed cross section

<l (o700, )

n

e For N4LL resummation:

/

Jg (bT, I, QbTvn>]< Un )[er(bT,“,)]

3 Loop Hard Functi A Nin & — 49 /
© 00p Har unction exp 1 l—\cubp[ ( )] In — — YH [aS (/i )]
P Q
o 3 Loop EEC Jet Funection
. . Accuracy H, j ’Y?—I(QS) /Yg(as) 6(043) IWcusp(as)

o 4 Loop Collinear Anom. Dim. L el B - 1-loop | 1-loop
NLL Tree level | 1-loop | 1-loop | 2-loop 2-loop

o 4 Loop Rapidity Anomalous NLL/ 1-loop 1-loop | 1-loop | 2-loop | 2-loop

Dimension NNLL 1-loop 2-loop | 2-loop | 3-loop | 3-loop

o 5 Loop Beta function NNLL' 2-loop 2-loop | 2-loop | 3-loop 3-loop

N3LL 2-loop 3-loop | 3-loop | 4-loop 4-loop
3 /

o 5 Loop Cusp (approx) N°LL 3-loop 3-loop | 3-loop | 4-loop 4-loop

N“LL 3-loop 4-loop | 4-loop | 5-loop 5-loop
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The Rapidity Anomalous dimension

e Key ingredients for the resummation of large logarithms for transverse observables
is the rapidity anomalous dimension. It appears in many contexts under different
names: Collins Soper Kernel, Anomaly Exponent, piece of B coefficient in Sudakov
Exponent, TMD anomalous dimension, etc...

In short: if you want to do anything involving transverse momentum logs beyond
NLL, you need this ingredient.

26



The Rapidity Anomalous dimension

Key ingredients for the resummation of large logarithms for transverse observables
is the rapidity anomalous dimension. It appears in many contexts under different
names: Collins Soper Kernel, Anomaly Exponent, piece of B coefficient in Sudakov
Exponent, TMD anomalous dimension, etc...

In short: if you want to do anything involving transverse momentum logs beyond
NLL, you need this ingredient.

RAD can be decomposed in a term directly related to the cusp anomalous dimension
and a non cusp term which contains the information intrinsic to the rapidity

#q '
Vi(br, p) = —4/ —”Féusp (1")] + vy (1o, br)
1o

Non cusp term vanishes at LO and NLO.
NNLO: known for a long time.
N3LO: determined in 2016 via bootstrap methods

N41.0O: C.Duhr, B.Mistlberger, GV [2205.02242] (see also )
27



Rapidity Anomalous Dimension to Four Loops

The calculation of the Rapidity anomalous dimension to 4 loops by brute force would require
calculation of some differential object (e.g. p,, soft function) to 4 loops

This is beyond the current technology for fixed order calculations (more difficult than 4 loop
splitting functions)

Anomalous dimensions known at 4 loops:

o Hard/Collinear Anomalous Dimension to 4 loops

B/ 2y _ _r 2 2 B/ 2 Hard anomalous dimension
Hy ('UJ ) o ’}/H(Ozg(u )’ H )Hij (/“L )’ (2 x collinear anomalous dimension

Q2 1 of form factors)
ieas(2): 1) = Chplars(m)n % +

o Virtual Anomalous Dimension to 4 loops

o d
2_ gth 2, 2) = A" Z,08 = 69 f-th 2 2 g DGLAP at threshold
duz’i / T H i H

F(z10s0)) = Thaplas®) [11] + (1 ~)
4

1%

28



Rapidity Anomalous Dimension to Four Loops

e There is a Rapidity/ correspondence for conformal theories, which holds at the
critical dimension of QCD

’V:ri' s, €] + ’thh[a& €] =0

Blas, e] = —2a, [6+_60+(47r) B1+ .. ] 5[06376*] =3

¢ = {( > Bo + ( ) B+ . ] Critical dimension of QCD
4

° is part of RGE of soft function

d 7 7 )
/vl’@ lnSi(bThu’ )_4Fcusp[ ( )] ln:u/l/ T fYth[aS]

d - B du
v—InS;(br, p,v) = —4/ Féus W —I—
S =4 [ Er e

e Via SCET I consistency relations, relate to Virtual and Collinear anomalous dimensions

i (05 1)) =-—
29



Rapidity Anomalous Dimension to Four Loops

e Difference between and rapidity anomalous dimension comes from higher
orders in dimensional regularization evaluated at critical point!

N4LO N4LO N3LO[,_ _ _x . Qs Qs 2
Tr Tth T Yy [6_6] € —_[<E)BO+(E) 51‘*’---]

e To obtain these terms it is necessary to calculate
the TMD Soft Function at N3LO to higher orders in dimensional regularization

e We obtained this in

“Soft Integrals and Soft Anomalous Dimensions at N3LO and Beyond”
C.Duhr, B.Mistlberger, GV [2205.04493]

e Key point: Use method of differential equations and fix boundaries by relations
between differential and inclusive threshold integrals
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Rapidity Anomalous Dimension to Four Loops

e Obtained results at N4LO yia = C4Cr (—21;644*3 - B0+ a6+ TR0
1201744C;  778166C2  8288C; 181924
+ + + -
e (Quark and gluon related by generalized casimir scaling o " .
_ 63580Cs | 11071¢; _ 28290079 _ “0.C4
27 3 2187 6
) . , (224 6752(2  22256¢3 , 160C4 | 1472(s
e Well behaved series (stable coefficients) (see also y +CaChny ( 92t o T e tTg T
898033 5 (160Cs 16 | 10432
2016 >+Cﬁnf( 9 g " 2187)
1.2 A &
Quark Rapidity Anomalous Dimension + CrC%ny (—%@2‘ i @CQQ& B 2472?2@; » 182214?;4@
H | 43624C, 179360, | 1582Gs , 10761379
= | 27 27 27 2016
Fv]  — NNLL o
3 a,
C‘éo.s— N°LL - TFF - ng,n.fc;‘;cA - bj.nfcg.)
2 —— ML
e 044 6928Cs | 160Cs 110059
o~ n2 g s
+ CrCpE ny ( o7 + 3 + 32¢s 243 )
0.2
(65 6688¢2 15616 224
as(mz) = 0.118 + o (—C; + 3584(2(3 + 736Ca(3 + . &
0.0 dr 3 9 3
000 025 050 075 100 1.‘251 150 175 2.00 + 4352¢2 _ 2048¢2Cs + 3680¢s _ 6952¢¢ — 6968(¢7
by [GeV ] i 3 9
— 384+4b4’d414p)

2432

v (ny=5) = 0.5392902 + 0.68947a> + (0.61753 £ 5- 1075)a? + 5w (<252 e+ 10510 - 220
1600¢s | 435205 _ 2368Cs oo )

v¢(ny=5) = 1.21341a? + 1.55130a; + (1.6041 £ 5- 10" %) 3 - :

6800¢2 8864 1892(:
+ CACrCrny (4b4,nfc§CA + 343 el =
. . n 5122¢> - 122216(4 4 21904¢5 — 1436¢5 + 2149049
e 4 coefficients are not known analytically but only 27 27 9 )
1024 2240
numerically (very well) + ChCrny (48], oy = T36C] + T2 oy + 202 — 648G
T744Cs 293366 27949
+ 668¢4 — 3 + 9 Y )
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Logarithmic Accuracy for Resummed Predictions

e Resummation accuracy is

Resummed cross section to all orders (at LP)

" d(brQ)? Jo(brQVT=2) HyglQ, i)

determined by perturbative do &
accuracy of ingredients entering 4z B .
resummed cross section Qbr
% (bT,,LLJ ; )
’I’L

n

e For N4LL resummation:

/

Jg (bT, I, QbTUn>]< Un, )[ﬂr(bT,m)]

3 Loop Hard Functi A Nin & — 49 /
© oop Har unction €xXp 4 lﬁcubp[ ( )] Iy — — YH [aS (/’L )]
P Q
o 3 Loop EEC Jet Funection
. . Accuracy H, j 7%[(048) /Yg(as) B(Ofs) IWcusp(as)
o 4 Loop Collinear Anom. Dim. L el — B 1-loop 1-loop
LL Tree level | 1-loop | 1-loop | 2-loop 2-loop
o 4 Loop Rapidity Anomalous NLL/ 1-loop 1-loop | 1-loop | 2-loop | 2-loop
Dimension NNLL 1-loop 2-loop | 2-loop | 3-loop | 3-loop
o 5 Loop Beta function NNLL' 2-loop 2-loop | 2-loop | 3-loop 3-loop
N3LL 2-loop 3-loop | 3-loop | 4-loop 4-loop
3 /
o 5 Loop Cusp (approx) N°LL 3-loop 3-loop | 3-loop | 4-loop 4-loop
N“LL 3-loop 4-loop | 4-loop | 5-loop 5-loop
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EEC in the back to back limit to N4LL

Implemented the

resummation of this
event shape at N4LL in M0
new numerical 1.4 A
framework: pySCET %< 194
~—
Nice convergence of -—g 1.0
perturbative result 2081
\ 0 6 .
Uncertainties obtained —
N——
by 15 point scale 0.4 7
variation in SCET 0.2 -
n event

First rest .
ghape at this a¢

mmation for 2

curaGY'-

ete” — ~* — hadrons

as(my) =0.118

I
166

I I I I I I
168 170 172 174 176 178 180

X[’
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EEC in the back to back limit to N4LL

‘ Impact of uncertainty from 5-loop Cusp is negligible
1.003
— NALL Y
210029 | oy (5)
%5 N'LL T'eigp - y
— 4 (5) /
< :j 1.001 - NLL I Gusp + /
<t /
Z. P
S 1000 \/ _
9 e e L ISR
« =
il e~ — ~* — hadrons
T e 168 170 172 174 176 178 mZ) = (.118
o ' , : : |
X[ ] 170 172 174 176 178 180
ST acy! X[°]
aceul
Shape a,t thls
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What else is resummable to full N4LL?
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What else is resummable to full N4LL?

As explained before, for N4LL one needs both N4LO Anomalous dimensions and N3LO
Boundaries. The EEC is the only one where all the ingredients have been calculated. We

are not far away for some color singlet observables, but not there yet.

Obs Boundaries at N3LO
Thrust | N3LO Thrust Soft function unknown All anomalous dimensions known
C-param N3LO C-parameter Soft function unknown All anomalous dimensions known
qT N3LO Hard, Soft and Beam Functions known Missing 4 loop DGLAP

/ ’O N3LO 0-Jettiness Soft function unknown Missing 4 loop DGLAP
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Conclusion

VEFI= (~ Tovariant Mass)
Hard . 21164 26104 4228 2752
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resummation in SCET S et e G Tm (e
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In £+ (~ Rapidity)

o
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1 1 T /Ood(bTQ)2 Jo(brQvV1 = 2) Hyg(Q, porr) HUZCFan. .(69§§<3 e 11;40;9)
> Discussed the calculation of & 54 T i (95, g o + 0 2
Xt 4 (bT, 1, QT[;T> J; (bT7 1, QbTUﬁ)J(%) G % — 2048(aC5 + % - % — 6968¢r
N3LO boundary terms and ot [ Wy o~ )] - e )
v g

N4LO anomalous dimensions

=<
> Presented results for the :?1‘0_
Resummation at N4LL on event €
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Conclusion

> Introduced the ingredients for

resummation in SCET

> Discussed the calculation of

N3LO boundary terms and

N4LO anomalous dimensions

> Presented results for the

Resummation at N4LL on event

shapes

Thank you!

VEFE= (~ Tnvariant Mass)
Hard
i
Tr,.a

I #~-RGE |running
s w
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t q<bT’l“l' %)jé(b%w, QbTUﬁ)J<Z€)% P

HH 4,/
x exp |4 iy 1
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22

s~ [as(u’n}

3 21164 26104 4228 2752
=CiCr (’T G =Gl GG+ GG
1201744¢;  T78166¢o  8288¢s 181924

81 243 9 27
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. 635806 11071¢7 28290079 bq,c%F)

27 3 2187 6
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CaCrn2 ( 222¢ 2L,
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= 20480aGs + = — 0~ 6968¢r

+ 3584¢2(3 + 736¢a(3 +

— 384+4b d4AF)
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@pp%H-{—X - fa <$a \

_,NF> fb ( b’MF) 6-ab—>H+X(Za7Z67QT7/j‘)

dequT Za
) Fourier iransform . HallH Collinear Matching Functions
5 > 2 : 5 Y \
Gab—H+X (2as 20, q7s 1) ~ | d(brQ)* Jo(brar) Heg(Q, 1) Zya (Za br, i, ¢ )I b<zb br, 4, Qe bTU”)
0

d d2' 1, 2z
\illuzzy < bT’,ua Z/ fYB s V 5k35(1 - Z) [ij(zl7u)]zik(§7bT7ﬂay>/

Byt iy V) Z / “Lii(zbrmf (2.1) + O(Aqonbr)
d i
/-Ld_lez(xa bTa M V) — ’)/B(uv V) BZ(ZL', bTa M V)

,Uddfzzﬂ /_szzﬂ)fj( )
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Fourier Transform Beam Functions

7 5 ~ HardF P
dores X ) - — .
oA~ /0 A(brQ)? Jo (brar) Hyg(Q, i) g(:cl,bT,uB,Q bf)Bg (bT,uB,QeYbTUﬁ)
*odp Hdp! Un \ 377 (b7 ,1B)
X exp / LAg@Qu)  + 2/ A5, Q/ ) (—)2
L ad P T W y \Un g J

. N~

RG evolution of Hard function  pu-RG evolution of Beam functions Rapidity RG evolution
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EEC 1n Pure Rapidity Renormalization

[GV, to appear]

e Back-to-back region of EEC obeys TMD-like fact. thm and resummation (“crossed version of q,,”)
e In pure rapidity renormalization it takes the following form

QN‘I%*
) ~02

Hard Function y - ~

do &9 —>— [ d%rd%Gr 7.5, ¢ Qbr
=5 Hy3(Q, 1) / (2r)? T 51 — 2 — —:'; LZ] <[7T./1.. . )jq (()T,/z,.QbT‘z,:Z

1—z = (cos

N[

Pure Rapidity EEC Jet Functions
e Soft Function corrections are scaleless => S=1 to all orders
e Rapidity divergences cancel between Jet Functions only, but finite terms are identical

e Similar form to time-like Collins-Soper TMD structure (no soft function, symmetry between
collinear directions), but retain full control on rapidity scale at the matching kernel level

(better handle for resummation uncertainties on RRGE)
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EEC in the back to back limit to N4LL

e Back-to-back region of EEC obeys TMD-like fact. thm and resummation (“crossed version of q,,”)

e In pure rapidity renormalization it takes the following form

do

UO
dz 2

Hard Function

i
Hae(O, ) /

(2m)?

-

Standard RGE

~

d
,u@ln Hq(j(Q? :LL) — ’y?{(Qa M) )
d b

d
K’U@ In \.7q (bT7 M,

Rapidity RGE

d2br d%gr b

%) - ;%?(b’f’//‘)

) Jg (bT 1, Qbru )

7

(Tnv NJ)

P 2 N
- q Q br
1 5(1—2 —:’; T\l b s
A Vktk~ (~ Invariant Mass)
Q 4
(T, ) Path 2
Path 3
1-RGE running
bo
R s o
r Path 1

bo
T~ In (Q?)T)

<

>

L, v ln (QbT> In ’,f—: (~ Rapidity)

>

Rapidity RGE running

()
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Resummation of the EEC in the back-to-back limit

® [ixtending method of collinear expansion of cross sections to processes with final

state color charged particles we were able to calculate EEC Jet Function at N3LO

Hard Function TMD Soft Function

do . 5‘0 e deT d2qT i by 2 1 = 3 .
5 — 7 qu(Q,/l) /WB 5 ]. — 7 = @ (bT /1 (2> <bT /1 (2> bq(bT./l,.‘ I/>

EEC Jet Functions

e SCET allows to resum large logs appearing in this limit.

Anomalous dimensions obtained
by poles of calculation in the
EFT (known in the literature,

d rechecked in our calculation)

iy (@) = 7u(Q,n), - .
d ; d i
T B ACr e v/Q) = T3 (v /Q)s | il pv/Q) = =37 (br )

d o ; d
1 7 s [y =1 ’ )
1l 1 n S;(br, p,v) = Ys(p, v) oo

k Rapidity Renormalization Group Equations /

e Kach function obeys renormalization group equations (RGEs)

In Si(bTa,uay) = fYV(bT ,u)

e Running of operators resum logs as for running coupling in standard QFT 44



