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The Interplay Between Theory/Models and Data



Simulators are Ubiquitous in Science

For many complex phenomena, the only meaningful 
“theory”may be in the form of simulations.
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Credit: Dalmasso (adapted from Cranmer et al, 2020)



Taxonomy of Different Types of Simulators 
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Image credit: Kyle Cranmer

Figure credit: Kyle Cranmer



Revolution in simulators and AI deep generative models 
(GANs, transformers, diffusion models etc) & high-
performance prediction algorithms.  

But what about scientific inference? 

Simulators are often poorly suited for the “inverse problem” 
of inferring the causes behind observed phenomena.

6

Simulation/Prediction to Scientific Inference
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Scientific Inference and Causation

8

Much of ML targets “forward” problems and generative 
models.

In many science applications, however, 
the quantities of interest are internal 
parameters , i.e. the ``causes’’ of 
observations in  problems.

θ
θ → D

Given observed data, constrain internal parameters of interest using 
assumed theoretical/simulation model. Valid measures of uncertainty.



Likelihood-Based Inference

9

L(D; ✓)

X1, . . . ,Xn ⇠ N(✓, Id), where n = 10, ✓ = 0

bR(D) =
n
✓ 2 ⇥ | �(D; ✓) � bC✓,↵

o

X1, . . . , Xn ⇠ 0.5N(✓, 1) + 0.5N(�✓, 1)

PD|✓

⇣
✓ 2 bR(D)

���✓
⌘
= 1� ↵, 8✓ 2 ⇥

Simulate (✓1,D1), (✓2,D2), . . . , (✓B,DB),

where ✓i ⇠ ⇡(✓), Di = {Xi,1, . . . ,Xi,n} ⇠ F✓i

1



Likelihood-Free Inference (LFI)

10

The likelihood cannot be evaluated. But it is implicitly 
encoded by the simulator…   

Inference on parameters in this setting is called 
likelihood-free inference (LFI)

Image credit: Nic Dalmasso
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Likelihood-Free Inference (LFI)

11

The likelihood cannot be evaluated. But it is implicitly 
encoded by the simulator…   

Inference on parameters in this setting is called 
likelihood-free inference (LFI), a.k.a. SBI

Image credit: Nic Dalmasso
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Classical LFI:  Approximate Bayesian Computation 
(ABC) [Rubin 1984; Overview of ABC: Sisson et al, 2018]

12 Image credit: Sunnaker et al. 2013

https://arxiv.org/pdf/1802.09720.pdf


Modern LFI Landscape [review: Cranmer et al, PNAS 2019]
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Use ML-based algorithms to directly estimate key inferential 
quantities from simulated “train” set

https://www.pnas.org/doi/full/10.1073/pnas.1912789117


Ex: Learning the Likelihood Ratio f(D|𝝷1)/f(D|𝝷2)  
[e.g, Cranmer et al, 2015; Thomas et al, 2016; Hermans et al, 2020; Durkan et al, 2020; Brehmer et al, 2020]

arXiv:1506.02169

arXiv:2305.10500

https://arxiv.org/abs/1506.02169
https://arxiv.org/abs/2305.10500


Ex: Learning the Likelihood Function f(D|𝝷) 
 [e.g, Izbicki et al, 2014; Thomas et al, 2016; Durkan et al, 2020; Brehmer et al., 2020]

RKHS basis (orthogonal wrt P)

LR trick and logistic regression

AISTATS 2014; arXiv:1506.02169

arXIv:1611.10242

https://arxiv.org/abs/1506.02169
https://arxiv.org/abs/1611.10242


Ex: Learning the Posterior f(𝝷|D) 
[e.g, Papamakarios et al, 2016; Lueckmann et al, 2017; Alsing et al 2019; Izbicki et al, 2019; Greenberg et al, 2019]

NeurIPS 2017; arXiv:1711.01861

NeurIPS 2016; arXiv:1605.06376

(S)NPE via MDNs 
+ sequential updates 

via proposal priors and reweighting

(S)NPE via MDNs 
+ sequential updates via 

importance-weighted loss

https://arxiv.org/abs/1711.01861
https://arxiv.org/abs/1605.06376


Modern LFI Landscape [review: Cranmer et al, PNAS 2019]

17

Likelihood ratios, f(D|𝝷1)/f(D|𝝷2) [e.g, Cranmer et al, 2015; Thomas et al, 

2016; Hermans et al, 2020; Durkan et al, 2020; Brehmer et al, 2020] 

Likelihoods, f(D|𝝷) [e.g., Izbicki et al, 2014; Thomas et al, 2016; Durkan et 

al, 2020; Brehmer et al., 2020] 

Posteriors, f(𝝷|D) [e.g., Papamakarios et al, 2016; Lueckmann et al, 2017; 

Izbicki et al, 2018; Alsing et al 2019; Greenberg et al, 2019] 

These ML-based approaches can handle complex high-
dimensional data without a prior dimension reduction. Base 
versions also provide “amortized” inference. 

Use ML-based algorithms to directly estimate key inferential 
quantities from simulated “train” set

https://www.pnas.org/doi/full/10.1073/pnas.1912789117


Two Open Problems in ML-Based  
Likelihood-Free Inference



Challenge 1: Valid UQ / Coverage

Valid UQ / Coverage: How do we guarantee confidence sets 
R(D) to have nominal coverage —- for every 𝜃?, any sample 

size n (including e.g. n=1), and any choice of reference 
distribution r?
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Valid UQ / Coverage: How do we guarantee confidence sets 
R(D) to have nominal coverage —- for every 𝜃, any sample 
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or prior distribution r?



Challenge 2: Diagnostics/Validation of Coverage 

How do we check empirical coverage of the final 
constructed confidence sets across the entire parameter 
space?  (Note: “Consistency checks” only check marginal coverage) 

R. Cousins: “Lectures on Statistics in Theory: Prelude to 
Statistics in Practice”, arXiv:1807.05996, 2018:



Recall: LFI Setting

Given observed data, constrain internal parameters of interest using 
assumed theoretical/simulation model. Valid measures of uncertainty.



Predictive Approach Can Be Very Powerful, But 
One Needs to Correct for Bias 

[with Luca Masserano, Tommaso Dorigo, Rafael Izbicki and Mikael Kuusela]

24
Source: Dorigo et al 2020.  

Slide credit: Luca Masserano [Kieseler et al., July 2021 arXiv:2107.02119]  



Similarly, neural posteriors via e.g. NFs do not guarantee 
coverage of internal parameters (often “over-confident”)

25

https://arxiv.org/abs/2110.06581

https://arxiv.org/abs/1911.11089


Toy Ex: Coverage of Prediction and Posterior 
Intervals Depends on the Choice of Prior

Likelihood:  

Assume prior:  

⇒ empirical coverage  (green curve)

𝒟 |θ ∼ 𝒩(θ,  σ = 1)

θ ∼ 𝒩(μ = 0, σ = 2)

26



Ex: Credible Regions from Neural (NF) Posteriors

27

Blue contours: 95% credible regions from Normalizing Flows 
Overly confident when prior is poorly specified



How about Frequentist LFI Approaches?

28

Guarantee nominal coverage at every 
𝜃 (regardless of n and design prior)?



How about Frequentist LFI Approaches?
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Guarantee nominal coverage at every 
𝜃 (regardless of n and design prior)?

Frequentist approaches (that estimate likelihoods or likelihood ratios) 
are by construction robust to prior prob shift 

However, most such approaches 

rely on asymptotic assumptions (e.g. Wilks 1938) for downstream inference 

do not assess validity across entire parameter space 

do not take advantage of “good” prior information



Can we have it all? 
Reliable inference regardless of observed sample size n,  

even for poorly specified prior. 
  

But higher constraining power if well-specified prior. 

Interpretable diagnostics. 

* All done by leveraging the arsenal of ML/AI tools “as is” 
(same network architecture and same loss functions, etc) 



Toward a General Inference Machinery for LFI

Bridges classical statistics with ML to provide: 

(i) valid inference: confidence sets with finite-n (e.g. n=1) 
guarantees of nominal coverage for all parameters  

(ii) practical diagnostics: independent check of actual coverage 
across entire parameter space (separate from calibration step) 

Goal: Modular procedures with theoretical guarantees. 

For any test statistic, and any reference or prior distribution   

Ideally, plug in your favorite SBI algorithm for computing 
likelihoods, likelihood ratios, posteriors (NPE, NLE, NRE), …

31



32

https://arxiv.org/abs/2002.10399  (ICML 2020)

 https://arxiv.org/abs/2107.03920 

https://arxiv.org/abs/2205.15680 (AISTATS 2023)

LF2I

https://arxiv.org/abs/2002.10399
https://arxiv.org/abs/2107.03920
https://arxiv.org/abs/2205.15680
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Equivalence of Tests and Confidence Sets

Data D = {X1, ..., Xn} ≥ F◊

Test statistic ⁄(D; ◊)
Critical values

Reject H0 : ◊ = ◊0 ≈∆ ⁄(D; ◊0) < C◊0,–

Theorem (Neyman 1937)
Constructing a 1 ≠ – confidence set for ◊ is equivalent to testing

H0 : ◊ = ◊0 vs. HA : ◊ ”= ◊0

for every ◊0 œ �.

Ann B. Lee (Carnegie Mellon University) 2 / 10
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1. Fixed ◊. Find the rejection region for test statistic ⁄.

Ann B. Lee (Carnegie Mellon University) 4 / 10
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2. Repeat for every ◊ in parameter space.

Ann B. Lee (Carnegie Mellon University) 4 / 21
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3. Observe data D = D. Evaluate ⁄(D; ◊).

Ann B. Lee (Carnegie Mellon University) 6 / 10
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4. Construct (1 ≠ –) confidence set for ◊.

Ann B. Lee (Carnegie Mellon University) 6 / 21



Challenges
Neyman construction itself. L. Lyons, “Open Statistical Issues 
in Particle Physics”, AOAS 2008:

38

Validation of frequentist coverage. R. Cousins: “Lectures on 
Statistics in Theory: Prelude to Statistics in Practice”, 
arXiv:1807.05996, 2018:
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How Do we Turn the Neyman Construction and Validation
into Practical Procedures?
The Neyman construction requires one to test

H0 : ◊ = ◊0 vs. HA : ◊ ”= ◊0

for every ◊0 œ �.

Key insight:

1 Test statistic ⁄(D; ◊)
2 Critical values C◊0,– or p-values p(D; ◊0) of the test

3 Coverage PD|◊
1
◊ œ ‚R(D)

2
of the constructed confidence set

are conditional distribution functions of the (unknown) parameters, and

often vary smoothly across the parameter space �.

Ann B. Lee (Carnegie Mellon University) 3 / 10
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E�cient Construction of Finite-Sample Confidence Sets

Rather than running a batch of Monte Carlo simulations for every null

hypothesis ◊ = ◊0 on, e.g., a fine enough grid in �, we can interpolate

across the parameter space using training-based ML algorithms.

Ann B. Lee (Carnegie Mellon University) 5 / 16
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Our Inference Machinery

Ann B. Lee (Carnegie Mellon University) 8 / 21
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Construct Confidence Set via Neyman Inversion

Ann B. Lee (Carnegie Mellon University) 14 / 21



Test Statistics: Leverage ML Classification/
Prediction Algorithms

Estimate “odds function” (from parameters to data) 

→ ACORE (approximate LRT) [Izbicki et al 2013; Cranmer et al 
2015; Dalmasso et al 2020, arXiv:2002.10399] 

→ BFF (approximate Bayes Factor) [Dalmasso et al 2021, 
arXiv:2107.03920; Heinrich 2022, arXiv: 2203.13079] 

Obtain point predictions or posterior estimates (from data 
to parameters) 

→ WALDO (modified Wald test statistic) [Masserano et al 
2022, arXiv:2205.15680] 

→ Frequentist Bayes sets [Masserano, Shen et al 2023-]
43

https://arxiv.org/abs/2002.10399
https://arxiv.org/abs/2107.03920
https://arxiv.org/pdf/2203.13079.pdf
https://arxiv.org/abs/2205.15680
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Center Branch: Estimating Odds and Test Statistic

Parameter : ◊ œ �
Simulated data: X, x œ X. Observed data: Xobs

, xobs œ X.

1 Proposal distribution fi(◊) over

the parameter space �

2 Forward simulator F◊

I F◊1 ”= F◊2 for ◊1 ”= ◊2 œ �

3 Reference distribution G over

the feature space X
I F◊ π G for all ◊ œ �

4 A simulated sample of size B to

estimate odds and test statistic

Ann B. Lee (Carnegie Mellon University) 9 / 21

[Izbicki et al 2013; Dalmasso et al 2020]
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Estimate Odds via Probabilistic Classification
Simulate two samples:

{(◊k, Xk, Yk = 1)}B/2
k=1, where ◊ ≥ fi(◊), X ≥ F◊

{(◊l, Xl, Yl = 0)}B/2
l=1 where ◊ ≥ fi(◊), X ≥ G

Probabilistic classifier r:

r : (◊, X) ≠æ P(Y = 1|X, ◊)

Define the odds at ◊ œ � and fixed x œ X as

O(x; ◊) := P(Y = 1|x, ◊)
P(Y = 0|x, ◊) = f◊(x)

g(x)

Interpretation: Chance that x was generated from F◊ rather than G.

Ann B. Lee (Carnegie Mellon University) 10 / 21
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ACORE and BFF are Approximations of the LR Statistic and
the Bayes Factor respectively!

Lemma (Fisher’s Consistency)
If ‚P(Y = 1|◊, X) = P(Y = 1|◊, x) ’◊, X

1 =∆ ‚�(D; �0) = LR(D; �0) © log sup◊œ�0 L(D;◊)
sup◊œ� L(D;◊) ,

2 =∆ ‚·(D; �0) = BF(D; �0) © P(D|H0)
P(D|H1) =

s
�0

L(D;◊)dfi0(◊)
s

�1
L(D;◊)dfi1(◊) .

Note: The Bayes factor is often used as a Bayesian alternative to

significance testing but here we are treating it as a frequentist test statistic.

Ann B. Lee (Carnegie Mellon University) 9 / 16
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Test Statistics Based on Odds: ACORE and BFF

Suppose we want to test:

H0 : ◊ = ◊0 vs H1 : ◊ ”= ◊0

For observed data D = {Xobs
1 , ..., Xobs

n }, we define

ACORE (Approximate Computation via Odds Ratio Estimation):

‚�(D; ◊0) := log
r

n

i=1
‚O(Xobs

i
; ◊0)

sup◊œ�
r

n

i=1
‚O(Xobs

i
; ◊0)

BFF (Bayesian Frequentist Factor):

‚·(D; ◊0) :=
r

n

i=1
‚O(Xobs

i
; ◊0)

s
�

1r
n

i=1
‚O(Xobs

i
; ◊)

2
dfi· (◊)

.

where fi· (◊) is a probability distribution over the parameter space.

Ann B. Lee (Carnegie Mellon University) 7 / 16
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Left Branch: Estimate Critical Values or P-Values

We use B
Õ

simulations to estimate critical values.

Ann B. Lee (Carnegie Mellon University) 12 / 21
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Estimating Critical Values C◊0,–

To control Type I error at level –:

Reject H0 : ◊ = ◊0 when ⁄(D; ◊0) < C◊0,–, where

C◊0,– = arg sup
CœR

Ó
C : PD|◊0 (⁄(D; ◊0) < C) Æ –

Ô
.

Problem: Need to compute PD|◊ (⁄(D; ◊) < C) for every ◊ œ �.

Solution: F⁄|◊(C | ◊) © PD|◊(⁄(D; ◊) < C | ◊) is a conditional CDF, so

we can estimate its –-quantile via quantile regression F
≠1
⁄|◊ (–|◊).

Ann B. Lee (Carnegie Mellon University) 10 / 10



51

Construct Confidence Set via Neyman Inversion

Ann B. Lee (Carnegie Mellon University) 14 / 21
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Are the Constructed Confidence Sets Valid?

Theorem (Validity for any test statistic)
Let CBÕ be the critical value of a level-– test based on the statistic
⁄(D; ◊0). Then, if the quantile regression estimator is consistent,

CBÕ
P≠≠≠≠≠æ

BÕ≠æŒ
C

ú
,

where C
ú is such that

PD|◊(⁄(D; ◊0)) Æ C
ú) = –.

If B
Õ

is large enough, we can construct a confidence set with guaranteed

nominal coverage regardless of the observed sample size n.

Ann B. Lee (Carnegie Mellon University) 9 / 10
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Theorem (Validity for any test statistic)
Let CBÕ be the critical value of a level-– test based on the statistic
⁄(D; ◊0). Then, if the quantile regression estimator is consistent,

CBÕ
P≠≠≠≠≠æ

BÕ≠æŒ
C

ú
,

where C
ú is such that

PD|◊(⁄(D; ◊0)) Æ C
ú) = –.

If B
Õ

is large enough, we can construct a confidence set with guaranteed

nominal coverage regardless of the observed sample size n.

Ann B. Lee (Carnegie Mellon University) 9 / 10

NOTE: Regardless of the number of observations n, how well we 
estimate the test statistic, and the proposal distribution r(𝛉) 
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Right Branch: Assessing Conditional Coverage of „R(D)
How do we check coverage of constructed confidence sets across �?

Note:

‚R(D) =
Ó

◊ œ � | ⁄(D; ◊) Ø ‚C◊,–

Ô

PD|◊
1
◊ œ ‚R(D) | ◊

2
= ED|◊

Ë
I

1
◊ œ ‚R(D)

2
| ◊

È

1 Sample ◊i and data Di ≥ F◊i

2 Construct confidence set ‚R(Di)

3 For {◊i,
‚R(Di)}B

ÕÕ

i=1, regress

Zi := I(◊i œ ‚R(Di)) on ◊i.

How close is the actual coverage to the nominal confidence level 1 ≠ –?

Ann B. Lee (Carnegie Mellon University) 8 / 10
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Ann B. Lee (Carnegie Mellon University) 8 / 10

Independent check of coverage 
 across parameter space 



Ex 1 (one MVG): Construct LF2I Confidence Sets

When d=2, ACORE and BFF confidence sets (for B=B’=5000) are 
similar in size to the Exact LR confidence sets. (LF2I scales well if 
d<10)

56



Ex 2 (Gaussian Mixture): The distribution of the LR statistic is 
not known. Valid inference with nominal coverage (n=1000)?

(Left) LR with1000 MC simulations at each θ on a fine grid in 1D 
(Center) Assume chi-squared distribution of LR statistic 
(Right) LR with quantile regression with B’=1000 simulations total

57

MC/bootstrap: SLOW
Wilk’s theorem: INVALID

LF2I/QR: VALID/EFFICIENT
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The parameters θ

One more issue: the “theory” space is not the only thing effecting the data 
• every step of the forward process comes with its own parameters  

(we understand the process generally but need additional knobs to model the data) 
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<latexit sha1_base64="1DAppW+NSyjYN/0oA+7NV5+YEcA=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUkJJIUY9FLx4r2A9oQ9hstu3SzSbsTrQ17U/x4kERr/4Sb/4bt20O2vpg4PHeDDPz/JgzBbb9baysrq1vbOa28ts7u3v7ZuGgoaJEElonEY9ky8eKciZoHRhw2oolxaHPadMf3Ez95gOVikXiHkYxdUPcE6zLCAYteWYhLg3HT15w1oE+BewNTz2zaJftGaxl4mSkiDLUPPOrE0QkCakAwrFSbceOwU2xBEY4neQ7iaIxJgPco21NBQ6pctPZ6RPrRCuB1Y2kLgHWTP09keJQqVHo684QQ18telPxP6+dQPfKTZmIE6CCzBd1E25BZE1zsAImKQE+0gQTyfStFuljiQnotPI6BGfx5WXSOC87F+XKXaVYvc7iyKEjdIxKyEGXqIpuUQ3VEUGP6Bm9ojdjbLwY78bHvHXFyGYO0R8Ynz/jTZPF</latexit>
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nuisance parameters

<latexit sha1_base64="lYXrxI6WR6UwEF+Mbu3Lz9keJP4=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLUTZmRooIoRTcuK9gHdIaSyaRtaOZBckesY//Gjb/iRlARXfonZtoubOuBwLnn3kvOPW4kuALT/DYyC4tLyyvZ1dza+sbmVn57p67CWFJWo6EIZdMligkesBpwEKwZSUZ8V7CG279K+407JhUPg1sYRMzxSTfgHU4JaKmdv4iK94829BiQQ3yObR4Atn0CPekn3vCh7U1Vvakqss/a+YJZMkfA88SakAKaoNrOv9leSGOfBUAFUaplmRE4CZHAqWDDnB0rFhHaJ13W0jQgPlNOMrpziA+04uFOKPXTPkfq342E+EoNfFdPpjbVbC8V/+u1YuicOgkPohhYQMcfdWKBIcRpaNjjklEQA00IlVx7xbRHJKGgo83pEKzZk+dJ/ahkHZfKN+VC5XISRxbtoX1URBY6QRV0jaqohih6Qi/oHX0Yz8ar8Wl8jUczxmRnF03B+PkFXkmm7A==</latexit>

p(x|✓) =
Z

dzddzhdzp

12

Credit: Lukas Heinrich

But what if we have >1,000 nuisance parameters?
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Two Popular Approaches to Systematics

61



 Assessing Confidence Sets

“For small sample sizes, there is no theorem as to whether 
profiling or marginalization will give better frequentist 
coverage for the parameter of interest” (Cousins 2018) 

Our LF2I diagnostic tool can  

provide guidance as to which method to choose for the 
problem at hand, and  

pinpoint regions of parameter space where inference 
may be unreliable, e.g., under/over-confident.  

The diagnostic branch works for any SBI method (including 
Bayesian credible regions) 
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Classical “On-Off” Problem 
[Lyons 2008; Cowan et al 2011; Cowan 2012; L. Heinrich 2022]

Simultaneous measurements of two Poisson processes

63

NB is the # of events in the background region (expected background 
count b) 

NS  is the  # of events in the contaminated signal region (expected 
signal count s) 

Unknown parameters:  

signal strength-POI (μ);  scaling factor-NP (𝜈) 

[L. Heinrich 2022] Set hyper-parameters at s=15, b=70, 𝜏=1 ⇒ 

asymptotic regime with profiled values away from the MLE

https://arxiv.org/pdf/2203.13079.pdf
https://arxiv.org/pdf/2203.13079.pdf


Our diagnostic tool can identify regions in parameter 
space with under/over-coverage (95% nominal) 

Left: profiling; Center: marginalization; Right: chi-square) 
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h-BFF (center top) has closest to 
nominal coverage with the highest 
constraining power (orange hist)



What’s Next?

Alternative test statistics based on direct predictions and 
posteriors 

Reason 1: large arsenal of AI tools for prediction and 
NPEs. LR trick + maximization over many parameters 
sometimes hard to implement in practice (loss of power) 

Reason 2: LR approaches do not benefit from good priors 

“Freq Bayes sets” (in progress). Show some highlights of 
WALDO (1st version, 2022)
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Ex 1: Back to the Problem of Calorimetric Muon 
Energy Measurement… [Masserano et al, AISTATS 2023]
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Source: Dorigo et al 2020.  
Slide credit: Luca Masserano 

[Kieseler et al., July 2021 arXiv:2107.02119]  
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https://arxiv.org/abs/2205.15680

https://arxiv.org/abs/1911.11089
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Slide credit: Luca Masserano 



69 Slide credit: Luca Masserano 

Inputs: 1D energy-sum, 28 features, or full calorimeter
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Slide credit: Luca Masserano 

Valid confidence sets?

prediction sets
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Slide credit: Luca Masserano 

Constraining power?



Ex 2: Credible Regions from Neural (NF) Posteriors
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Blue contours: 95% credible regions from Normalizing Flows 
(overly confident when prior is poorly specified)



Ex: LF2I/Waldo Confidence Sets Derived from the 
Same Neural Posteriors ⇨ Correct Coverage
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Waldo guarantees coverage everywhere, even if the prior poorly 
specified. Well-specified prior ⇨ power (tighter constraints)
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Another application of Waldo to NPEs (5 POI) …



arXiv:2211.09126  

https://arxiv.org/abs/2211.09126
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Classification Under Systematic Uncertainties: 
 Application to Atmospheric Cosmic-Ray Showers 

[IN PROGRESS 2023- with Alex Shen, Luca Masserano, Michele Doro, Tommaso Dorigo]

SWGO plans to study ultra-energetic (above 1 TeV) photon showers ⇒          

High-altitude array of Cherenkov tanks.  

Information on gamma flux requires separating gamma showers (very rare) from 
hadrons (common background). CORSIKA to generate G- and H-showers. 



Classification Under Systematic Uncertainties

Suppose we ignore shower parameters (e.g. energy E, direction) and  
various hyper-parameters, and directly classify showers (G or H) based on 
array measurements. That is, compare Pr(μ=μ0 | x) to a constant C.

Right: Q-Q plots show that the estimated 
probabilities of rejection (TPR and FPR) are 
not calibrated across different energies.

Left: Direct classification 
ignoring NPs leads to a 
misleading ROC curve (red 
curve) and biased estimates 
(circles) when attempting to 
control e.g. FPR at 0.05
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Estimating Critical Values C◊0,–

To control Type I error at level –:

Reject H0 : ◊ = ◊0 when ⁄(D; ◊0) < C◊0,–, where

C◊0,– = arg sup
CœR

Ó
C : PD|◊0 (⁄(D; ◊0) < C) Æ –

Ô
.

Problem: Need to compute PD|◊ (⁄(D; ◊) < C) for every ◊ œ �.

Solution: F⁄|◊(C | ◊) © PD|◊(⁄(D; ◊) < C | ◊) is a conditional CDF, so

we can estimate its –-quantile via quantile regression F
≠1
⁄|◊ (–|◊).

Ann B. Lee (Carnegie Mellon University) 10 / 10

Recall:
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.

Problem: Need to compute PD|◊ (⁄(D; ◊) < C) for every ◊ œ �.
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we can estimate its –-quantile via quantile regression F
≠1
⁄|◊ (–|◊).

Ann B. Lee (Carnegie Mellon University) 10 / 10

Recall:

1. Now use BF/posteriors instead of LRT as test statistic.  
2. Learn the entire ROC as a function of POI and NPs





Classification Under Systematic Uncertainties

Using a new version of LF2I calibration, we can estimate the entire set of 
ROC’s for all θ=(μ,η), where μ is the class, and η are hyper-parameters.

Right: Q-Q plots of prob of rejection 
curves for direct classification (orange) vs 
with LF2I calibration (blue)
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Construct Confidence Set via Neyman Inversion

Ann B. Lee (Carnegie Mellon University) 14 / 21

Recall:
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Construct Confidence Set via Neyman Inversion

Ann B. Lee (Carnegie Mellon University) 14 / 21

Recall:

1. Now POI is a discrete class μ  
2. We learn confidence distributions for all levels α, rather 

than a confidence set for a fixed  α. Fully amortized



Construct Set-Valued Classifiers from Pr(μ=μ0 | x)

Some instances are ``ambiguous’’ and hence difficult to label 
correctly. Set-valued classifiers output sets of plausible labels 
rather than a single label.

With LF2I calibration, the set-valued classifiers have nominal 
confidence (1-α), even under systematic uncertainties. 

Amortized inference w.r.t. both observation x and level α



Set-Valued Classification Output Compared to 
‘BayesOpt’ Under Systematic Uncertainties

Left: Decision regions as a function of confidence level 

Center: Higher precision and lower FDR than BayesOpt 

Right: Lower miss rate but also lower recall than BayesOpt



Take-Away: LF2I is a practical procedure for 
Neyman construction of confidence sets
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Equivalence of Tests and Confidence Sets

Data D = {X1, ..., Xn} ≥ F◊

Test statistic ⁄(D; ◊)
Critical values

Reject H0 : ◊ = ◊0 ≈∆ ⁄(D; ◊0) < C◊0,–

Theorem (Neyman 1937)
Constructing a 1 ≠ – confidence set for ◊ is equivalent to testing

H0 : ◊ = ◊0 vs. HA : ◊ ”= ◊0

for every ◊0 œ �.

Ann B. Lee (Carnegie Mellon University) 2 / 10
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Construct Confidence Set via Neyman Inversion

Ann B. Lee (Carnegie Mellon University) 14 / 21



Take-Away: LF2I

92

Validity and Diagnostics: LF2I bridges ML and classical 
statistics to create valid confidence sets and run diagnostics. 

Prior Independence: LF2I guarantees (approximate) 
conditional coverage regardless of the prior and the sample 
size. Well-specified prior => higher power 

Power: Hardest to achieve in practice. Area where most 
statistical and computational advances will take place.
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LF2I is a fully modular framework. We’d love to collaborate on 
code/science-problems! Please email annlee@andrew.cmu.edu 

https://github.com/lee-group-cmu/lf2i

mailto:annlee@andrew.cmu.edu
https://github.com/lee-group-cmu/lf2i


Finally, if you are instead interested in calibrated PDs and 
posteriors (consistent with a chosen prior)…

UAI, PMLR (161) 2021

arXiv:2205.14568

Linhart et al 2022, ML4PS: Extension to multivariate 
response for NFs; Lemos et al, ICML 2023: TARP testing

https://proceedings.mlr.press/v161/zhao21b/zhao21b.pdf
https://arxiv.org/abs/2205.14568
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What Can We Say about Power?
Suppose we are testing

H0 : ◊ = ◊0 vs. HA : ◊ ”= ◊0

and assume that the critical values are well estimated (that is, B
Õ

is large

enough).

Consider

„‚·B
(D) = I (‚·B(D; ◊0) < C◊0,B): decision of approximate test

„· (D) = I (·(D; ◊0) < C◊0): decision of exact test

Theorem
If the probabilistic classifier for learning the odds is consistent, and
C◊,B

P≠≠≠≠≠æ
B≠æŒ

C◊, then, for every ◊ œ �:

PD,TB |◊
1
„‚·B

(D) = 1
2

≠≠≠≠≠æ
B≠æŒ

PD|◊ („· (D) = 1) .

Ann B. Lee (Carnegie Mellon University) 11 / 16



Ex: Power of BFF (n=1)
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For BFF confidence sets, we can analyze the power further
for a special case...
Suppose

Simple null hypotheses, �0 = {◊0}
Xobs = D; i.e., Xobs

contains all observations

G(x) is the marginal distribution of F◊(x) w.r.t. fi(◊)

·(D; �0) :=
s

�0

r
n

i=1 O(Xobs
i

; ◊0) dfi0(◊)
s

�c
0

r
n

i=1 O(Xobs
i

; ◊) dfi1(◊) = O(Xobs
i

; ◊0)
s

� O(Xobs
i

; ◊) dfi(◊)
= O(Xobs

i ; ◊0)

We can then relate the power of BFF to an integrated odds loss:

L( ‚O,O) :=
⁄ 1

‚O(X; ◊) ≠ O(X; ◊)
22

dg(X)dfi(◊).

Ann B. Lee (Carnegie Mellon University) 12 / 16



Power of BFF (cont’d)

The probability that hypothesis tests based on the Bayes 
factor versus the BFF statistic lead to different conclusions 
is bounded by the integrated odds (which is easy to 
estimate in practice and also depends on the choice of 
probabilistic classifier)
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Power of BFF (cont’d)
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