Mesons on the light front

Part 2: Electromagnetic transitions and form factors
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This lecture note is written for “Courses on Light-Cone Techniques applied to QCD”, Nov 21-25,
IGFAE. It is intended to provide the basic knowledge and selective perspectives on the application
of light-front Hamiltonian approach to mesons in two 1.5-hour lectures. This is part 2(of 2). The
content of this section is mainly based on Chapter 2 and Appendix D of Ref. [1] (the author’s Ph.D.
thesis), and Refs. [2-5]. Chapter 10 of Ref. [6] (QFT by Weinberg) could also be very helpful.

I. ELECTROMAGNETIC AND TRANSITION FORM FACTORS

The content of this section is mainly based on Chapter 2 and Appendix D of Ref. [1] (the author’s Ph.D.
thesis), Refs. [2-5]. Chapter 10 of Ref. [6] (QFT by Weinberg) could also be very helpful.

In quantum field theory, the electromagnetic (EM) elastic form factors (EFFs) characterize the structure
of a bound state system, which generalize the multipole expansion of the charge and current densities in
the nonrelativistic quantum mechanics. The physical process that determines the EFFs is i, (P) + y*)(q =
P" — P) — yu(P’). The form factors are defined as the Lorentz invariants arising in the Lorentz structure
decomposition of the hadron matrix element (¢,(P")|J*(x)lyx(P)). For a spin-j particle, assuming charge
conjugation, parity and time reversal symmetries, there are 2j + 1 independent Lorentz invariant form
factors. Similarly, the EM transition form factors (TFFs) arise in the transition between two meson states
via emission of a photon, ¥4 (P’) — ¥ p(P)+7y(g = P’ — P), and the corresponding hadron matrix element is
Wp(P)J* () a(P")). Both EFFs and TFFs could help us in understanding the internal structure of mesons.

There is a connection between the experimentally measured decay width and the hadron matrix elements.

In the physical process of A — B + 7y, the photon is on shell (4> = 0). The transition amplitude is

Mfﬂj,m; = Ilu ez’ﬂ(q)lqzzo > I,ll,;j,m; = <B(P’ jB’ m])l JIU(O) |A(P,’ jA’ m;)) s (1)

mj,m}
with the hadron matrix element I,‘; o written out with the magnetic projections, and €, the polarization
P

vector of the final-state photon with its spin projection 4 = +1. The decay width is usually measured in the

rest frame of the initial particle A, as such, the momenta of the initial meson, final meson, and the photon
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read (see Appendix A 1 for the convention of ordering the 4-vector components in light-front coordinates),

P’ = (my,myu,0,0), P = (\/m%, + k2, \/m; +k2,k,0),and g = P’ — P = (k, k, =k, 0). The momentum of the

photon is determined by energy-momentum conservation, |§] = k = (mi - m%) /2my. The decay width of

A — B+ y follows by averaging over the initial polarization and summing over the final polarization.

_ Il 1 1P
m‘,-,m‘.,

’

J

We proceed by first examining the Lorentz vector decomposition of the hadron matrix elements in
Sec. [ A, then writing out the matrix elements in the light-front wavefunction representation in Sec. I B,

and finally we calculate the EFFs and TFFs in Secs. [ D and I E.

A. Lorentz structure decomposition

According to spacetime translational invariance, the matrix element of the EM current operator satisfies
WP, J )L TF ) WP, jym)y = (P, s mi) I 0) ln(P, j,mj)y PP (3)

[Exercise] Check the above equation. You will see it again in Eq. (45).

The current conservation condition d,,J# = 0 leads to
(P" = P), (P, J m DI JHO) (P, jomj)) = 0. “4)
The charge operator on the light front is defined as
0= f dxy d*x, JF(x) . 5)
The eigenvalue of Q on for a particle state is interpreted as the charge of that particle,
O Wn(P, j,m;)) = ey [yn(P, j,m;)) . (6)

The evaluation of the charge operator on a particle state leads to a normalization relation at zero momentum

transfer, i.e., P’ = P,
<¢h(P,’ j’ mj)| Q Ilﬁh(P’ j’ mj)> = fdx+ d2xJ_ <lﬁh(P,’ j’ mj)| J+(x) |¢h(P’ j’ m])> . (7)
That is,

2enP* 2’8 (P — P') = 2n)° 63 (P — P') (P, jymPITF(0) (P, j,m))) (8)



thus

Wn(P, j,mPI T O) [n(P, jymj)) = 2epP™ . (&)

The form factors of particle transitions are those coefficients F; of vectors V; obtained by decomposing the

hadron matrix element,

W (P, J, m)L JH(0) (P, j,my)) = Z FVE. (10)

1. Spin O mesons

In the quark model, a spin-0 (J = 0) meson could be either a scalar 0* or a pseudo-scalar 0. And C = 1

for quarkonium. The matrix element of the current reads
(hpg(P', j = mj = 0)| J*(0) lhgg(P, j = m; = 0)) = g 7*, (11)

where ¢* is a four-vector function of P’# and P*. Relevant scalars are |P’|, |P| and P’ - P. The first two are

fixed by the on shell conditions,
P'P =ml,  PPy=m . (12)
Therefore the coefficients of vectors should only depend on P’ - P. Define
q" = P'" - P, p=pP"+ Pt (13)
and decompose _Z* into the form of

St =q'H(@") + P'F(q) , (14)

The condition of current conservation in Equation (4) requires,

G ¢"H(@") + qu - P'F(g*) = 0. (15)
This means there is only one independent form factor,

. 2 2
H) =22 p) - TR (16)

fr

It follows that

mz, - m2
(H g (P J*(0) |hgg(P)) = eg[ P — %q"]F(gz) : 17)



and F(q?) is the electromagnetic form factor. To satisfy hermiticity,
(o (P J4(0) g (P)) = Cgg(P) J*(O) 1o (P (18)

F(g?) must be real.

For the elastic scattering, i’ = h, thus my = my,

(hag(P")| J#(0) hgg(P)) = e, F(q°) . (19)

Compare with the normalization relation in Eq. (9), we get F(0) = 1.
Let us now analyze the symmetries of parity and charge conjugation (see Appendix B 2), and find out
what kind of transitions are allowed. We first insert two complete sets of the parity operator to the matrix

element,

(H, (P PY| J*(0) lhgq(P,P1)) = (I (P, P) PP~ JH(O)PP ™! [hyq(P,P))

=PoP P (W (P - P/, Po)| T (0) [hgq(P - P.P))

—e,P2P PP~ —m%’/q_z " 1) 20)
=egPaPi [P — T q_z i 71 -
Compare with Eq (17), we arrive at
PPy = +1. 21)

This means the electromagnetic transitions of spin O particles preserves the parity. The allowed transition
modes are 0¥ — 0% (scalar-to-scalar) and 0~ — 0~ (pseudoscalar-to-pseudoscalar).
We then consider the charge conjugation of quarkonium.
(H5(P', C)| J#(0) lhgg(P, C1)) = (h}o(P', Co)| CC™ J#(0)CCT ™" |hyq(P, C1))

(22)
= — CoCy (I} y(P',C)| J#(0) lhgq(P.C))

Compare with Eq (17), we arrive at
CCr=-1. (23)

This means the electromagnetic transitions of quarkonium must change the charge conjugation. However,
all the spin 0 quarkonium have the same parity conjugation C = +1. Therefore the form factors for spin-0

quarkonium are zero.



2. Spin-0 & spin-1 mesons

The matrix element of the transition between a spin-0 and a spin-1 meson reads
WP, J = 1m0y = 0, £ 1) JH(0) |hyg (P, j = 0.m; = 0)) = " (P, m/)Ts . 24)

where e* is the spin vector defined in Appendix B and I, is a 2nd-order tensor function of P#, P’*, gtV and
"7 . Note that we did not write out the charge here for simplicity. All possible non-vanishing combinations

are
P, P'* :P“P,, P'P., PP PP,

8ap 8 » (25)

P e, PPP' .
Contracting with the spin vectors in Eq. (24), and according to the Proca equation in B,
Py (P,mj) =0,  PLe™(P,m)) =0, (26)
we get all possible non-vanishing vectors of e**(P’, m;.)l“’;.
Pi(e* (P, m;.) - P), P'H(e" (P, m;) -P),

(P m)), (27)
e

apa’PpP,o-ea*(P,vm;‘) .

Their coeflicients are functions of |P’|, |P] and P’ - P. The first two are fixed by on shell conditions,
PEP Y =my,,  P'Py=m; . (28)
Therefore those coefficients should only depend on P’ - P. For convenience, we define
¢ = P" - PH, pr=prP"+ Pt (29)
The on shell condition now reads
Wi =, G =my == Ay (30)
We thereby write e (P, m})l"’; as a linear combination of the vectors we found,

e”*(P’,m;)l"g =p'(e"(P',m’) - PYF1 + ¢'(e"(P',m)) - PYFa + & (P',m)F3
(31)
+ e’“‘apgﬁpq(’ea*(P',m;)F4 .



The condition of current conservation in Eq. (4) requires,

qﬂe“*(P’,m})Fﬁ =0.
That is,

0 =("(P',m)) - P)AnF1 + ¢ F2 = F3] + € P 4" que™ (P, m))Fy .
F4 survives since
€oprP 4" qu =0

The other terms satisfy,

AwF1+¢*Fy—F3=0
We therefore rewrite the vector decomposition with new coefficients,

(P ml)T =[p(e (P, m') - P) = (¢ (P oty - PYA /P 1H)
+ [ (P, m)) + (" (P',m)) - P)/q1Hy + €hypr PPq7 € (P, m))H3

Parity invariance requires that

(Wog(P', j = 1,m, P)IJH(0) Ihgg(P, j = 0,m;, P1))
= (Wg(P', j = 1,m;, P)| PP~ J*(O)PP~" |hgy(P, j = 0,m;, P1))

=PoP P (P - P, [ = 1,m, P J(0) lhyq(P - P, j = 0,mj, Py)) .

The matrix element under the parity transformation reads

(P - P, j = 1,m, PO (0) hgg(P - P, j = 0,mj, P1))
=P P P'm)) - (P P) = ¢ (P P',m’) - (P P)An/q H
- Pl (P - P'omy) + Pl ('@ - P\, - (P - P)/q 1Hy
— Pl PP Copo P 4 (P m)H .
By using the following transformation relations,
(P - Pmj) = =P’ (Pm))

PP ) (P P) = ~Pre (P .m )PP, = —¢"(P',ni) - P,

(P P',m))-e(P- Pm)) = SDZeK*(P',m})P’feX*(P',m}) = e"(P',m) - e(P,m;) ,

(32)

(33)

(34

(35

(36)

(37

(38)

(39)
(40)

(41)



we get
(WP P = 1,m, POy ¥ |hyg(P - P.j = 0,m),P1))

=~ PUP (P, m}) - P) = ¢(¢*(P',m)) - P)An/q?1H

(42)
- P (P, m) + Plg(e"(P',m)) - P)/q*1Hy
+ PLes o P 7€ (P m)H .
Plugging it back into Eq. (37), we find
+1 ->H,H,=0
PP = . (43)

-1 - H3=0
H, H; are form factors of parity flipped transition, and H3 are form factors of parity conserved transition.
To summarize, there are two classes of allowed transitions, (1):
0**(scalar) — 1~ (vector) , 0~"( pseudoscalar ) — 1%~ (axial-vector ).
and the transition form factors are H; and H;; (2):

0" (scalar) — 17 (axial-vector) , 0~*( pseudoscalar ) — 1~ (vector )

and the transition form factor is Hz. The transitions between pseudoscalar 0~" and axial-vector 1**, between

scalar 0** and axial-vector 17" are forbidden due to charge conjugation.

B. The hadron matrix element

The electromagnetic transition between two hadron states /4 and ¢ p is governed by the matrix element
WB(P, j,m | JF(x) WalP’, ', m;)). The elastic process is a special case where /4 = . In this section, we
derive the light-front wavefunction representation of the hadron matrix element, which we will use later in
calculating the elastic form factor and the transition form factor.

The EM current operator is defined as J* = Wy*W. In the light-front representation,

piodp} (dPpaudpd ;. . .
J“(X) = f 1 f 2 b/'l ) (pz)u/lz(pz)etpz'x + dﬁzcz(l?z)\_//lz(pz)e_’pz'x
Z 2. Gy | mt P | (44)

Y [bae (pOua, (P + d  (pryva, (pr)e?]
By spacetime translation invariance,
Wa(P, jymp)| ) Wa(P', j,m)) = Wp(P, j,m)) e P PO)ePye P W(0)e ™ [ya(P', j',m))

= WB(P. jmP THO) Wa (P, J' )y =P

(45)



The argument x only results in an overall phase factor, so in the literature one usually takes J#(0) in calcu-

lating the matrix element.

We have shown in Part 1 that the meson state vector [i;(P, j, m;)) can be expanded in the light-front Fock
space. The coeflicients of the Fock expansion are the complete set of n-particle light-front wavefunctions,
{z//f%)(x,-, I?i 18D} X = K;“ /P* is the longitudinal momentum fraction of the i-th parton, and l?,- L =R - xP n
is the relative transverse momenta, with x; being the momenta of the corresponding parton. s is the spin

of the parton. The electromagnetic current matrix element is in general given by the sum of the diagonal

n — n and off-diagonal n + 2 — n transitions, as shown in Fig. 1.

Wl J* WWa) =Wal T Wa),—n + WBl T Wa)pion - (46)

In the former case, the external photon is coupled to a quark or an antiquark. In the latter case, a quark-

antiquark pair is annihilated into the external photon.

(a) n — n transition (b) n + 2 — n transition

FIG. 1. Light-front wavefunction representation of the hadron matrix element. The double-lines represents the
hadrons. The solid lines represent the partons. The wavy lines represent the external photon. The shaded areas
represent the light-front wavefunctions. These diagrams are ordered by light-front time x*, which flows from left to
right. In (a), the n — n transition, parton number is conserved, whereas in (b), the n+2 — n transition, parton number

is reduced by 2 due to pair annihilation. (Figure adapted from Ref. [3].)

Let us make the derivation of the 2 — 2 transition explicitly. In the case where the hadrons are solved



in the |¢g) Fock sector, only the n — n (n = 2) term would contribute to the transition,

Wqq/B(P, j, mpIJ*(0) [Ygg/a (P, ', m}))
Ne 1
1 dx d kL (m )= »
=— (0] f f /o0 , X)
N, ”Z_l ; o 2x(1—x) Qr )3 vs/B
dis(1 = x)P*, =k, + (1 = )P )bj(xP*, K, + xP,)

L dpy dp
Z Zf(2n)32p] f(z 2 i /1262(]72)14/12(]72)+d/12cZ(p2)v,12(p2)] 47)

C1,¢2 41,42

Y [bae (pua, (p1) + d . (pr)va, (p)]

&2k, o)
st;fo 2x(1—x)f )?wss/A(k x)

bl (X PR+ X PO (1= X)P =R+ (1= x)P)0) .

There are two non-vanishing terms as we pair up the creation and annihilation operators. One is the contri-
bution from the quark radiation and the other from the antiquark. We will use JZ (Jg ) as the operator acting

on the quark (antiquark).

[Exercise] Why do the other two terms db and d'b" vanish? What physical process do they describe?
See Fig. 1.

Contracting the creation and annihilation operators,

(WaarB(P, jymPI JG(O) Wrggia(P', j',m'))

d?pl dpt prdpr ! dw
"N Z 2,2 sz (27()321711 f(Zir)32p2 j; 2x(1 - x')

lj 141,22 c1,¢2 87,5 5,8

dzk’ dsz_ (m ) (e o
f(27r)3f 2x(1—x)f(2 )3‘””/A X W g (Kisx)

2p50(p) 2} 6(pt = xPSHF? — ki — xP )8 jer6s .0, (48)

2pt0(pH 2R s(pt — X PP - K, — X' P )5ie 0.1,
2(1 - x)P+0(P+)(27r)36((1 — x’)P’Jr —(1- x)P+)
(R, + (1 =XV +ky — (1 = )P )6;;65 5

i, (p2)Y ur (p1)

We could first integrate over x and k. by the last two delta functions and get,

x=1-(1-xX)P*/P*, k. .=k, -(1-x)P, +(1-xP,. (49)
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Integrate over p;, p», we get
WqqrB(P, j,m | TG (0) Wrggia (P, j'sm’))

1 dx’ dzk’ m;)%
=2 f Zws DA E X W o) (50)

= Jmax(©,1-p+ Py 2X (1 = X)) (27)? x

X ity(xP*,ky + xP )y uy (X P K, +X'P) .

Note that the lower bound of the integral over x is not 0 when P* < P’*, which results from the condition
x € [0, 1]. However, when evaluating the x’-integral numerically, it would be more convenient to have the

integral range as [0, 1]. This is actually possible by integrating over x’ and IE)’L instead in Eq. (48),
WaqrB(P, j,m | TG (0) Wrggia (P, j',m’))

1 27
dx dok, 1 (m-)* >
= k., s (KL,

Z Inax(O,l—P”/P*) 2X(1 — .X) (271')3 Zws S/A( w/B( L )C) (51)

X it (xP* Ky + xP Ly uy (X PR, + X P,

where
X=1-(1-xP /P, R =k.—(1-x)P +(1-x)P,. (52)

As expected, the lower bound of the integral over x is 0 when P* < P’*. Egs. (50) and (51) are equiva-
lent, and one could choose the one that facilitates the numerical calculations. If one considers the process
Ya(P) = yp(P)+vy™(q = P' — P) where P* < P’*, it is more convenient to use the expression in Eq. (51).
However, if one considers the process ¥4 (P’) + y(*)(q = P — P’) — yp(P), which is usually the case in
calculating the elastic form factor, where P* > P’*, it would be more convenient to use the expression in

Eq. (50). In analogy, we get the hadron matrix element of the antiquark current,

<¢’qq/B(R ]9 mj)l Jg(o) |¢’qq/A(P/, j/, m;))

LD d K1 (mpe 2 .,
= kL, X
Z]O‘ 2x’(1 — x’) f(27r)3 1-x ; l’bss/B( L )'7[’” ( 11X ) (53)

5,5

X 95 (1 = X )P+, =K, + (1 = X)P)y"vs((1 = x)P*, =k, + (1 = x)B.) ,
where

- —)

x=xP/P", k. =k +xX(PP P PP, (54)

[Exercise] What does the “-” sign in Eq. (53) imply physically? Think about the charge.
To have a more explicit form for the purpose of calculation, let us put in the expressions of spinors as in
Appendix. B.

[Exercise] Write out the expressionsiiy, (p2)y us, (p1) for u = +,—, x,y, and s1, 52 = +1/2.
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C. Frames and kinematics

Considering the process Ya(P’) — yp(P) + X(q = P’ — P) or Y5(P) + X(q = P’ — P) — ys(P’), the
Lorentz invariant momentum transfer q2 can be written as a function of two boost invariants [3, 7] according

to the four-momentum conservation q2 = (P - P)?,

-
qzzsz,—l% P (55)

where,
=P -PHPY, Ki=qi-P,
Both z and A, are invariant under the transverse Lorentz boost specified by the velocity vector ﬂ_) 1,

Vi, B o v vl (56)

z can be interpreted as the relative momentum transfer in the longitudinal direction, and A, describes the
momentum transfer in the transverse direction. Note that z is restricted to 0 < z < 1 by definition. For each
possible value of ¢, the values of the pair (z, A 1) are not unique, and those different choices correspond
to different reference frames (up to longitudinal and transverse light-front boost transformations). Fig. 2
should help visualize the functional form of ¢*(z, A 1). Since ¢ is relevant to the magnitude of A, but
not its angle, we plot it in the arg A 1+ = 0,7 plane. Form factors evaluated at different (z, A 1) but at the
same g could reveal the frame dependence. In particular, we introduce two special frames for detailed

consideration.

e Drell-Yan frame (z = 0) : ¢* = 0, A, = 7, and ¢* = —Ki This frame is shown as a single thick
solid line in each panel of Fig. 2. The Drell-Yan frame is conventionally used together with the
plus current J* to calculate the electromagnetic form factors. This choice, on the one hand, avoids
spurious effects related to the orientation of the null hyperplane where the light-front wavefunction is
defined and, on the other hand, it suppresses the contributions from the often-neglected pair creation
process, at least for pseudoscalar mesons [8—13]. For the transition form factor, this is only true if
zero-mode contributions are neglected. The transition form factor obtained in the Drell-Yan frame
is significantly restricted in the space-like region, i.e. g> < 0. Although one could analytically
continuate the form factor to the time-like region by changing ¢, toig, [14-16], we elect to calculate

transition form factors directly from wavefunctions.

o longitudinal frame (& L =0) g% = zmi - zmé /(1 — 7). Note that we use the same definition for the

longitudinal frame as in Ref. [3, 7], which is different from those in the literature where ¢, = 0 is



12

1F
. 7*>0
.
z . 7*<0
— i L
- // A 7 54
/// Zai . S \\\
é P
node Fi G 5% N
7.0 / s \\ N
Ay y PN X
/ / A oS \ \
L L 4 ! v \ \\ \
Zturn // ] I\ iz 3 \\
| [} N AT 7 \ \
: : \l’/ Il | \
! I \\ 1 i : \l
| 1
\ \ / |
\ N 1 Z |
0 Y i 1 a L
Anode 0 Anode
A¢
(a) Regional plot of g>(A ., 2) (b) 3D plot of ¢*(A.,2)

FIG. 2. Visualization of the Lorentz invariant momentum transfer squared ¢ as a function of z and A L atarg A L =0,m.
(a): regional plot of g>. The time-like region (¢> > 0) is the orange oval shape, bounded by Apege = (mi - m%) [2my
and znode = 1 — m3/m3. The space-like region (¢> < 0) is in light gray. Contour lines of ¢* are indicated with thin
dashed curves. The maximal value ¢2,, = (ma — mp)* occurs at (zym = 1 — mp/ma, A, = 0). (b): 3D plot of ¢*
showing a convex shape in the (z, A,) representation. The blue flat plane is the reference plane of ¢> = 0. In each
figure, the Drell-Yan frame is shown as a thick solid line, and the longitudinal I and II frames are shown as thick

dotted and thick dashed lines respectively. (Figure adapted from Ref. [3].)

called the longitudinal frame [10, 16—18]. In this frame, we have access to the kinematic region up
to g2, = (ma — mp)?, the point where the final meson does not recoil. This maximal value occurs
atz = 1 —mp/my = Zym. For a given qz, there are two solutions for z, corresponding to either the

positive or the negative recoil direction of the final meson relative to the initial meson, namely,

— longitudinal-I: z = |m} — m3 + ¢* + \/(m/i —mi+ @ —Amiq? |/(2m3). zam < z < L.
This branch joins the second branch at q2 = qﬁlax with z = Zwm, A 1 = 0. The time-like
region is accessed at zym < Z < Znode, and the space-like region is at zpode < z < 1, where

Znode = 1 — mé / m:‘;. The longitudinal-I frame is shown as thick dotted lines in Fig. 2.

— longitudinal-II: z = mi - m% — \/(mi - mlz9 +g%)? - 4mf‘q2 / (Zmi). 0 < z < Zwm. This
second branch only exists in the time-like region, and it joins the Drell-Yan frame at ¢g* = 0

withz = 0,A, = 0. The longitudinal-II frame is shown as thick dashed lines in Fig. 2.
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D. Elastic form factor of the spin-0 meson

The elastic form factor of a (pseudo)scalar y, is the charge form factor F(g?), defined as

Wn(PI*O)yn(P)) = (P + P'V'F(q%) (57)

as we have derived in Eq. (19). The charge form factor F (qz) is interpreted as the Fourier transformation of
the charge density in the system. For quarkonium, the physical from factor vanishes due to charge conju-
gation symmetry (see also the discussion on charge conjugation in Sec. [ A 1), so what being calculated is
actually the fictitious form factor from the quark current, J’; . In the light-front wavefunction representation

of the valence Fock sector, the hadron matrix element reads

ki1 (m ,
WP, )T O)n(P,m))) = Z f 2x(1_x) f (2; W R R )

X L’ts/(x'P’Jr,k'l + x'P'l)y”us(xPJr,/a +xP)),

(58)

where x’ = (P’* — (1 — x)P*)/P’" and l?i =k +(1- x)(P*P_ — P"*P,)/P’*. This is essentially the same
as Eq. (50). We rewrite x” and IE’L in terms of the two boost invariants we have defined in Section I C, z and

K., as
X=x+z(l-x), K =k, +1-»A,.
The transferred momentum square ¢> can be written according to Eq. (55) with my = mg = my,,
= —(Zmy + AD)/(1-2). (59)

Note that ¢> < 0.
One could extract the form factor with different current components. The +, L and — hadron matrix

elements should be related through the transverse Lorentz boost specified by the velocity vector E 1,

+ - = +3 - - = 22+
v v, VLoV + VL, vV oy +2ﬁl-vL+,8Lv . (60)
The hadron matrix elements are thereby related through,

WP’ P+ PRI (P, Py + PYBL))
= Wn(PTLIn(P)) + BL n(POIT Wn(P))
Wi(P"*, P+ PRI (P, By + PYBL))

= WP Wn(P)) + 2B, - (PO LIn(P)) + B2 (P T n(P))

(61)
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This relation implies that the form factors extracted from different current components should be equivalent.
One can verify it by substituting Eq. (57) into Eq. (61). We would like to know if this is still true in the
valence Fock sector, and write out the form factor with different current components in the valence light-

front wavefunction representation.

1. the plus current

F(q

o =P O)lYn(P)) /(P* + P'™)
— 1 dx dsz_ 1 k k/ 2W Pty pt
_gfo 2x(1—x)f —Wssn(k L, W 5s (K, X P /(PT + P'Y)

@n)* ¥

_ bodx d’k, 2 x(1=2) N
_stlfo 2x(1—x)f(27r)32—z x+2(1— )‘ﬁ”/h(kbx)‘”n/h(k’x)

(62)

In the second line, the form factor is written as a function of (z, A 1), dependence on P or P’ is
eliminated. The normalization of the form factor at ¢> = 0 follows as the result of the normalization

of the hadron wavefunction,

1 dx deJ_ - N N B
o gfo‘ (=) f 20 Wssin(ko, W sz (k, x) = 1. 63)

2. the transverse current
Now we turn to the transverse current. Assuming that the rotational symmetry on the transverse
plane is preserved, using J* or J” component or linear combinations of the two should be equivalent.
Here we use JX = J* +iJ” and J© = J* —iJ? as the transverse currents. For any transverse vector K.,
which is expressed as (k*, &) in the Cartesian coordinate or (k, 6) in the polar coordinate, we will
write its complex form as kR = k¥ + ik¥ = k e and k* = k* — ik¥ = k, e™". The elastic form factor

extracted from the J® current reads,
F(@)| e = <wh<P'>|JR<0>|wh<P>> /(PR + P'R>

&k, N
J+ P/R Zf 2X(1 _ x) f )3 wss/h(kJ_, x)l//m/h(kJ_,x) (64)

{2+ 2x(1 - 2K + —(2 2x - 32+ 2x0)A} .

=F(q%)

X
Vx(1 = 2)[x + z(1 = x)]3

We have applied the symmetry among different spin components of spin-0 particle A,

Uik, X) = Wik, 0, Urneke, X) = = /n (K1, X) . (65)
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We see that F(q2)|JR and F(qz)

;- are different by the second term in the last line of Eq. (64). More-
over, this second term depends on PR + P'% in the (z, A 1) parameter space. This indicates that
fixing (z, A 1) is not sufficient to unambiguously determine a frame in this case. However, in the
Drell-Yan and the longitudinal frames, it can be proved that this term actually vanishes, leaving

F(q*)|,r = F(g

J+

F@) ju py = WnPOIROW(P)) /(PR + P'F)

:F(qz) J+.DY
1 1 dx dsz_ 5 . 1
S k ’ *—, k, 5 o= 2kR 1 - R
+ PR +P/R ;L\ zx(l _x) f (271_)3'70//1( L x)wm/h( X )x[ +( x)q ]
=F(q2) J+DY °

(66)

The second term vanishes under the transverse integral with 1?; =k L + (1 = x)g® in the Drell-Yan

frame. Now, in the longitudinal frame:

F@) jt10ng = WnPOIEROIn(P) /(PR + PF)

1 2
Fiong T ﬁ ; jo‘ o ((llx_ " f (dz:; Wik, W5, (K x)
[z +2x(1 — 2)]kR
V(I = 9x +z(1 - 0P
=F(q%)

=F(q%)

(67)

J* long *

Note that IE)’L =k, in the longitudinal frame, thus the second term vanishes since the angular integral
is zero. As with the J* current, F(0)[;x = 1 is guaranteed by the normalization of the hadron
wavefunction. At g> = 0, the terms proportional to k® in the integral would vanish since the angular

integration would be 0.

. the minus current

Using the J~ current,

F(@)|,. = WP On(P)) /(P + P'7)

: DI ey (S TN
= S§ s X 5 » X
P aml+ (1= (P2 +md) e o 221 —x) ) (@ M0 st 0 (68)

-z K P G ' B
X2 m[n’l2+(lﬂ_ +XPJ-)'(kJ_+XPJ_)],

In deriving Eq. (68), the spin flip terms vanish by exact cancellations among different spin compo-

nents. The normalization of the elastic form factor (F(0) = 1) with J~ has a nontrivial requirement on
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the wavefunctions, and this is referred to as a type of Virial theorem [19]. We can see this explicitly
in Eq. (69),
FO)] - =PI, Oln(P) (P~ + P

_;Zf = dekl B Wy R )22 + R+ 5B LY
C2PE +md) & Jo 2x(1 - x) (2n)3w”/” L W g (Koo 2l (eu + 2B

(69)

In the truncated Fock space, the light-front J~ current is not conserved and it violates the Ward-
Takahashi identity [20, 21]. The valence Fock sector is not sufficient to extract the elastic form factor

with the J~ current.

The work by H.M. Choi, H.Y. Ryu and C.R. Ji [22] implemented a replacement of the meson mass
my, by the invariant mass m% = (mz + l?i)/x + (mﬁ + l?i)/(l — x) in studying the (n", n,n = vy
transitions with a manifestly covariant model. Following the format of this treatment, we see that
restoring F(0) = 1 in Eq. (69) would require a replacement of mi — (mé + l%) /x—(1- x)ﬁi. In the
meson rest frame where B, = 0, the expression reduces to mi - (mf; + l?i) /x, suggesting to replace

the meson mass by the invariant mass of the quark, or half of the invariant mass of the meson.

To conclude, the J* and J, current components could guarantee the normalization of the elastic form
factor in the valence Fock sector, but the J~ component could not. Though the elastic form factors extracted
from the J* and the J, components are expected to be the same through a transverse boost, the valence light-
front wavefunction representation shows that the two are the same only in the Drell-Yan and the longitudinal
frames. In a practical calculation, J* and the Drell-Yan frame is often preferred, and the main advantage
of this choice is that vacuum pair production/ annihilation is suppressed [10, 23, 24]. A study on the frame

dependence of the elastic form factor of pseudoscalars using the J* current can be found in Ref. [7].

In nonrelativistic quantum mechanics, the root-mean-square charge (mass) radius is the expectation
value of the displacement operator that characterizes the charge (mass) distribution of the system. In quan-
tum field theory, no such local position operator is allowed and, instead, the charge (mass) radius of the

hadron is defined from the charge (gravitational) form factor at small momentum transfer:
(r7) = lim —6iF(q2) (70)
h 7*—0 8(]2 ’

In the Drell-Yan frame, ¢* = 0 and ¢* = —|7.|°. We can write ¢, in the polar coordinate {g, §}. With a
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change of variable, t = ¢?,

, 0 10 1
Ve ==—+—-——+—=—
" 9g*> qo0q q*06°

P ot (8t 1 9o 10
ORI
orP\dq) ~ 0t\dg*>) t0tdq t 06°
2 1 2
:4ta— +42 + 9

or " ot 1962
At the limit of g*> — 0, the first term vanishes. Since the form factor does not have angular dependence, the

third term vanishes as well. It follows that

] 1
1 = 2v2? . 72
8t =0 4 9L ( )

We can thereby rewrite the charge radius in Eq. (70) in terms of the two-dimensional Laplacian of the charge

form factor,

(73)

3
20 _ 22 2
1) = =3 Ve F@)|

We have already mentioned that the physical form factors of a hadron should receive contributions from
each constituent, F(g?) = 3 refF f(qz), where f is the constituent (anti)quark with charge ey. Though for
quarkonium, the physical form factor vanishes due to charge conjugation and we calculate the fictitious form
factor contributed from the quark only. For a charged hadron, such as 7% and proton, one should consider
its physical form factor that sums over the contributions of all constituent partons. In the following, we will
derive the contributions of the quark and the antiquark separately. As an example, the charge radius of 7+

sums over the contributions from u and d.
2 2 2
<r,r+> =Q, <rﬂ+ >u + QJ <rﬂ+ >g

3 !dx 2 1 5] I (74)
=§ Z]O‘ E fdzl’J_[g(l - x)2 + §x2 riwsj/”*(rl’x)lrlls,jﬁﬁ(’lax) .

The dimensionless fractional charge of the quark is, Q, = +2/3 for the up quark and Q; = +1/3 for the

anti-down quark.

E. Radiative transition between a spin-0 and a spin-1 mesons

The electromagnetic (EM) transition between meson states, which occurs via emission of a photon,
YA — Ypy, offers insights into the internal structure and the dynamics of such systems. The magnetic
dipole (M1) transition, which takes place between pseudoscalar and vector mesons (Y4,¥p = V,P or

P, V), has been detected with strong signals [25] and stimulates various theoretical investigations [26—30].
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TABLE 1. The formulas of extracting the transition form factor V(g?) from different current components and different
m states of the vector meson. The five independent extractions in a truncated Fock space are indicated in five different

colors: orange, green, red, blue and brown. Table adapted from Table I in Ref. [5]. See detailed derivation in Ref. [1].

2V(g?
& mj = 0 mJ = 1 mj = _1
me + mey
Jt .
2 Ik iV2IR iV2(1 - IF,
mqy AR P'RAR (mg, — (1 = 2)>m3, — PRAL)
o i1t ~iV2(1 - It —i V21,
may A (mg, — (1 = 2)>m3, — PLAR) PEAL
—iP*I —iV2P P IT iV2P* P

may(ARPL = ALPR) Pt PrR(m2, — PLAR) — P+PRm3, P'*P'Y(mZ, — PRAL) — P*Plm3,

The Lorentz covariant decomposition for the electromagnetic transition matrix element between a vector
meson (V) and a pseudoscalar () is [31], as we have derived in Sec. [ A 2,

zv(qz) é_ﬂ(lﬁ()'P
a

I, = (PP IHO) V(P m))) =
me + meqy

Phes(P',m;) (75)

where g* = P"*— P* represents the momentum transfer between the two mesons. V(g?) is the transition form
factor. mp and mq are the masses of the pseudoscalar and the vector, respectively. e, is the polarization
vector of the vector meson, and m; = 0, %1 is the magnetic projection. Writing out all possible formulas
of extracting the transition form factor V(¢?) from different current components and different m ; states of
the vector meson, one would get Table. I. To simplify the expression, we take the two variables defined in
Sec.1C,z= (P"*—P*)/P"* and A, = ¢, —zP,. The five independent extractions in a truncated Fock space
are indicated by five different colors in Table. I.

In the valence Fock sector, the five independent hadron matrix elements overdetermine the transition
form factor. In practice, the different prescriptions of extracting the same transition form factor could
provide a test of violation of the Lorentz symmetry in the calculation. But more importantly, we would like
to know if there is a preferred choice such that the result is closer to the true result that would emerge from

a full Fock space basis.
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Working in the valence Fock sector, we take the impulse approximation, in which the interaction of the
external current with the meson is the summation of its coupling to the quark and to the antiquark. The
vertex dressing as well as pair creation/annihilation from higher order diagrams are neglected. The hadron

matrix element can be written accordingly as a sum of the quark term and the antiquark term:
(PPOIJHO0) V(P m))) = eQy (PP J4(0) V(P m))) — eQs (PP T (0) [V(P,m)) (76)

Bu restoring the quark charges, the current operator reads J*(x) = e .5 Q fo(x)y”L// (x) where  ¢(x) is the
quark field operator with flavor f (f = u,d, s,c,b,1). J, and J; are the normal ordered pure quark (bTb)
and antiquark (d'd) part of J¥, respectively, where b (d) is the quark (antiquark) annihilation operator. The
dimensionless fractional charge of the quark is, Qs = Q. = +2/3 for the charm quark and Qf = Q, = —1/3
for the bottom quark. The electric charge e = V4magy. For quarkonium, due to the charge conjugation
symmetry, the antiquark gives the same contribution as the quark to the total hadronic current. So, for our
purpose, we calculate the hadron matrix element for the quark part. As such, we compute V(¢?) which is
related to V(¢?) by V(¢?) = 2le\A/(q2).

There are five groups of combinations of the current component and the magnetic projection according

to Table I.

1. Jfandm; = +1

The light-front wavefunction representation of the transition form factor reads,

‘A/|J+,mj=1(qz) _l(m\/;pﬂ CP(P)' J+(0) |(V(P, mj= 1)>
l\/_(mrv + mp) Zf f dsz_ x(1-2) a7
2x(1 -x)J @)} Vx+z(1-x)

* i=1 7 ’
X s p kL (R )

Note that the m; = —1 state would lead to the same result, considering the symmetry of the m; = +1
light-front wavefunctions. According to Eq. (77), the transition form factor can be evaluated as a
function of z and A, . It is evident from this expression that the overlapped spin components of the
two wavefunctions indicate no spin-flip (between spin-triplet and spin-singlet), which may appear

counter-intuitive for the M1 transition.

2. JRL andm; =0

Using J® and J* current components should give the same result with the m ; = 0 state of the vector
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meson. Here we present the expression derived from JX,

Vst m=0(q%)
.My + me

_l—
2m

mrv + m;D d? kJ_
" 2myAR Zf 2x(1 — ) f n)°

(PP JXO0) [ V(P mj = 0))

.7 mj=0) 7 o 2Vx(1-2) X R x(1 - 2) (78)
g {"’TW’(’“”‘WW W e I\
(m;=0) 2myz

+ *5 (]?J_, ) 5 (I?’ /)
Vrspphis W 5y (KL, X Va(l = glx +z(1 - )P

e =0 2 _ X R / x(1-2)
s Wiy (kl’X){ \/x(l—z)[x+z(1—x)](kR z A z X+Z(1—x)q }}

We can further simplify the expression by taking advantage of the symmetries in the light-front

wavefunctions,
=0 =0)x* - % =
p ) = = K R ) = e ), .
0 0 - -
il Ry =L, e ) = —gip e )
This leads to a partial cancellation of the first and the third terms in Eq. (78) and reduces it to,
¢ 2
V|JR I’l’lj=0(q )
_m(v+mgozf fdzla_ 2
2may A 2x( = 0 J Q) x(1 =gl +2(1 - 0P
* i=0) 7 / * 7 i=0) 7 /
X (W35 Frs W, R KR = xRy + g o R (R X g
(80)

__lmq/+m7>f dekl 2
2myAR Jo 2x(1=x) J 27 \Jx(1 = 2)[x+2(1 — 0P

L. P (m;=0) m=0) 7
X [[503 -ysp R 007y R 3D + 0 R 0w, R 21K — xa%)
1 * 7 ( 0) ’ * 7 (m;=0) 7
+ @[l/’ﬁ/p(lﬂ_a x)l//TT‘jFlT/(V(k X ) + l/’TlflT/p(k_La x)lr//lnf;q/ (kJ_7 X )]qu] .
In the second equality, we adopt the notations of spin configurations as Y .11 = (W] £ ¥ 1)/ V2.
This would be convenient to study the non-relativistic limit. According to Eq. (80), the transition

form factor can be evaluated as a function of z and A .

. JRIL and mj ==+l
According to our discussion, these four choices should give the same result based on the symmetry in
the transverse plane. However, this “equivalence” is not very explicit in the light-front wavefunction

representation, and we see two pairs of choices.
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The first pair contains these two extractions: (JX and m ;=1)and (JE and m i=-1).
Vs m=1()
i(may + mp) R
=—————— (PP J;(0) V(P ,mj = 1))
V2P/RAR !
l(mrv + mp) Zf f dsz_
\/‘ PrRAR 2x(1 -0 J @2n)?
X {w* R, xR, X 2 (KR + (1 = VAR + [x + 2(1 — 0IP'F) e
TP sy T T = 9k + 2 = 0]
2myz

0k, DR X
"bl /P )“st/(V X \/x(l—Z)[X"'Z(l_x)P
22D 4y 41— o) —xAR>}-

VIx+z(1 =0

« 7 (m;=1) 7
+ g plk, W o, (K, X))

Unlike extracting the transition from factor with the first two choices as in Eqs. (77) and (80), fixing
the values of z and A, could not uniquely determine the transition form factor in Eq. (81). There is
an extra dependence on the transverse momentum, P, or equivalently on P, or G.. This implies

that the transition form factor extracted this way is not invariant under the transverse boost.

The second pair contains (JR and m; = —1) and (JE and mj=1).
0 2
V|JR,m_,~=—l(q )
ivV2(1 -2)

R ' =
w2 — (L= zpm2, — prar OOV ms = =1)

~ iv2(1 - 2) Zfl dx fd%
= (1= 22md, - (1 = PR = ARAL 4 Jy 2x(1 =) ) 2

x {w}‘s/p(la, DU R xR + (1= AR + [x+ 2(1 = 01"

(82)

2myz
V(1 = 2)lx +z(1 = 0P
(mj=-1)

+ sy, 0y R X KR + x(1 = )P - xAR>}

* e 1
R (IS N (A D)

This formalism of extracting the transition form factor also has the problematic dependence on P,

and is therefore not used in practice.

4. J andm; =0
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In this combination, the light-front wavefunction representation of the transition form factor reads,

. —lP+ dsz_ 1
Vig-m=0(q) =
|7=m;=0(q") ey (ARPL — ALPR)Zf 2x(1—x)f(27r)3 \/W

* i=0) 2 , )y
X |03 R i e R + )R+ & PRYGE + xPP))

(m;=0) (83)

+ s K, 0 R X mg (K" + xP" = K = 5 Py
% 7 i=0) 7 ’ ’ /D’
g p R W R 3 g (K 4+ 3 PR — K — PR

+ W5y 00570, R Xy + (K 4+ X PR + 5P

We can simplify this expression by applying the symmetries in the light-front wavefunctions in

Eq. (79).

i ! 2 N
Vl]’,m:O(qz) = R Ll L pR Zf f : ké Al
/ may(ARPY — AL PR) = Jo 2x(1 — x) 2n)’ x[x + z(1 = x)]3
X |W3 5B W R 2K + X PR + xP) = (K + X PR + xP)]

# Uy R W) R X Y20 R 4 xP = K = P

(84)

As in Eq. (81), fixing the values of z and A, could not uniquely determine the transition form factor
in Eq. (81). There is an extra dependence on the transverse momentum of the initial state, ﬁl This

implies that the transition form factor extracted this way is not invariant under the transverse boost.

5. JTandm; = 1
With this combination, we see the extra dependence of the transition form factor on the transverse

momentum, again,

_ + p7+ 2
e T
M j P’+P’R(m§20 _ PLAR) — P+PRiy 2 2)6(1 _ x) (27’(’)3 ,P,+xP+

X |03 R Wi R ) m? + (R + X PRYKE + xPh)]

(m;=1) (85)

+ gb’T‘E/P(]gJ_’ x)'ﬁlf/:v (lzj_, x/)mq(kL + XPL - k/L —_ X/P/L)
* 7 =1 7 ’ ’ ’ p’
+ (ke x)l/’(T’?j(V '®, x Ymg (k™ + x' PR — kR — xPR)
(mj=1)

- = - 2 L L R
+ gk, W Lo, (R, X [mg + (K + X PEYKR + xPR] |
To summarize, only two combinations of the current component and the magnetic projection of the vec-
tor meson could unambiguously extract the transition form factor from the valence hadron matrix element:

they are 1% JR/L7mj:0(q2) in Eq. (78) and V| j+,mj=i1(q2) in Eq. (77). The other choices are not invariant under
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the transverse boost, and are therefore not very useful for calculating the transition form factor. The work
in Ref. [2] compared the two choices, and found that V| ]R/L’mj:O(qz) is preferred, at least for heavy mesons,
since it employs the dominant spin components of the light-front wavefunctions and is more robust in prac-
tical calculations. For the study on the frame dependence of the transition form factor, one might find Ref.

[3] interesting.

Appendix A: Conventions
1. Light-Front coordinates

0 3

The contravariant four-vectors of position x* are written as x* = (x*,x7, xl,xz), where x* = a2V + x

0 _ x3 is the longitudinal coordinate, and ¥, = (x', x?) are the transverse

is the light-front time, x~ = x
coordinates. We sometimes write the transverse components with subscript x (y) in place of 1 (2), for
example 7, = (r,r”). For an arbitrary transverse vector 4 L(lz’i), define its complex representation as
KR =k + ik (k" = k* - k).

The covariant vectors are obtained by x, = g, x”, with the metric tensors g,, and g"”. The nonzero

components of the metric tensors are,

- - 1 i .
g =¢g"=2 8+- =8+ =3 g =gi=-1G=12). (AD)
Scalar products are
1 >
a-b=d'b,=a"by +a b_+a'b +a’hy = @b +a bt =d. by (A2)
Derivatives are written as
0 0 1 0 0 1
0y = — = ==0, 0-=—-= ==9". A3
T ooxt T 20x. 277 ox~  20x, 2 (A3)
We define the integral operators
| R B A e
3—+f()€)=4—l e(x =y )f0o)., (A4)
1 2 1 + 00
5] fer=g [ =i, (A5)
0 8 J o
Here, the antisymmetric step function
0
e(x) = 0(x) — 0(—x) , 2(;) =24(x) . (A6)

with the step function 6(x) = 0(x < 0); 1(x > 0). It follows that |x| = xe(x).



[Exercise] For the exponential function, check the following relation,

I .. I _.
e lk,x__e zk,\'

ot k*

The Levi-Civita tensor is

+1, if u,v,p, o is an even permutation of —, +, 1,2
if u, v, p, o is an odd permutation of —, +, 1,2
0, other cases

in which g = detg,, = —%.

The full four-dimensional integral is

1
fd4x= fdxo dx' dx?dx® = Efder dx d%x, = fd3xdx+ ,

where we also define the volume integral as

1
fd3x = fdx+ d’xt = 3 fdx_ d’xt .

In the momentum space, the Lorentz invariant integral is,

d* o 1 (dptdp d? o
f P gpems(p p - - m?) == f L5 T PL g\ oms(ptp — R - md)

2n)* 2 @n)!
dsz_ dp+ +

= | ——L 9
f (2n)*2p* »)

The Fourier transform of a function f(7,) and the inverse transform are defined as

() = f dz&efﬁfﬂf(ﬁ) Ff(BL) = f dPRLe PET f(7))
1 (271')2 1) 1 1 1) -

The Dirac deltas read

f PR P = 2m)P (L), f BpLePTe = Q264 FL) .
2. 7y matrices

The Dirac matrices are four unitary traceless 4 X 4 matrices:

0 0 —i ., |00 _ |0 -2 . |6t 0
= ﬁ = . ’)/ = N ’)/ = N ’}/ = . .
i 0 2i 0 0 0 0 g

24

(A7)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(A14)
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They are expressed in terms of the 2 X 2 Pauli matrices,

0 —i 0 -1
6=’ = , P =-0l= : (A15)
i 0 -1 0

Note that y° = y* — 0. It is also convenient to define y® = y! + iy? and y* = y' + iy?. The chiral matrix is

¥ = iy%'y?y3. Some useful relations,
Yy = =yt Yy =Y =iyt (A16)
Y =y Wy =280 (A17)
o =y, (a/])2 = (012)2 =1, a'a®=-a'd? (A18)

Combinations of Dirac matrices as projection operators,

1 - 1 1
Ai — Zytyi — Eyo,yi — 5(110'3) ) (Al9)

They have the following properties,

At +A =1, (AH =AT, A*AT=0, (AH =A%,

. . (A20)
alAi:A$a,l, ,)/OAi:A¢,yO'
Appendix B: Spin vectors
We use the following spinor representation, The u, v spinors are defined as,
U(p. A= 2y = = (5", 0,img ip* = p)"
’ 2 \/p_"' s Vs q° ]
11 + o1
u(p’/l - _5) - \/p—+(0’p , LD _p)9lmq) )
B1)
R N L (
u(p9/l = E) = \/p—+(mq,p - lpy’ _lp aO) >
_ 1 1 .y 4+
M(p,/l - _5) - \/p—+(_p - lp)’mqao, —ip ) )
and
Wpod = ) = ——(p*,0.—imyuip* — p)T
] 2 \/p_+ s Vo q»s s
1 1 . .
vpd=—5)= \/1?(0’ p*.—ip* = p’ —imy)"
| | (B2)
‘_}(py/l: 5): \/p—+(_m£1’px_ipy7 _ip+90) >
1 .
‘_)(py/l = __) = (_px —ip, mtpo’ _lp+)



Define the spin vector for the massive spin 1 particles with momentum &* and spin projection A:

k+ ]?%_—mz EJ_

k,A=0)=(—, , —
“ )=( m mkt " m )
2et -k
ek, A= £1) = (0.~ €})
where € = (1, +i)/ V2 and m is the mass of the particle.
The polarization vectors for gluon are defined as
2et K
ek, A= £1) = (0.~ €})

where e = (1, +i)/ V2.

Spin vector identities

e Proca equation: k,et(k,1) = 0.
e Orthogonality: e/ (k, A)e, (k, ') = =615 .

e Crossing symmetry: ¢;(k, 1) = e, (k, - ), e (=k, 1) = (=D et (k, )

1. QCD color space

The specification of the quark state in the color space is by a three-element column vector c,
1 0 0
c=]0| forred, |1| forblue, |0| for green.
0 0 1

We use the standard basis for the fundamental representation of SU(3), i.e. the Gell-Mann matrices,

010 0 -i 0 1 00
Wzlloo, ﬂ=1ioo, ﬁ=10—10,
2 2 2
000 000 00 0
001 00 —i 000
T4=1()00, 5=l 00 0], T6=l()01.
2 2 2
100 i 00 010
00 0 100
1 1
T"=-l0o0 =], T®=——=]01 0
2 243
0i 0 00 -2
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In the matrix notation, A¥ = T“A% with the gluon index a = 1,...,8. The color matrix element A‘C‘ v =
TiAa
%Ag CAR A AR A A
A = % A +iAY %A’S‘ - A A —iAD] (B8)
AL LAl AR A -%Ag

2. Discrete symmetries

Consider a particle state with momentum p* and parity P,

Pl¢(p*, P)) = Plp(Pyp", P)) . (B9)
The parity operator is

+1

Ph= (P = . (B10)

The current operator under the parity transformation is
PP =Ph . (B11)
For the polarization vector,
HP -k, A) = -Phe’(k, ) . (B12)
Consider a particle state with charge conjugation C (if there is one),
Clp(p",C)) = Clg(p",C)) . (B13)
The current operator under the charge conjugation is

clre=-J4. (B14)
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