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Introduction

@ Understanding the soft radiation is vital in order to have reliable

theoretical calculations.

b

@ Leading Power (LP) = O (k™)

Next-to-Leading Power (NLP) = O(k°)

@ In the recent years great developments have been done in
Next-to-Leading Power factorization and resummation, using both
SCET and direct QCD approaches.

- N. Bahjat-Abbas, D. Bonocore, J. Sinninghe Damsté, E. Laenen, L. Magnea, M. van Beekveld, L. Vernazza, C.D. White
(2015-2021)

M. Beneke, A. Broggio, M. Garny, S. Jaskiewicz, R. Szafron, L. Vernazza, J. Wang (2016-2022)

- I. Moult, LW. Stewart, F.J. Tackmann, G. Vita, H.X. Zhu (2015-2020)

- Z.L. Liu, M. Neubert, M. Schnubel, X. Wang (2021-2022)

- AH. Ajjath, P. Mukherjee, V. Ravindran, A. Sankar, S. Tiwari (2020-2022)

+ many others!

@ In the context of QED, Next-to-Leading Power terms are also of
great interest for describing single photon Bremsstrahlung and there

have also been recent advances in this direction.

- E. Laenen, J. Sinninghe Damsté, L. Vernazza, W. Waalewijn, L. Zoppi - Phys.Rev.D (2020)
- T. Engel, A. Signer, Y. Ulrich - JHEP (2021)

- D. Bonocore, A. Kulesza - Phys.Rev.B (2021)

- P. Lebiedowicz, O. Nachtmann, A. Szczurek - Phys.Rev.D (2021)

- T. Engel (2023)
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Next-to-Leading Power in QED

But NLP contributions seem to lead to different expressions for the same
amplitudes. For example, for the process 7~ 7% — 7~ 7%y
Original formulation by Low [Fe Low- PhysRev. (1958)]

Pl +ph —

P R P

_ I)Z'ku
Pa-k p1-k Os, Po Pa -k

o1 - kpl

Another formulation of the same process [p. Leviedowicz, 0. Nachtmann, A. Szczurek - Phys.Rev.D

(2021)]

lAu =H(sy,1) [ Pa P (' 71’“?)’“/} + 28H(5L7t) {p“ _ bk M:|
e .

Pa-k  p1-k - (p1- k)2 dsr, b pe- g Pa
OM(sL,t) Ph Py
2 ot [(Pa — 1) -k —pa - 1] a-k pLk

Do NLP formulas give consistent results?
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Anomalous soft photon problem

@ Single soft photon emissions and soft dileptons can be detected

experimentally, so we can compare these measurements with LP and
NLP formulas.

Ratio of observed soft photon over expected from LP soft bremsstrahlung. [c. wong (2014)]

Experiment Collision Energy Photon k1 Obs/Brem Ratio
K+p, CERN, WA27, BEBC (1984) 70 GeV kp < 60 MeV 4.0 +0.8
KT p, CERN, NA22, EHS (1993) 250 GeV. k< 40 MeV 6.4 £16
T , CERN, NA22, EHS (1997 250 GeV k < 40 MeV 6.9 +1.3
D T
7 p, CERN, WA83, OMEGA (1997) 280 GeV kp <10 MeV 79 +1.4
T p, CERN, WA91, OMEGA (2002) 280 GeV. k<20 MeV 53 £0.9
pp, CERN, WA102, OMEGA (2002) 450 GeV k <20 MeV 4.1 £0.8
ete™ o hadrons, CERN, LEP, DELPHI ~91 GeV(CM) ko <60 MeV 4.0
with hadron production (2010)
ete— —uT =, CERN, LEP, DELPHI ~91 GeV(CM) kg <60 MeV 1.0
with no hadron production (2008)

@ Excess of observed soft photons, but only for processes involving
hadrons.

@ Bremsstrahlung predictions are calculated using LP formulas.

o Future upgrades on the ALICE detector (ALICE 3 expected by
~2035) will be able to measure ultra-soft photons, up to 1MeV.

@ We want an efficient implementation of the LBK theorem for soft
photon emission.
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Soft photon emission: Eikonal (LP) approximation

. . . wa - "/Jb w
Eikonal approximation: gik = 77Q£,75ab

{+1 for initial anti-fermions and final fermions
’[7 =

—1  for final anti-fermions and initial fermions
Emission of a soft photon from a general process N — M + ~:

k
N @ M Avp(p, k) = (Z sz‘pi;.*]ik)> H(p)

The emission of a photon factorizes at LP;

Avp(p, k) = Srp(p, k)H(p)
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Soft photon emission: Eikonal (LP) approximation

Avp(p, k) = (Z UiQiW) H(p)

Is this approximation consistent?
@ Relation between A and H

@ It is impossible to impose momentum conservation in both;

ijzk‘:>2pj750,
J J

@ When Zj p; # 0 the amplitude H is not unambiguously defined.

H'(p) =H(p) + Alp)
‘H' is obviously equivalent to # if A vanishes when four-momentum
is conserved.

ij%O:>A(p)%0
J

Yes! The effects of using H’ vs H are NLP effects.
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Soft photon emission: NLP (Low-Burnett-Kroll Theorem
k

N @ M

i(p; —k+m)

Aj =& (k)H;(pr,...,p5 — k... 7pN+M)m
J

o OHi () | 205 — ikao??
opY 2k - pj

)

(—=iQy")u(p;)

A;j = —Qej, (k) [’Hj(p) — u(p;) + O(k)
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Soft photon emission: NLP (Low-Burnett-Kroll Theorem
k

N @ M

_ —Fk+m
Aj=5Z(k)Hj(P17~-~,Pj—kv---7pN+M)(;p_k)2)( iQY" )u(py)

)

J

) T
) - afH()] 2 T + 0k)

opy 2k - p;

py72%

g
PiH +injk, J H—pk" D H

cxt Z nj Q]

° GFH: Substltute u(pj) — o"u(p;) or equivalent for anti-fermions
and final-state fermions.

+O(k)

° ﬁj,,’}-[: Differentiate the amputated part of H with respect to Py
Y oH
Hju(pj) — apv] u(p_])
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Soft photon emission: NLP (Low-Burnett-Kroll Theorem
k k

A

v R v R

"4 (Aext + Aext) (Aext + Aext) 0
k ‘Alnt k Aext - k 277]@;9 DJVH + O( )

J
Considering only tree-level diagrams: [S.L. Adler, Y. Dothan - Phys.Rev. (1966)]

Al = Z 1;Q;9" DM + O(k)

)

A,uu
Ui Q v
Avrpyncp(p, k) = kj Ll ik, 2 + (k- p;))G Dy | H
v Pk
ar — g _ Pl
! g pi-k

o 54" and bjy make an efficient numerical implementation difficult.

Roger Balsach Soft photon emission and the LBK theorem 8/18



Soft photon emission: NLP (Low-Burnett-Kroll Theorem

)

. L

N @ M + N @ M

The expression is simplified considering the unpolarized process and

. —2
com putlng |./4‘ . [T.H. Burnett, N.M. Kroll - Phys.Rev.Lett. (1967)]
This is because of the relation

8(pj +
6p;f

which allows to combine all the NLP terms together;

m)

ik, [a””,pj + m} = —2(k - pj)G"

2 _ (1 Qipi) - (1;Q5P;)
|AlLpNip = — Z (pi - k)(pj - k)

.3

T R g
14 BB g 0| e
pi " Dj o}
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Soft photon emission: NLP (Low-Burnett-Kroll Theorem)

As before, one cannot impose conservation of four-momentum in both A
and H.

— 2 — 2

HT (0)=TH () +Al), > pj—>0=A(p) >0

J
The theorem is consistent if, for any such function A(p),

(n:iQipi) - (n;Q;p5)
Z (pi - k)(pj - k)

14 B P G”“a] A(p) = 0(1)

o J 14
- pi-p; Ipj
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Soft photon emission: NLP (Low-Burnett-Kroll Theorem)

As before, one cannot impose conservation of four-momentum in both A
and H.

T (o) =TH () + AG), Y py = 0= Alp) =0

J
The theorem is consistent if, for any such function A(p),

(n:iQipi) - (n;Q;p5)
Z (pi - k)(pj - k)

k)p; L, 0
14 B P )p“Gg‘ 5 ] A(p) = O(1)
v Pi " P Py

A(p) does not explicitly depend on k, only implicitly trough the relation
k=3,p;. Butitis possible to find a function A(p, k) that fulfils,

A (p,k) =

k:Zj pj

QO Q M L
S |V
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Example: 770 — 7=7% + ~

Original formulation of Low’s Theorem: [e Low- physRev. (1058)]

" n
lAM =H(sL,t) { Pa__ _P1 } IH(sL,t) { w_ Dok
€ aSL

N p2'k,ﬂ
pa'k pl'k

_ P _
P g Pa T T

Another version of Low’s Theorem found in recent literature: [p. Lebiedowicz,

0. Nachtmann, A. Szczurek - Phys.Rev.D (2021)]

1 P o (I = pYi )k, OH(sr, ) -k
ZAH — t a _ _ 2 Mo e
A =Hlort) [pa ko opi-k (p1-k)? T s, [P pa kP
OH(sL,t) Pl p‘{
— o e Y 1)k — pa - a_ _
ot [(Pa—p1) Pa - l] PR

SL=pa-po+p1-p2, t=(p—p2)?  lL=0(k)

The two formulations seem incompatible with each other.
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Example: 770 — 7=7% + ~

Original formulation of Low’s Theorem: [e Low- physRev. (1058)]

! Pa OM(s1,1) Py k -k
ZAM — a o P e
A =M, )L’a_k _k}r 5 P ket -

Another version of Low’s Theorem found in recent literature: [p. Lebiedowicz,

0. Nachtmann, A. Szczurek - Phys.Rev.D (2021)]

1 n H il — pviH k,/ OH(s N -k
S oty [ R P GI v ) pOHo ) [y ot ]

Pa-k  p1-k (p1- k)2 0sr,
PH(s1.1) po
—2———[(pa —P1) Kk —pa -l & —
5 o —p1) Pa - 11] ok Dk
SL = Pa - Pb + D1 P2, t = (py —p2)?, Iy =p1—p =0(k)

The two formulations seem incompatible with each other.
But they use different definitions of p; and p-;

Pa+Do =11+ +k Pa + Py = D1+ P2
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Shifted kinematics

Evaluate H using physical momenta so that H is uniquely defined.

[T.H. Burnett, N.M. Kroll - Phys.Rev.Lett. (1967)] [V. Del Duca, E. Laenen, L. Magnea, L. Vernazza, C.D. White - JHEP (2017)]
[D. Bonocore, A. Kulesza - Phys.Rev.B (2021)]

The expression for LBK theorem looks like a first order expansion:

(7:Qipi) - (n;Q;4p;)

J— (pj ) k)piu n% 0 2
A =_ 1+ G o | IH
|AlLp 4 NLp sz: (pi - k)(p; - k) Pi - Pj 7 OpY [#]
— 2 (7:Qipi) - (Uijpj) T A2
A = _ Hp+ 9
[AlLpyNLp zz]: (pi - k)(p; - k) [H(p +0p)|
R,
= —C[H(p + dp)|

v o —1 anlpzp v
opj = n;Q;C ZZ: <M) Gy
pj + 0p; fulfil the conservation of momentum for #;
> opj= k= (pj+0p;) =0
J J
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Shifted kinematics: off-shell momenta

— 9 >
|AlLpixep = —CIH(p + dp)|

Y _ iQiDi v
opy =n;QC Y (W) G} =0(k)

i

The shifts modify the mass of the particles by NNLP terms.

pj - 0p; = 0= (p; + 0p;)* = mj + O(k?)

This is consistent with the approximation, but not ideal for numerical
implementations.
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Shifted kinematics: off-shell momenta

— 9 >
|AlLpxtp = —CIH(p + dp)|

Y _ iQiDi v
opy = n;QC Y (W) G} =0(k)

The shifts modify the mass of the particles by NNLP terms.
pj - 0p; =0 = (p; +0p;)* = mi + O(k?)

This is consistent with the approximation, but not ideal for numerical
implementations.

We found an alternative way to do the shifts that:

@ is consistent with LBK theorem at NLP,
@ satisfies four-momentum conservation,

@ keeps the particles on-shell to all orders in the expansion of k.
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On-shell shifted kinematics

Consider a general shift

opi =" Ayp + Bik".
J
LBK theorem fixes the coefficients A;; and B; to

_ 1@ 2 _ Pi-Dj
Aij =miQiC71 T o +O(k?), Bi——ZAUp_'k—I-O(k)

A suitable ansatz is A;; = An; anQ, with A = C~1 + O(k?).
To keep p? invariant the following condltlon is imposed

B; = _AZ 771( zpz) (anjpj) . A2Q%C

pi - k)(pj - k) 2p; - k
Conservation of 4- momentum can thus be written as
2
ac+2¢ Z Q =

which determines the constant A, glvmg the desired shifts.
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Results
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Comparisen on-shell vs off-shell shifts

—— tree-level radiative amplitude
NLP with off-shell shifts
NLP with on-shell shifts

0.0

25 50 75 00 125 150 175 200
wy (GeV)
Radiative amplitude calculated with MadGraphs,
non-radiative amplitude obtained analytically.
eTet 4 pTHTY, V5 =1Tev
pry=01GeV, pro>10GeV, |g|<25 AR=04
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o (pb)
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1002
1000
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0.996
0994

Comparison with different amplitudes

— tree-level radiative amplitude
NLP with analytical amplitude
—— NLP with MadGraph amplitude

0.0

25 50 75 100
wy (GeV)
Radiative amplitude calculated with MadGraphs_aMC@NLO.

NLP amplitudes are obtained using the new on-shell shifts.
V5 =1Tev

Inl <25,

125 150 175 200

eTet S pTpty

pry=01GeV,  pra> 10GeV, 4R>04
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Results

o (pb) Histogram pr, fore“e* - p-pu*y o (pb) Histogram pr., for pp = p-u'y
—— tree-level radiative amplitude —— treelevel radiative amplitude
LP apraximation LP apraximation
—— NLP with on-shell shifts —— NLP with on-shell shifts
10¢
10t
10°
13 16
12 14
12
11
I e e e
10 == s TT oo oo oo oo oo oo
00 01 02 03 04 05 0 2 4 3 8 10
Pr.y(GeV) pr.y(GeV)
All amplitudes are generated with MadGraph5_aMC@NLO, All amplitudes are generated with MadGraphs_aMC@NLO,
e’et sputy, V5 =91.1GeV pp =ty V5 =13Tev
10MeV< pry < 5GeV,  pr.=>10GeV, || <25, AR=04 100MeV < pr., <50GeV, pr.>10GeV, |n|<25, AR>04
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Results

o (pb) Low pr,, regime forpp » u~p*y
—— tree-level radiative amplitude
LP aproximation
—— NLP with on-shell shifts
10t
100
103
102
101
0.00 0.02 0.04 0.06 0.08 010
pr.v (GEV)
All amplitudes are generated with MadGraph5_aMC@NLO.
PR~ Y V5 =13Tev

eV <pr,<1GeV, pra>10G8V, |n<25 OR>04
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Conclusions

@ Precision predictions call for understanding the NLP terms.

@ LBK theorem is free of inconsistencies and can be used safely for
calculating soft photon spectra.

@ Reformulation of LBK theorem using on-shell shifted kinematics
opens the door to an efficient implementation for the NLP
approximation for the emission of (ultra-)soft photons (e.g. as
measured in the future by ALICE3 detector).

@ More work has to be done in order to understand the origin of the
soft photon anomaly observed at LEP.
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