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Introduction
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● Given the very nice resummation overview by Thomas I will focus on: 

○ General aspects of resummation using Soft and Collinear Effective Theory
■ Modes, Factorization, Resummation from RGE, Boundaries

○ Pushing Resummation to N4LL at e+ e-

■ The Energy - Energy Correlation

■ Boundaries: from N3LO qT beam Functions to EEC Jet functions

■ Anomalous dimensions: The Rapidity Anomalous dimension to 4 loops

■ The EEC in the back-to-back limit at N4LL

○ What about N4LL resummation for other observables?



Resummation in SCET: Modes
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● For a large class of standard observables (thrust, C-Parameter), the singular limit takes 

the form

Hard Collinear Soft



Resummation in SCET
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● For a variety of simple observables, the singular limit takes the form

Hard Collinear Soft

● Each of these ingredients is a gauge invariant cross section level object (not an 

amplitude) defined in terms of fields with fixed momentum scaling

● We can calculate each object separately with SCET feynman rules (derived from 

collinear and soft lagrangians)

● In calculating these objects, at each order one gets explicit 

● These logs have UV nature in the EFT 

=> resum them using counterterms as done in standard QFT for running coupling!



Resummation in SCET: RGEs for H,J, and S
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● For a variety of simple observables, the singular limit takes the form

Factorized objects obey 
RG Equations



Resummation in SCET: RGE Solution
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● For a variety of simple observables, the singular limit takes the form

Solution in terms of 
Boundary 

and
Evolution 

Factor
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● For a variety of simple observables, the singular limit takes the form

Solution in terms of 
Boundary 

and
Evolution 

Factor



Resummation in SCET: Boundary Scales

8

● For a variety of simple observables, the singular limit takes the form

Solution in terms of 
Boundary 

and
Evolution 

Factor

“Canonical” choice of scales for the boundaries
is the one that minimizes all the logs in them

Resummation uncertainties usually estimated by 
varying around these canonical choices



Resummation in SCET: Resummation Accuracy
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● For a variety of simple observables, the singular limit takes the form

Solution in terms of 
Boundary 

and
Evolution 

Factor

Resummation accuracy is 
determined by perturbative 

accuracy of ingredients 
entering resummed cross 

section



Resummation in SCET: Resummation Accuracy
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● For a variety of simple observables, the singular limit takes the form

Solution in terms of 
Boundary 

and
Evolution 

Factor

Resummation accuracy is 
determined by perturbative 

accuracy of ingredients 
entering resummed cross 

section

Primed orders:
include boundaries at same 

order as anomalous dimensions 
=> better accuracy.

e.g. 
NNLL’ is better than NNLL

(also tames issues between scale setting/log 
accuracy in direct vs conjugate space)



Resummation in e+e- at N4LL
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“The Four-Loop Rapidity Anomalous 
Dimension and Event Shapes 
to Fourth Logarithmic Order” 

C.Duhr, B.Mistlberger, GV 
[2205.02242]



Energy-Energy Correlation

● One of the oldest IRC safe observables proposed to study QCD radiation is 
the Energy-Energy Correlation (EEC) [Basham, Brown, Ellis, Love, PRL 41, 1585 (1978)]
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● Measure of the angle 𝜒 
between pairs of color charged 
particles, weighted by energy



● Very well measured event shape at 
electron-positron colliders

● Arguably the event shape with the simplest 
analytic structure

● Can be expressed as a four point correlator
in terms of energy flow operators

● Substantial recent progress in understanding it 
both in QCD and CFTs.

● Natural playground for connections between
           and QCD

● Allows precise extraction of 

● ...

Energy-Energy Correlation: Motivations
Interest in EEC for a variety of reasons:

GOOD 
DATA!

GOOD 
THEORY!

[Moult, Dixon, Zhu; Korchemsky; Chicherin, Henn, 
Sokatchev, Yan; Simmons Duffin, Kologlu, Kravchuk, 
Zhiboedov; Moult, Vita, Yan; Luo, Shtabovenko, Yang;...]

[Maldacena, Hofman;
Korchemsky;]

[OPAL Collaboration; Kardos, Kluth, Somogyi, Tulipant, Verbytskyi; ...]
13



Energy-Energy Correlation: End Points
● It has singular structure and logarithmic enhancement at both end points

Collinear/small 
angle Limit

Back-to-Back
Limit

● We can derive factorization theorems at both ends in SCET for resummation
14[Moult, Zhu] [Moult, Dixon, Zhu] [Ebert, Mistlberger, GV]



Energy-Energy Correlation: Collinear limit
● The two limits have very different structure (no symmetry between them)

Collinear/small 
angle Limit

Back-to-Back
Limit
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Collinear/small angle Limit

● Single logarithmic series

● Contact terms ~         

● Simple (time-like) collinear 
factorization in terms of Hard and 
single Jet function

● No rapidity divergences

[Konishi Ukawa, Veneziano] 
[Moult, Dixon, Zhu]



Energy-Energy Correlation: Back-to-Back Limit
● The two limits have very different structure (no symmetry between them)

Collinear/small 
angle Limit

Back-to-Back
Limit

Back-to-Back Limit
● Double logarithmic series

● Contact terms ~             

● TMD Factorization related to di-hadron 
production at small qT  in 
electron-positron annihilation

● Sensitive to rapidity divergences 16

[Collins, Soper]



EEC in the back to back limit to N4LL
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Standard RGE

Rapidity RGE

● Back-to-back region of EEC obeys TMD-like fact. thm and resummation (“crossed version of qT”)
● In pure rapidity renormalization it takes the following form



Logarithmic Accuracy for Resummed Predictions
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● Resummation accuracy is 
determined by perturbative 
accuracy of ingredients entering 
resummed cross section

● For N4LL resummation:
○ 3 Loop Hard Function 

[Gehrmann, Glover, Huber, Ikizlerli, Studerus ‘10]

○ 3 Loop EEC Jet Function              
e

○ 4 Loop Collinear Anom. Dim. 
[von Manteuffel, Panzer, Schabinger ‘20]

○ 4 Loop Rapidity Anomalous 
Dimension

○ 5 Loop Beta function
[Baikov, Chetyrkin, Kuhn ‘16]

○ 5 Loop Cusp (approx)
[Herzog, Moch, Ruijl,Ueda, Vermaseren, Vogt ‘18]

Resummed cross section to all orders (at LP)



Boundaries: from N3LO BF to EEC Jet Functions

Calculation of the qT beam functions to N3LO

“TMD PDFs at N3LO” 
M.Ebert, B.Mistlberger, GV [2006.05329] 

Calculation of the TMDFF to N3LO via analytic continuation

“TMD Fragmentation Functions at N3LO” 
M.Ebert, B.Mistlberger, GV [2012.07853]

Calculation of the EEC Jet Functions to N3LO

“The EEC in the back-to-back limit at N3LO and N3LL’” 
M.Ebert, B.Mistlberger, GV [2012.07859]
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Logarithmic Accuracy for Resummed Predictions
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● Resummation accuracy is 
determined by perturbative 
accuracy of ingredients entering 
resummed cross section

● For N4LL resummation:
○ 3 Loop Hard Function 

[Gehrmann, Glover, Huber, Ikizlerli, Studerus ‘10]

○ 3 Loop EEC Jet Function              
e

○ 4 Loop Collinear Anom. Dim. 
[von Manteuffel, Panzer, Schabinger ‘20]

○ 4 Loop Rapidity Anomalous 
Dimension

○ 5 Loop Beta function
[Baikov, Chetyrkin, Kuhn ‘16]

○ 5 Loop Cusp (approx)
[Herzog, Moch, Ruijl,Ueda, Vermaseren, Vogt ‘18]

Resummed cross section to all orders (at LP)



The Rapidity Anomalous dimension
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● Key ingredients for the resummation of large logarithms for transverse observables 
is the rapidity anomalous dimension. It appears in many contexts under different 
names: Collins Soper Kernel, Anomaly Exponent, piece of B coefficient in Sudakov 
Exponent, TMD anomalous dimension, etc… 

In short: if you want to do anything involving transverse momentum logs beyond  
NLL, you need this ingredient.



The Rapidity Anomalous dimension
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● Key ingredients for the resummation of large logarithms for transverse observables 
is the rapidity anomalous dimension. It appears in many contexts under different 
names: Collins Soper Kernel, Anomaly Exponent, piece of B coefficient in Sudakov 
Exponent, TMD anomalous dimension, etc… 

In short: if you want to do anything involving transverse momentum logs beyond 
NLL, you need this ingredient.

● RAD can be decomposed in a term directly related to the cusp anomalous dimension 
and a non cusp term which contains the information intrinsic to the rapidity 

● Non cusp term vanishes at LO and NLO. 
● NNLO: known for a long time. 
● N3LO: determined in 2016 via bootstrap methods

● N4LO: C.Duhr, B.Mistlberger, GV [2205.02242]                            (see also [Moult, Zhu, Zhu ‘22])

[Davies, Webber, Stirling ‘85] [de Florian, Grazzini ‘00]

[Li, Zhu ‘16]

This talk



● The calculation of the Rapidity anomalous dimension to 4 loops by brute force would require 
calculation of some differential object (e.g. pT soft function) to 4 loops

● This is beyond the current technology for fixed order calculations (more difficult than 4 loop 
splitting functions)

● Anomalous dimensions known at 4 loops:

○ Hard/Collinear Anomalous Dimension to 4 loops [von Manteuffel, Panzer, Schabinger - 2002.04617]

○ Virtual Anomalous Dimension to 4 loops [Das, Moch, Vogt - 1912.12920]

Rapidity Anomalous Dimension to Four Loops

28

Hard anomalous dimension
(2 x collinear anomalous dimension 

of form factors)

DGLAP at threshold



● Threshold anomalous dimension is part of RGE of soft function

● Via SCET I consistency relations, relate Threshold to Virtual and Collinear anomalous dimensions

● There is a Rapidity/Threshold correspondence for conformal theories, which holds at the 
critical dimension of QCD [Vladimirov -  1610.05791]

Rapidity Anomalous Dimension to Four Loops

29

Critical dimension of QCD



● Difference between threshold and rapidity anomalous dimension comes from higher 
orders in dimensional regularization evaluated at critical point!

● To obtain these terms it is necessary to calculate 
the TMD Soft Function at N3LO to higher orders in dimensional regularization

● We obtained this in

“Soft Integrals and Soft Anomalous Dimensions at N3LO and Beyond”
C.Duhr, B.Mistlberger, GV [2205.04493]

● Key point: Use method of differential equations and fix boundaries by relations 
between differential and inclusive threshold integrals

Rapidity Anomalous Dimension to Four Loops

30



● Obtained results at N4LO 

● Quark and gluon related by generalized casimir scaling

● Well behaved series (stable coefficients) (see also [Moult, Zhu, Zhu])

● 4 coefficients are not known analytically but only 
numerically (very well)

Rapidity Anomalous Dimension to Four Loops

31



Logarithmic Accuracy for Resummed Predictions
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● Resummation accuracy is 
determined by perturbative 
accuracy of ingredients entering 
resummed cross section

● For N4LL resummation:
○ 3 Loop Hard Function 

[Gehrmann, Glover, Huber, Ikizlerli, Studerus ‘10]

○ 3 Loop EEC Jet Function              
e

○ 4 Loop Collinear Anom. Dim. 
[von Manteuffel, Panzer, Schabinger ‘20]

○ 4 Loop Rapidity Anomalous 
Dimension

○ 5 Loop Beta function
[Baikov, Chetyrkin, Kuhn ‘16]

○ 5 Loop Cusp (approx)
[Herzog, Moch, Ruijl,Ueda, Vermaseren, Vogt ‘18]

Resummed cross section to all orders (at LP)



EEC in the back to back limit to N4LL
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● Implemented the 
resummation of this 
event shape at N4LL in 
new numerical 
framework: pySCET

● Nice convergence of 
perturbative result

● Uncertainties obtained 
by 15 point scale 
variation in SCET

First resummation for an event 

shape at this accuracy!



EEC in the back to back limit to N4LL

34

● Implemented the 
resummation of this 
event shape at N4LL in 
new numerical 
framework: pySCET

● Nice convergence of 
perturbative result

● Uncertainties obtained 
by 15 point scale 
variation in SCET

First resummation for an event 

shape at this accuracy!

Impact of uncertainty from 5-loop Cusp is negligible



What else is resummable to N4LL?
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What else is resummable to full N4LL?
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What else is resummable to full N4LL?
As explained before, for N4LL one needs both N4LO Anomalous dimensions and N3LO 

Boundaries. The EEC is the only one where all the ingredients have been calculated. We 

are not far away for some color singlet observables, but not there yet.

Obs Boundaries at N3LO Anomalous Dim. at N4LO

Thrust N3LO Thrust Soft function unknown All anomalous dimensions known

C-param N3LO C-parameter Soft function unknown All anomalous dimensions known

N3LO Hard, Soft and Beam Functions known Missing 4 loop DGLAP

N3LO 0-Jettiness Soft function unknown Missing 4 loop DGLAP



Conclusion

➢ Introduced the ingredients for 

resummation in SCET

➢ Discussed the calculation of 

N3LO boundary terms and 

N4LO anomalous dimensions

➢ Presented results for the  

Resummation at N4LL on event 

shapes
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➢ Introduced the ingredients for 

resummation in SCET

➢ Discussed the calculation of 

N3LO boundary terms and 

N4LO anomalous dimensions

➢ Presented results for the  

Resummation at N4LL on event 

shapes
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Thank you!



Backup
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EEC in Pure Rapidity Renormalization
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● Soft Function corrections are scaleless  =>  S=1 to all orders

● Rapidity divergences cancel between Jet Functions only, but finite terms are identical

● Similar form to time-like Collins-Soper TMD structure (no soft function, symmetry between 

collinear directions), but retain full control on rapidity scale at the matching kernel level 

(better handle for resummation uncertainties on RRGE)

[GV, to appear]

● Back-to-back region of EEC obeys TMD-like fact. thm and resummation (“crossed version of qT”)
● In pure rapidity renormalization it takes the following form



EEC in the back to back limit to N4LL

Standard RGE

Rapidity RGE

● Back-to-back region of EEC obeys TMD-like fact. thm and resummation (“crossed version of qT”)
● In pure rapidity renormalization it takes the following form
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Resummation of the EEC in the back-to-back limit

● Extending method of collinear expansion of cross sections to processes with final 
state color charged particles we were able to calculate EEC Jet Function at N3LO

● SCET allows to resum large logs appearing in this limit.

● Each function obeys renormalization group equations (RGEs)
Anomalous dimensions obtained 

by poles of calculation in the 
EFT (known in the literature, 
rechecked in our calculation)

● Running of operators resum logs as for running coupling in standard QFT

Rapidity Renormalization Group Equations
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