
AIML@K

Regularized Knowledge Gradient
Donghun Lee
Dept. of Math

Korea Univ.

1 November, 2022



AIML@K

Problem Setting – Historical 

• Sequential Decision Making
• Relatively new problem?

• Actually, it’s a problem of the entire (human?) history
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Problem Setting – Modern 

• Sequential Decision Making
• Sounds similar to …

• Reinforcement Learning
• Control Theory

• How to make “best” decision?
• Now, and also later
• Based on finite interactions
• With the aim of optimizing some fn.
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Problem Setting – Everyday 

• Decision: what to eat for lunch on 𝑛-th day
• E.g. represented by a finite set 𝒳 = 0,1,2,3,4

01/11/2022 KR-UK AI/ML Workshop @ Sejong Univ. 5

𝑥! = 0 𝑥! = 1 𝑥! = 2 𝑥! = 3 𝑥! = 4



AIML@K

Problem Setting – Everyday 

• Reward / response: 𝑅 𝑥
• “reward” for choosing 𝑥 for lunch (a random var.)
• Choose 𝑥( = 𝑥, and then observe a realization *𝑅()*
• ∀𝑛: 𝑅()* = 𝑅 𝑥( ∼ ? (unknown dist.)
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Canonical Problem Formulation

• Decision: finite set 𝒳
• Time horizon / budget: 𝑁
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Knowledge Gradient in Online Problems

• Ryzhov and Powell, 2009

• Lee and Powell, 2022
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Ryzhov and Powell, 2009
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Problem Definition

• (Admissible) Subset Selection Problem
• Given a finite set 𝒰, find 𝒳 ⊆ 𝒰 s.t.∀𝑖 ∈ 1,⋯ , 𝑘 : 𝑐. = 𝑇

• Where ∀𝑖 ∈ 1,⋯ , 𝑘 , 𝑐!: 𝑝𝑜𝑤 𝒰 → 𝑇, 𝐹
• “constraints”
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Problem Definition

• (Admissible) Subset Selection Problem
• Given a finite set 𝒰, find 𝒳 ⊆ 𝒰 s.t.∀𝑖 ∈ 1,⋯ , 𝑘 : 𝑐. = 𝑇

• Where ∀𝑖 ∈ 1,⋯ , 𝑘 , 𝑐!: 𝑝𝑜𝑤 𝒰 → 𝑇, 𝐹
• “constraints”

• (Online) “Subset Selection Problem”
• Given a finite set of choices and a number 𝑁, 

find ”best” length-𝑁-sequence of choices
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Problem Definition

• (Online) “Subset Selection Problem”
• Given a finite set of choices and a number 𝑁, 

find ”best” length-𝑁-sequence of choices

• Free variables: allocate 𝑁 measurements 
• Objective: maximize the sum of rewards from all 𝑁 measurements
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Problem Definition

• (Online) “Subset Selection Problem”
• Given a finite set of choices and a number 𝑁, 

find ”best” length-𝑁-sequence of choices

• Free variables: allocate 𝑁 measurements 
• Objective: maximize the sum of rewards from all 𝑁 measurements

• Algorithm that uses KG
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Problem Definition

• Multi-armed Bandit Problem
• Given a finite set of arms and a finite horizon 𝑁, 

find ”best” length-𝑁-sequence of choices

• Free variables: allocate 𝑁 measurements 
• Objective: maximize the sum of rewards from all 𝑁 measurements

• Algorithm that uses KG
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Online KG Policy

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(
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Online KG Policy

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(

• Key idea: given state 𝑠1 = 𝜇21 , 𝜎21 2∈𝒳 (at iteration 𝑛)
• Expected reward (at 𝑛) of choosing 𝑥 ∈ 𝒳: 𝜇2(
• Expected reward (at 𝑛) of choosing ”best” 𝑥 (w/ belief at 𝑛): max

2∈𝒳
𝜇2(

• Expected total reward (from 𝑛 till end of horizon) of choosing ”best” 𝑥
(w/ belief at 𝑛): (𝑁 − 𝑛 + 1)max

2∈𝒳
𝜇2(

• Let 𝑉"#,% 𝑠% ≔ (𝑁 − 𝑛 + 1)max
&∈𝒳

𝜇&% (“Empirical Bayesian” policy) 
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Online KG Policy

• Derivation

01/11/2022 KR-UK AI/ML Workshop @ Sejong Univ. 18



AIML@K

Online KG Policy

• Derivation
• Substitute (8) to (7)
• Remove constants
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• Substitute (8) to (7)
• Remove constants
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Online KG Policy, Revisited

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(

• Key idea: given state 𝑠1 = 𝜇21 , 𝜎21 2∈𝒳 (at iteration 𝑛)
• Expected reward (at 𝑛) of choosing 𝑥 ∈ 𝒳: 𝜇2(
• Expected reward (at 𝑛) of choosing ”best” 𝑥 (w/ belief at 𝑛): max

2∈𝒳
𝜇2(

• Expected total reward (from 𝑛 till end of horizon) of choosing ”best” 𝑥
(w/ belief at 𝑛): (𝑁 − 𝑛 + 1)max

2∈𝒳
𝜇2(

• Let 𝑉"#,% 𝑠% ≔ (𝑁 − 𝑛 + 1)max
&∈𝒳

𝜇&% (“Empirical Bayesian” policy) 
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Online KG Policy, Correlated Belief

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(

• Substitute update rule for 𝑠1
from independent belief to correlated belief
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Can’t We Do Better?

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(
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Lee and Powell, 2022
Most work done in 2019-2020
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Reward and Regret

• Reward (of choosing action 𝑥 given belief 𝐵A)

• True reward ∀𝑡, ∀𝑥 ∈ 𝒳: 𝑅 𝑥 ∼ 𝑁 𝜇2, 𝜎2 6

• Stationary stochastic MAB, Gaussian arms

• Surrogate reward ∀𝑡, ∀𝑥 ∈ 𝒳: 𝑅 𝐵7, 𝑥 ∼ 𝑁 �̅�72, K𝜎72 6

• Based on current belief 𝐵)
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Reward and Regret

• Regret defined as ”sum of missed rewards”
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Online Regularized KG (ORKG)

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(

• Online Regularized KG policy (Lee and Powell 2022):

𝜋/801 𝑠( = argmax
2∈𝒳

𝜇2( + 𝜌 𝑛 ⋅ 𝜈2
801,(
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Online Regularized KG (ORKG)

• Online KG policy (Ryzhov and Powell 2009):
𝜋/01 𝑠( = argmax

2∈𝒳
𝜇2( + 𝑁 − 𝑛 𝜈2

01,(

• Online Regularized KG policy (Lee and Powell 2022):

𝜋/801 𝑠( = argmax
2∈𝒳

𝜇2( + 𝜌 𝑛 ⋅ 𝜈2
801,(

• i.e.
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Online Regularized KG (ORKG)
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• Algorithm for 
online learning
• Using regularized KG
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ORKG

• … that has sublinear regret bound (first in KG algorithms)
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How?

• Add suitable properties to KG
• Standardize KG
• Regularize KG

• Get probabilistic bounds given KG-based choices
• Bound one-step reward deviation w/ high probability
• Bound one-step regret 
• Bound sum of regrets over 𝑇-steps
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Prep Work

• Standardize KG
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Regularization

• Regularize KG

• Given belief at time 𝑡 : 𝐶 𝑥 ∼ 𝒩 �̅�72, K𝜎72 6

• Where 𝜅72 is standardized KG

01/11/2022 KR-UK AI/ML Workshop @ Sejong Univ. 33



AIML@K

Bound Step 1

• Bound one-step reward deviation w/ high probability
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Bound Step 2

• Bound one-step regret 
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Bound Step 3

• Bound sum of regrets over 𝑇-steps
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Comparison Against Other KG’s

• Hyperparams

• Regrets
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Sensitivity Analysis on 𝜅!
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• Reg. hyperparam.

• Gaussian MAB
• 10 arms
• Low variance
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Sensitivity Analysis on 𝛿
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• Probabilistic regret 
bound hyperparam.

• Gaussian MAB
• 10 arms
• Low variance
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MAB Comparison 

• Some classics
• UCB
• TS

• Some recents
• kl-UCB
• EXP3++
• BG
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MAB Comparison 

• Regrets
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The Regrets

• Gaussian MAB
• 5 arms
• Low variance
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The Regrets

• Gaussian MAB
• 10 arms
• Low variance
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The Regrets

• Gaussian MAB
• 20 arms
• Low variance
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Conclusion

• Regularized KG allows regret analysis on KG-based algs
• First result for KG-based algorithms

• Online Regularized KG algorithm (ORKG), adaptation of 
regularized KG for MAB problems
• Has provable sublinear regret bound
• Shows good performance in Gaussian MAB
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Questions?
>> holy@korea.ac.kr
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