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Motivation

@ Spinfoam theory is a covariant approach of LQG

@ Spinfoam amplitude defines transition amplitude of LQG states.

@ Main challenge: the difficulty of computing spinfoam amplitude =—> Recent progress in

numerics on spinfoam models
= sl2cfoam based on 15j + boosters (pona, ranizza, sarmo, speziale, Gozzini 2018-2023]
w Spinfoam renormalization zan:, pittich, steinhaus, 2016-2023)
w Effective spinfoam model (asante, bittrich, Haggard, 2020-2023)
w Lefschetz thimble, Monte-Carlo [Steinhaus 2024, Dona, Frisoni and Vidotto, 2023, Han, Huang, Liu and DQ, 2020-2021]
w Complex critical point and asymptotic eXxpansion (uan, tuang, Liv, D0, 2020-2024]
@ The method of complex critical points: A generalized stationary phase approximation of
spinfoam amplitude
w Numerical algorithm of constructing boundary data and real critical point

w Deformation of boundary data and computing complex critical points
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Motivation

Application of complex critical point method

@ The semiclassical analysis of spinfoam quantum gravity: Look at the large-j behavior:
area

&

[Asante, Bahr, Barrett, Bianchi, Bonzom, Conrady, Ding, Dittrich, [jona, Engle, Freidel, Gozzini, Haggard, Han, Hellmann, Huang, Kaminski, Kisielowski, Liu, Livine, Magliaro, Perini, Pereira,

~y\/Jj(j+ 1), area> f]f

Riello, Rovelli, Sahlmann, Sarno, Speziale, Zhang, etc.]

Barbero-Immirzi parameter
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Motivation

Application of complex critical point method

@ The semiclassical analysis of spinfoam quantum gravity: Look at the large-j behavior:
area

&

[Asante, Bahr, Barrett, Bianchi, Bonzom, Conrady, Ding, Dittrich, [jona, Engle, Freidel, Gozzini, Haggard, Han, Hellmann, Huang, Kaminski, Kisielowski, Liu, Livine, Magliaro, Perini, Pereira,

~y\/Jj(j+ 1), area> fg

Riello, Rovelli, Sahlmann, Sarno, Speziale, Zhang, etc.]

Barbero-Immirzi parameter

@ Extract properties of effective theory from the spinfoam amplitude in the large-j regime.

@ New development: understanding of quantum cosmology from spinfoam theory, investigate the

effective dynamics of cosmology from the large-;j spinfoam amplitude.

Dongxue Qu (Perimeter Institute)

Covariant LQG Loops’24@Florida 5



Outline

® Motivation

@ Spinfoam overviews

® Real and complex critical point
w Numerical algorithm of constructing boundary data and real critical point
w Computing complex critical points

® Cosmological dynamics from spinfoam with scalar matter

Dongxue Qu (Perimeter Institute)

Covariant LQG Loops’24@Florida 6



Spinfoam overview

&

Dongxue Qu (Perimeter Institute)

Covariant LQG Loops’24@Florida 7



Spinfoam

Covariant path integral formulation of Quantum Gravity (QG):

hf Lf d4x —gR
Z(hy, hy) =J Dlgled v :
hi

Summing over histories of 3-geometries:

Inspired by [F. Vidotto, Loops’24 Summer School ], [E. Livine, 2024], [C, Rovelli, F. Vidotto, 2014]
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Covariant path integral formulation of Quantum Gravity (QG):

hy L[ g d*x/—gR
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hi

Summing over histories of 3-geometries: Adapt into LQG framework:
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Zf: 3-dim
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2 3-dim

Sub spin-netiork
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Spinfoam

Covariant path integral formulation of Quantum Gravity (QG):

hy Ly d*x/=gR
Z(hf,h,->=J a1gled <V
h;

Summing over histories of 3-geometries: Adapt into LQG framework:

Quantum 3-geometry = Spin-network state (I, j;, 7,)
Sub spin-network

@ Spins j; € irrep[SU(2)]

2g 3-dim @ Intertwiners i, € Inv[V; ® - ® V]

LQG Hilbert space on graph I

%F — L2 <SU(2)# of |inkS/SU(2)# of nodes)
M : 4-dim

Nodes: quantum polyhedron (quantum number i,)

Links: quanta of area (quantum number j;)

2;: 3-dim i

Sub spinne y ork

Inspired by [F. Vidotto, Loops’24 Summer School ], [E. Livine, 2024], [C, Rovelli, F. Vidotto, 2014]
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Spinfoam

Sub spin-network S, = (I, jlf, inf)

.
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Sub spin-network

Si = (Fp jll-a lnl)

Inspired by [F. Vidotto, Loops’24 Summer School ], [E. Livine, 2024], [C, Rovelli, F. Vidotto, 2014]
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Spinfoam

Histories of spin-networks = Spinfoam

Sub spin-network S, = (Ff, jlf, inf)
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Sub spin-network

Si = (F17 jli’ lnl)

Inspired by [F. Vidotto, Loops’24 Summer School ], [E. Livine, 2024], [C, Rovelli, F. Vidotto, 2014]
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Spinfoam

Histories of spin-networks = Spinfoam

Sub spin-network Sf = (Ff, jlf, i, ’

Sub spin-network
Si = (T Jyp i)

Spatial imprint
Link /
Node 7

Transition

Inspired by [F. Vidotto, Loops’24 Summer School ], [E. Livine, 2024], [C, Rovelli, F. Vidotto, 2014]

Dongxue Qu (Perimeter Institute)

Covariant LQG

Spinfoam cell
Face f
Edge ¢

Vertex v

[E. Livine, 2024]

Algebra Geometry
Spin J; Area
Intertwiner i, Volume
Amplitude A 4d event

Loops’24@Florida 9



Spinfoam

[E. Livine, 2024]
Spatial imprint Spinfoam cell Algebra Geometry
Link !/ Face [/ Spin J; Area
Histories of spin-networks = Spinfoam Node 7 Edge ¢ Intertwiner /, Volume
Transition Vertex v Amplitude A 4d event

Spinfoam amplitude: A(Z*, S;, Sr)

%

2-complex Boundary 3-geometries

Sub spin

-network Sf = (Ff’ jlf’ inf

Sub spin-network

S =@ jl,-’ inl-)

Inspired by [F. Vidotto, Loops’24 Summer School ], [E. Livine, 2024], [C, Rovelli, F. Vidotto, 2014]
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Spinfoam

To study the quantum dynamics in LQG: spinfoam amplitude.

[M. Han, DQ, et al 2023]
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Spinfoam

To study the quantum dynamics in LQG: spinfoam amplitude. 4-simplex ‘ x

H »

R N

Discretized Spacetime

Pl
) A 4
<
[M. Han, DQ, et al 2023]
Dongxue Qu (Perimeter Institute) Covariant LQG Loops’24@Florida 10



Spinfoam

To study the quantum dynamics in LQG: spinfoam amplitude.

(Xps 1| X, 1) = deN—l dxy_g - dxy (X, te| Xy_ g v )1 Ivey [ Xves vea) -+ - (s 1 | X0, 1)

[M. Han, DQ, et al 2023]
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Spinfoam amplitude

A spinfoam = (F*, j;, i,) 4-simplex
4-d triangulation % 2 - complex A
4-simplex & Vertex vy
Tetrahedron £ Oriented edge ¢
Triangle ¢ Oriented Face  f
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Spinfoam amplitude

A spinfoam = (F*, j;, i,) 4-simplex
4-d triangulation % 2 - complex A
4-simplex & Vertex vy
Tetrahedron £ Oriented edge ¢
Triangle ¢ Oriented Face  f

‘ —p SU(2) spins j;
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Spinfoam amplitude

A spinfoam = (F*, j;, i,)

4-simplex ‘
4-d triangulation % 2 - complex A
4-simplex & Vertex vy
Tetrahedron £ Oriented edge e H

Triangle ¢ Oriented Face  f

€
0, o

e
&2 .
F*
5

—  SU(2) intertwiner i,
I, € InV[ij1 R V]}“n]
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Spinfoam amplitude

A spinfoam = (F*, j;, i,)

4-d triangulation % 2 - complex A
4-simplex & Vertex vy
Tetrahedron £ Oriented edge ¢
Triangle ¢ Oriented Face  f
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Spinfoam amplitude

A spinfoam = (F*, j;, i,)

4-simplex ‘
4-d triangulation % 2 - complex A
4-simplex & Vertex vy
Tetrahedron £ Oriented edge e H

Triangle ¢ Oriented Face  f

€
0, o

e
&2 .
F*
5

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jrde S v
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Spinfoam amplitude

A spinfoam = (F*, j;, i,)

4-simplex ‘
4-d triangulation % 2 - complex A
4-simplex & Vertex vy
Tetrahedron £ Oriented edge e H

Triangle ¢ Oriented Face  f .

e
&2 .
F*
5

€
0, o

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jrde S v

Api) =Tr (@, 1,®, I¥)

outgoing e incoming ¢’
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EPRL spinfoam model
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EPRL spinfoam model

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jpde  f v

Api) =Tr (@, 1,®, 1)

l

1,is SL(2,C) intertwiner determined by SU(2) intertwiner i,

Dongxue Qu (Perimeter Institute)
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EPRL spinfoam model

Dongxue Qu (Perimeter Institute)

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jpde  f v

Api) =Tr (@, 1,®, 1)

l

1,is SL(2,C) intertwiner determined by SU(2) intertwiner i,

y SU(2) unitary irrep.] [SL(Z,C) unitary irrep.]
: . —

Jr (p. k) = (Vi Jy)

Y ljm) = yj. js j.m)
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EPRL spinfoam model

Dongxue Qu (Perimeter Institute)

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jpde  f v

Api) =Tr (@, 1,®, 1)

l

1,is SL(2,C) intertwiner determined by SU(2) intertwiner i,

y SU(2) unitary irrep.] [SL(Z,C) unitary irrep.]
: . —

Jr (p. k) = (Vi Jy)

Y ljm) = yj. js j.m)

_ pl -
I, =Pgyinc)° Y(,)
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EPRL spinfoam model

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jpde  f v

> A (jp i) = Tr ( ®,1®, 1;)

l

1,is SL(2,C) intertwiner determined by SU(2) intertwiner i,

y SU(2) unitary irrep.] [SL(Z,C) unitary irrep.]
: . —

Jr (p. k) = (Vi Jy)

Y ljm) = yj. js j.m)

I,=PM™ _ oY(@,)

Dongxue Qu (Perimeter Institute)

SL(2,C)
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EPRL spinfoam model

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)
Jpde  f v

> A (jp i) = Tr ( ®,1®, 1;)

l

1,is SL(2,C) intertwiner determined by SU(2) intertwiner i,

y SU(2) unitary irrep.] [SL(Z,C) unitary irrep.]
: . —

Jr (p. k) = (Vi Jy)

Y ljm) = yj. js j.m)

I,=PM™ _ oY(@,)

Dongxue Qu (Perimeter Institute)

SL(2,C)

A,(Js» i,): EPRL vertex amplitude
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EPRL spinfoam model

Spinfoam amplitude: A = Z H W( jf)HAv( Jps i,)

Jple  f v
> A (i) = Tr( ®,1®, I:t)

l

1,is SL(2,C) intertwiner determined by SU(2) intertwiner i,

v SU(2) unitary irrep.] [SL(Z,C) unitary irrep.]
: . -
Jr

(p. k) = (Vi Jy)

Y ljm) = yj. js j.m)

Sub spin-network

I,= ngiv(z’c) o Y(i,)

A,(Js» i,): EPRL vertex amplitude

m = A(K*,S,S))

Spinfoam ampli

N ‘
---%--- “‘
o
- m(y ==

EPRL Spinfoam amplitude:

A=Y [dmGp[TAGr i
Jple [ v _

- g Finite by removing SL(2,C) gauge freedom
Sub spin-netivork -
Dongxue Qu (Perimeter Institute) Covariant LQG
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EPRL model and Hnybida-Conrady extension model

Path integral formulation of spinfoam amplitude:

A(K) = Z Hdim( i) ‘ [dX JeSUnXT,

Unt h

s=¥s. s=Y (Svef +Sve,f> .

(e,

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han, 2013], [Barrett et al, 2010]
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EPRL model and Hnybida-Conrady extension model

Path integral formulation of spinfoam amplitude:

A(K) = Z Hdim( i) ‘ [dX JeSUnXT,

Unt h

- {cfpf SU(2) spinor S = Z Sv’ Sv = Z (Svef + Syg’f) .

&7 SU(1,1) spinor (e.e’)

@ Half-edge action‘%\for spacelike face (EPRL model + Hnybida-Conrady extension model):

Kyef T €e —Kpef +€e
. z 1
sveﬁf{zm (g 2)) (175 e gz zw]}, g mgte,

’ (mef<Zvef’ éf))

@ Half-edge action Svef for timelike face (Hnybida-Conrady extension model):

Kyef

<l:’ Zvef) 4 + +
N - ;Kvef In ((le ’ Zvef><Zvef’ lef>> . (2)

S . =j|2In
vef 'f
<Zvef’ 12]-‘>

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han, 2013], [Barrett et al, 2010]
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EPRL model and Hnybida-Conrady extension model

Path integral formulation of spinfoam amplitude:

A(K) = Z Hdim( i) ‘ [dX JeSUnXT,

Unt h

By {ép/‘ SU(2) spinor S= Z Sys S, = Z (Svef + Sve’f) .

of = &7 SU(1,1) spinor v (e,
@ Half-edge action‘%\for spacelike face (EPRL model + Hnybida-Conrady extension model):

Kyef T €e —Kpef +€e
. z 2 = 1
svﬁf{zm (gl 2) T (molZupid) T |+ () gtz zw]}, 2o —gte, O

@ Half-edge action Svef for timelike face (Hnybida-Conrady extension model):

Kyef

< vef)
<Zvef’ ef>

1

S,r =J; |21 ~ kI ((1;,zvef><zvef,le;>) . @

Boundary data: spins jj, (face areas), and SU(2) spinors &,, or SU(1,1) spinors §+ lJr (tetrahedron face normals).

Integration variables X: g,, € SL(2,C), Z,f € CP! and (may include) SU(1,1) spinors §+, le}

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han, 2013], [Barrett et al, 2010]
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EPRL model and Hnybida-Conrady extension model

Path integral formulation of spinfoam amplitude:

A(K) = Z Hdim( i) ‘ [dX JeSUnXT,

Unt h

N {‘i/‘ SU(2) spinor S=2.5. 8= (Sfo + Sw) '

of = &7 SU(1,1) spinor v (e,
@ Half-edge action‘%\for spacelike face (EPRL model + Hnybida-Conrady extension model):

Kyef T €e —Kpef +€e
. z 2 = 1
sveﬁf{zm (gl 2) T (molZupid) T |+ () gtz zw]}, 2o —gte, O

@ Half-edge action Svef for timelike face (Hnybida-Conrady extension model):

Kyef

< vef)
<Zvef’ ef>

1

S,r =J; |21 ~ kI ((1;,zvef><zvef,le;>) . @

Boundary data: spins jj, (face areas), and SU(2) spinors &,, or SU(1,1) spinors §+ lJr (tetrahedron face normals).

Integration variables X: g,, € SL(2,C), Z,f € CP! and (may include) SU(1,1) spinors §+, le}

Path integral formulation of spinfoam amplitude is important to semi-classical analysis.

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han, 2013], [Barrett et al, 2010]
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@ Real and complex critical point

w Numerical algorithm of constructing boundary data and real critical point

Dongxue Qu (Perimeter Institute)
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Numerical algorithm of constructing boundary data and critical point

4-simplex %‘\
\
MSY,
arXiv: 2404.10563 . ‘

M. Han, H. Liu, DQ (2024.04)
https://github.com/dqu2017/Real-and-Complex-Critical-Points

Dongxue Qu (Perimeter Institute)
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https://arxiv.org/abs/2404.10563

Real critical point of vertex amplitude

\ @ >
h A
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Real critical point of vertex amplitude

@ To probe the large-j regime, we scale spins j, — A, with4 > 1,

v @ >
h A
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Real critical point of vertex amplitude

@ To probe the large-j regime, we scale spins j, — A, with4 > 1,

Av(ﬂ-]f’ Eef’ le?) = J[dgvedZVf] e/ISv

4-simplex
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Real critical point of vertex amplitude

@ To probe the large-j regime, we scale spins j; — 4j; with A>1,

Av(ﬂ-]f’ Eef, le?) = J[dgvedZVf] e/ISv .

@ Applying the stationary phase approximation:
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Real critical point of vertex amplitude

@ To probe the large-j regime, we scale spins j; — 4j; with A>1,

Av(i-]f’ 5@f’ le_?) = J[dgvedZVf] e/ISv .

@ Applying the stationary phase approximation:

6,5, =0,5,=0, Re(S,)=0. Thesolution is called (real) critical point.
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Real critical point of vertex amplitude

@ To probe the large-j regime, we scale spins j; — 4j; with A>1,

Av(i-]f’ 5@f’ le_?) = J[dgvedZVf] e/ISv .

@ Applying the stationary phase approximation:

6,5, =0,5,=0, Re(S,)=0. Thesolution is called (real) critical point.

Stationary phase analysis of spinfoam: critical points = Discrete geometries [Barrett et al, 2010]

4-simplex ~—
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Real critical point of vertex amplitude

@ To probe the large-j regime, we scale spins j; — 4j; with A>1,

AV(/I-]f’ 5@f’ le_?) = J[dgvedZVf] e/ISv .

@ Applying the stationary phase approximation:
6,5, =0,5,=0, Re(S,)=0. Thesolution is called (real) critical point.
Stationary phase analysis of spinfoam: critical points = Discrete geometries [Barrett et al, 2010]

Practical viewpoint for physical scenario

4-simplex ~

Discrete geometries = boundary data and critical points ’ ’
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Dongxue Qu (Perimeter Institute)



Boundary data and critical point

[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0), P,=1(0,0,0,1), P3=(0,0,11),
1
P,=(0,1,1,1), Ps=(=,1,1,1).
Squared edge lengths: sl.z. < 0 — timelike edges; 11 7 34 g ) 3 (2 )
! s2=(123,—12,~1,>, - =
X l] 99ty 4 9 Loss sl 4 ) 4
sizl- > (0 — spacelike edges.
Py
P ‘Pg{
Py 3 Py
P m L’
P
Ps
Ps
P3
s
Py
P3
Py Ps Py P3
[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0, P,=(00,0,1), P3=(00,11),
Py=(0,1,1,1), Ps=(=,1,1,1).
Squared edge lengths: sl.zj < 0 — timelike edges; < 11 7 34 g P ( )
=1{12,3,—,1 2,
l]

sizl- > (0 — spacelike edges.

(4—d normal outgoing normalized vector N,,

sign(e;) < 0 — spacelike tetrahedron;

sign(e;) > 0 — timelike tetrahedron.

%.«
D7)
: £\

sign(e;)) = (+1,+1,-1,-1,-1)

[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0, P,=(00,0,1), P3=(00,11),
pPy=(0,1,1,1), Ps=(=,1,1,1
Squared edge lengths: sl.zj < 0 — timelike edges; < 11 7 34 g P ( ).
=1{12,3,—,1 2,
l]

sizl- > (0 — spacelike edges.

(4—d normal outgoing normalized vector Nve>
sign(e;) < 0 — spacelike tetrahedron;

sign(e;) > 0 — timelike tetrahedron.
(Dihedral angles 8, , of N,, and N, e) ‘ V

sign(e;)) = (+1,+1,-1,-1,-1)

ﬂ<

N ve5
veéy
[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0, P,=(00,0,1), P3=(00,11),
pP,=(0,1,1,1), Ps=(=L1,
Squared edge lengths: sl.zj < 0 — timelike edges; < 11 7 34 g P (2 D
=1(12,3,—,1, 2
l]

sizl- > (0 — spacelike edges.

(4—d normal outgoing normalized vector Nve>
sign(e;) < 0 — spacelike tetrahedron;

sign(e;) > 0 — timelike tetrahedron.

(Dihedral angles 8, , of N,, and N, e)

(SO(I,S) group elements A, and SL(2,C) solution gve> I M

sign(e;)) = (+1,+1,-1,-1,-1)

N, ref
Oey.eo

V€
vey 5

[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0, P,=(00,0,1), P3=(00,11),
P = 01 l ’ 1 b 1 b P - > 9 B
Squared edge lengths: sl.zj < 0 — timelike edges; 11 7 34 g ) 3 (2 D
=1(123—,1,2,—,1,—, — —
u < 4’ 4 > N,

sizl- > (0 — spacelike edges.

vey

Pq
Py Py

(4—d normal outgoing normalized vector N,,

sign(e;) < 0 — spacelike tetrahedron;

sign(e;) > 0 — timelike tetrahedron.

(Dihedral angles 8, , of N,, and N, e)

’/

SO(1,3) group elements A, and SL(2,C) solution g,,

rjf» spacelike triangle
Ar= Jp.  timelike triangle I €No’2 3 2
€1, 2
Triangle areas A, XSU(Z) or SU(1,1) spinors & fand .7 toeach face> enen =+ 1+ - 1~ 1— ]
A
N, ref
el €2
ve
vey 5
[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0, P,=(00,0,1), P3=(00,11),
P = 01 l ’ 1 b 1 b P - > 9 B
Squared edge lengths: sl.zj < 0 — timelike edges; 11 7 34 g ) 3 (2 D
=1(123—,1,2,—,1,—, — —
u < 4’ 4 > N,

sizl- > (0 — spacelike edges.

vey

Pq
Py Py

(4—d normal outgoing normalized vector N,,

sign(e;) < 0 — spacelike tetrahedron;

sign(e;) > 0 — timelike tetrahedron.

(Dihedral angles 8, , of N,, and N, e)

’/

SO(1,3) group elements A, and SL(2,C) solution g,,

yjf, spacelike triangle )
A= Jfs timelike triangle ’ Jf €No’2 p(3) 4
61 2
Triangle areas Af XSU(Z) or SU(1,1) spinors & fand of to each face> sign(e) = (+1,+ 1, 1, 1,— 1)
A
o . . N, ref
Decide triangle orientations k,, = * 1 Oc ).
ve
ve, 5
[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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Boundary data and critical point

(Start with a flat 4-simplex with 4D coordinates> Py =(0,0,0,0, P,=(00,0,1), P3=(00,11),
Py=(01,11), Ps=(3.LLD).

Squared edge lengths: sl.zj < 0 — timelike edges; < 11 7.3 1
1,2,3,—,1,2,—.1, )

l]

s

4 4

N

vey

Pq
Py Py

sizl- > (0 — spacelike edges.

(4—d normal outgoing normalized vector N,,

sign(e;) < 0 — spacelike tetrahedron;

sign(e;) > 0 — timelike tetrahedron.

(Dihedral angles 8, , of N,, and N, e)

SO(1,3) group elements A, and SL(2,C) solution g,,

yjf, spacelike triangle )
Af - jf, timelike triangle Vi No/2 p(3) A
€1, 2
. . +
Triangle areas A, XSU(Z) or SU(1,1) spinors &, and lef to each face Sign(e) = (41, 4+ 1,— 1, — 1, 1)
A
e . : N, ref
Decide triangle orientations k,; = + 1 Oey.er
{} (g\?e}_lljef, spacelike face in spacelike tetrahedron
( 2y € cp! up to a complex scaling ) Zyf *C (g‘};)_lf%}, spacelike face in timelike tetrahedron N ves Ves
(gVTe)_lle_f, timelike face in timelike tetrahedron
[J. Simao and S. Steinhaus, 2021] [P. Dona, M. Fanizza, G. Sarno, S. Speziale 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [Barrett et al, 2010]
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4-simplex action

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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4-simplex action

e

{} P4=(Oa1’171)$ Psz(%slslsl)

CFrom the 4-simplex geometry =—> Boundary data (jf, Eef, l?) and critical point (gge, z&)) P =(0,0,00), P,=(0,00,1), P3=(00,11),

el (4
e N
ey €s
[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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4-simplex action

From the 4-simplex geometry = Boundary data (jf, Eef, l;—}) and critical point (gge, sz) P =(0,0,00), P,=(0,00,1), P3=(00,11),

4& P4=(Oa1’171)$ Psz(%slslsl)

Continuous gauge freedom in S, and gauge fixing

el (4
e N
ey €s
[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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4-simplex action

From the 4-simplex geometry = Boundary data (jf, Eef, l;—}) and critical point (gge, sz) P =(0,0,00), P,=(0,00,1), P3=(00,11),

4& P4=(Oa1’171)$ Psz(%slslsl)

Continuous gauge freedom in S, and gauge fixing

!

el (4
e N
ey €s
[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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4-simplex action

From the 4-simplex geometry => Boundary data (jy, Eef, l;—}) and critical point (g2, sz) Py =(0,0,0,0), P,=(00.,0.1), P3=(00,LD,

4& P4=(Oa1’171)$ Psz(%slslsl)

Continuous gauge freedom in S, and gauge fixing

[] 1+ x\}e"'i)’\}e x\%e‘*‘i)’ge

o . . V2 V2 .
Real parametrization of integrated variables g, va> Sve = 3,03 €SLQO). 2y = (Layr+iyp) € cpl,
Aye T Dye
—_— H
\/E ve

XS?, yéi), Xy, Yyf are real numbers.

el (4
& N
. e ‘e
[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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4-simplex action

From the 4-simplex geometry => Boundary data ( j;, Eef, l;—}) and critical point (g2, sz) Py =(0,0,0,0), P,=(00.,0.1), P3=(00,LD,

4& P4=(Oa1’171)7 Psz(%slslsl)

Continuous gauge freedom in S, and gauge fixing

1+ x\}e"'i)’\}e x\%e‘*‘i)’ge

V2 V2 .
( Real parametrization of integrated variables g, va> ge=| 3 3 €SLRO), 7y = (Lxys +iy,p) € CPL
Ave T e
— Iz
\/E ve

XS?, yéi), Xy, Yyf are real numbers.

(4—simplex action Syl8ves Zyfs jf, Eef’ Ié] = S,(Xpes Yyes Xyfs yvf), ) Sy(Xper Vyeo Xyfs YVf) is a function of 44 real variables

el (4
& N
ey ‘e
[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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4-simplex action

From the 4-simplex geometry = Boundary data (jf, Eef, l;—;) and critical point (gf,)e, z&)) P =(0,0,00), P,=(0,00,1), P3=(00,11),
: P4=(0a1’171)$ Psz(%’lslsl)

Continuous gauge freedom in S, and gauge fixing

14+ x\}e"'i)’\}e x\%e‘*‘i)’ge

V2 V2 .
( Real parametrization of integrated variables g, va> Sve = 3,03 €SLQO). 2y = (Layr+iyp) € cpl,
Xye T Vye
—_— U
\/E ve

XS?, yé?, Xy, Yyf are real numbers.

(4—simplex action Syl8ves Zyfs jf, Eef’ Ié] = 5,(Xpes Yyes Xyfs yvf), ) Sy(Xper Vyeo Xpfs yvf) is a function of 44 real variables

https://github.com/dqu2017/Real-and-Complex-Critical-Points

actv = vertexaction[area, bdyxi, zvariablesall, gvariablesall, kappa, sgndet, tetnOsign, tetareasign];
actv /. crit // N // ExpandAll // Chop € e;

0. +0.6202791 el e
Y

(0. -0.9583051) -

daction = D[actv, {variablesAll}];
(daction /. crit) // N // Expand // Chop

(¢, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

: . e
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018]
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Spinfoam on a simplicial complex

((Zm >< e x A
7 A N4
K 2 a

€5 es

€3

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

> ler><el 7z A
ey

Q- >
‘ < : oy ' ‘ e ' es es
S S &1 X , e

‘ | ‘ ‘ ‘ o/ \

CStart with 4D coordinates of each 4—simp1ex> vi: P1=1(000,0), P,=(0001), P3=(00,L1), P4=(0111), P5= (%’1’1’1)'
vyl e, o, P53 =(0,1,0,1),

(23 €4

ey is a timelike tetrahedron

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

3 ley ><cel " s

Q- B =
‘ ' ,“'i : _ .. V4 ' ‘ ' € es
S ﬁ &1l X ) e,

‘ 4 A A =0 A ¢/ el

CStart with 4D coordinates of each 4—simp1ex> vi: P1=1(000,0), P,=(0001), P3=(00,L1), P4=(0111), P5= (%’1’1’1)'
vy Py =(0,1,0,1),

(23 €4

ey is a timelike tetrahedron

<Repeat the 4-simplex algorithm to construct boundary data and critical point for v, and v, separateID

@ (jfv gef’ l;'_f) and (glg)le’ Z\?]f’ g‘(’)Ze’ Z‘(’)Zf)

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

g Zk<el O 7 p i
‘ﬂl § ' ‘ ' % es

NO=IN RS g XD &
" 4 wll ‘ ‘ J ‘ €4 e 2
[ 4 2 a D "

CStart with 4D coordinates of each 4—simp1ex> vi: P1=1(000,0), P,=(0001), P3=(00,L1), P4=(0111), P5= (%’1’1’1)'
vy Py =(0,1,0,1),

ey is a timelike tetrahedron

<Repeat the 4-simplex algorithm to construct boundary data and critical point for v, and v, separateID

@ (jfv gef’ l;t) and (glg)le’ Z\?]f’ g‘(’)Ze’ Z‘(’)Zf)

CMatch face normals of e2>

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

Zlel >< ey x ) o
Q- > < » N el
Bl B NIE g g es
A g a A x ‘ “/ e ; e
«a » a B g

CStart with 4D coordinates of each 4—simp1ex> vi: P1=1(000,0), P,=(0001), P3=(00,L1), P4=(0111), P5= (%’1’1’1)'
vy Py =(0,1,0,1),

ey is a timelike tetrahedron

<Repeat the 4-simplex algorithm to construct boundary data and critical point for v, and v, separateID

@ (jfv gef’ l;t) and (glg)le’ Z\?]f’ g‘(’)Ze’ Z‘(’)Zf)

CMatch face normals of e2>

Gauge fixings

( Boundary data and critical point on the simplicial complex )

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

Zlel >< ey x ) o
Q- > < » N el
Bl B NIE g g es
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«a » a B g

CStart with 4D coordinates of each 4—simp1ex> vi: P1=1(000,0), P,=(0001), P3=(00,L1), P4=(0111), P5= (%’1’1’1)'
vy Py =(0,1,0,1),

ey is a timelike tetrahedron

<Repeat the 4-simplex algorithm to construct boundary data and critical point for v, and v, separateID

@ (jfv gef’ l;t) and (glg)le’ Z\?]f’ g‘(’)Ze’ Z‘(’)Zf)

CMatch face normals of e2>

Gauge fixings

( Boundary data and critical point on the simplicial complex ) [ > < Real parametrization g,,, z,, and 5;—;1, l:;l >

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

g Zk<el O 7 p i
‘ﬂl § ' ‘ ' % es

NO=IN RS g XD &
" 4 wll ‘ ‘ J ‘ €4 e 2
[ 4 2 a D "

CStart with 4D coordinates of each 4—simp1ex> vi: P1=1(000,0), P,=(0001), P3=(00,L1), P4=(0111), P5= (%’1’1’1)'
vy Py =(0,1,0,1),

ey is a timelike tetrahedron

<Repeat the 4-simplex algorithm to construct boundary data and critical point for v, and v, separateID

Cp-Eop 13 and (89 -2 -8 er2), )
@ Iooef> ef 195wy f72V2¢ " f S(Xpes Yves Xyfs Yyr) is a function of 91 real variables

CMatch face normals of e2>

Spinfoam action on & S[X, jb’ éeb] = S(xve, Yyer xvf, yvf’ 96/’1’ ﬁeh’ Z-:eh)’

( Boundary data and critical point on the simplicial complex ) [ > < Real parametrization g,,, z,, and 5;—;1, l:;l >

[J. Simao and S. Steinhaus, 2021], [H. Liu and M. Han, 2019], [W. Kaminski, M. Kisielowski, H. Sahlmann, 2018], [M. Han and M. Zhang, 2011], [H. Liu loops24’ summer school lecture]
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Spinfoam on a simplicial complex

https://github.com/dqu2017/Real-and-Complex-Critical-Points

actionvlv3 = Refine[ActionComplex[gvariablesall, zvariablesall], Assumptions » _Symbol € Reals] // Flatten // Total;

0. +9.52013 i
(0. +2.821524) + — 77
Y

daction = D[actionvlv3, {variablesAll}];
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Spinfoam on a simplicial complex

https://github.com/dqu2017/Real-and-Complex-Critical-Points

actionvlv3 = Refine[ActionComplex[gvariablesall, zvariablesall], Assumptions » _Symbol € Reals] // Flatten // Total;

0. +9.52013 i
(0. +2.821524) + — 77

Y
€y 2

€5 es

daction = D[actionvlv3, {variablesAll}];
€

{0, ®, ¢, 0, 0, 0, 0, 6, 0, 6, 0, 0, ®, 0, 0, 0, 0, 0, O, 0, O, O, 64
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, €3 e3 €y
o, 0, 0, 0, 0, 0, 0, 6, 0, 6, 6, 0, 6, 0, 0, 6, 0, 0, 0, 0, 0, 0O,
o, 0, 0, 0, 0, 0, 0, 6, 06, 6, 6, 0, 6, 0, 0, 0, 0, 0, 0, 0, O, O}

The algorithm of constructing boundary data and critical point can be generalized to any simplicial complex

Hypercube triangulation

A triangulation A% triangulation

«

Dongxue Qu (Perimeter Institute)
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@ Real and complex critical point
DG

w Computing complex critical points

Dongxue Qu (Perimeter Institute)
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Complex critical Points and Applications

arXiv: 2404.10563 (2023.01)
arXiv: 2404.10563 (2021.10)
M. Han, Z.Huang, H. Liu, DQ

Dongxue Qu (Perimeter Institute)
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https://arxiv.org/abs/2404.10563
https://arxiv.org/abs/2404.10563

Complex critical point

The full spinfoam amplitude on the simplicial # needs to sum over internal j:
AT =) djhjdu(g, e’ S= ) jiFign+ ), iFy(g.2.8)
Jn h b

Confusion of “Flatness Problem”: the spin foam amplitude seems to be dominated only by flat Regge geometries in the large-j regime:

5th = (0 = deficit angles (discrete curvature) 6 = O mod 4xZ/y

[Hormander, 1983] [Melin, Sjostrand, 1975]

Dongxue Qu (Perimeter Institute)
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Complex critical point

The full spinfoam amplitude on the simplicial # needs to sum over internal j:

AT =) djhjdu(g, e’ S= ) jiFign+ ), iFy(g.2.8)
Jn h b

Confusion of “FI Witoblem”: the spin foam amplitude seems to be dominated only by flat Regge geometries in the large-j regime:

$

5th = (0 = deficit angles (discrete curvature) 6 = O mod 4xZ/y

We consider the large-/ integral:
[ dN.Xﬂ()C) elS(r,x)’
K

O S(r, x) and pu(x) are analytic functions for r € U C R, x € K c RN,

O U x K is a compact neighborhood of (7, x?), x¥ is a real critical point.

[Hormander, 1983] [Melin, Sjostrand, 1975]
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Complex critical point

The full spinfoam amplitude on the simplicial # needs to sum over internal j:

AT =) d,,,jdu(g, e’ S= ) jiFign+ ), iFy(g.2.8)
Jh h b

Confusion of “FI Witoblem”: the spin foam amplitude seems to be dominated only by flat Regge geometries in the large-j regime:

$

5th = (0 = deficit angles (discrete curvature) 6 = O mod 4xZ/y

We consider the large-/ integral:
[ dN.X//l(X) e/lS(r,x)’
K

O S(r, x) and pu(x) are analytic functions for r € U C R, x € K c RN,

O U x K is a compact neighborhood of (7°, x"), x¥is a real critical point.

Im(2)
-~ -7 T~ >
<
/ Z(r) \\
525 \
[ .~
! - \,
| Re(z
\ 20 = Z(r% // 2)
\ /
N 4
\\\_’//
[Hormander, 1983] [Melin, Sjostrand, 1975]
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Complex critical point

LUz (1))

g
[ deﬂ(x)eﬂS(r,x) — (l)
K A \/ det (

—62.8(r, Z(r)) 2z

[1+001172)]

)

[Hormander, 1983] [Melin, Sjostrand, 1975]

Dongxue Qu (Perimeter Institute)
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Complex critical point

@ There exists constant C > 0 such that

[Hormander, 1983] [Melin, Sjostrand, 1975]

Dongxue Qu (Perimeter Institute)
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Complex critical point

@ There exists constant C > 0 such that
Re(S) < — C|Im©Z)|*.

[Hormander, 1983] [Melin, Sjostrand, 1975]

Dongxue Qu (Perimeter Institute)
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Complex critical point

@ There exists constant C > 0 such that
Re(S) < — C|Im©Z)|*.

e Interpolating two regimes:

[Hormander, 1983] [Melin, Sjostrand, 1975]

Dongxue Qu (Perimeter Institute)
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Complex critical point

Im(2)
~ -7 T~ ~
e Z(r) ™\
4 S
| ,’/ \
_ '\ ' Re(2)
@ There exists constant C > 0 such that \ - /I
Re(S) < — C|Im(Z) |?. A 4
. . < 7
e Interpolating two regimes: <S8 >
r=r", Re(S(°, 2(r%)) = 0, oscillatory phase .
r#r° Re(S8(r, Z(r)) < O, exponentially decaying amplitude e*Re(S) .
[Hormander, 1983] [Melin, Sjostrand, 1975]
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Complex critical point

Im(2)
~ -7 T~ ~
P Z(r) "\
/ e \
/ \
{ - "R
@ There exists constant C > 0 such that \ - // e(2)
Re(S) < — C|Im(Z) |?. " 4
. : < v
e Interpolating two regimes: <S8 >
r=r", Re(S(°, 2(r%)) = 0, oscillatory phase .
r#r° Re(S8(r, Z(r)) < O, exponentially decaying amplitude e*Re(S) .
It gives a smooth description of the asymptotics in the parameter space of r
For given A, there always exists small Im(Z) such that Re(&) is not small
[Hormander, 1983] [Melin, Sjostrand, 1975]
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Complex critical point

Im(2)
~ -7 T~ ~
< N
v Z(r) ~\
/| e \
/ \
{ - "R
® There exists constant C > 0 such that \ - // e(2)
Re(S) < — C|Im(Z) |?. " 4
. : < v
e Interpolating two regimes: <S8 >

r=r", Re(S(°, 2(r%)) = 0, oscillatory phase .

r#r° Re(S8(r, Z(r)) < O, exponentially decaying amplitude e*Re(S) .

It gives a smooth description of the asymptotics in the parameter space of r

For given A, there always exists small Im(Z) such that Re(&) is not small
https://github.com/dqu2017/Real-and-Complex-Critical-Points
GammaValue = 1/ 100;
ComplexSoln = getComplexSoln[GammaValue, Flatsoln];
[Hormander, 1983] [Melin, Sjostrand, 1975]
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Complex critical point

Im(2)
~ -7 T~ ~
< N
v Z(r) ~\
/| e \
/ \
{ - "R
® There exists constant C > 0 such that \ - // e(2)
Re(S) < — C|Im(Z) |?. " A
e Interpolating two regimes: < -
r=r", Re(S(°, 2(r%)) = 0, oscillatory phase .
r#r° Re(S8(r, Z(r)) < O, exponentially decaying amplitude e*Re(S) .
It gives a smooth description of the asymptotics in the parameter space of r
For given A, there always exists small Im(Z) such that Re(&) is not small
https://github.com/dqu2017/Real-and-Complex-Critical-Points
GammaValue = 1/ 100; JOCLLLEPN ~
ComplexSoln = getComp'LexSo'Ln[GammaValue,':flatsolp:a 5
[Hormander, 1983] [Melin, Sjostrand, 1975]
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Complex critical point

Im(2)
~ -7 T~ ~
e
v Z(r) \\
/| e \
/ \
{ - "R
® There exists constant C > 0 such that \ - // e(2)
Re(S) < — C|Im(Z) |?. " 4
: L < yr
e Interpolating two regimes: e
r=r", Re(S(°, 2(r%)) = 0, oscillatory phase .
r#19,  Re(S(r,Z(r) <0,

exponentially decaying amplitude eRe(®)

It gives a smooth description of the asymptotics in the parameter space of r

For given A, there always exists small Im(Z) such that Re(&) is not small

https://github.com/dqu2017/Real-and-Complex-Critical-Points
GammaValue = 1/ 100;

........

-------

actionDelta3 /. y -» GammaValue /. ComplexSoln // ExpandAll

-1.41654x107% + 1276.02 i

[Hormander, 1983] [Melin, Sjostrand, 1975]
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Applications: 4-simplex and A, triangulation

@ For boundary data r = r¥ = { jf, &, 1 of Lorentzian Regge geometry (tetrahedra are glued with shape matching): 2 solutions

and 2 oscillatory phases in the asymptotic: A, ~ 172 (N ' eSRegge 4 N_e‘”SRegg6> .

€
@ Forr # r¥, it leads to no solutions, and A, will be exponentially suppressed. .2
o'. 64
Dongxue Qu (Perimeter Institute) Covariant LQG Loops’24@Florida 25




Applications: 4-simplex and A, triangulation

@ For boundary data r = 1% = { jf, &} of Lorentzian Regge geometry (tetrahedra are glued with shape matching): 2 solutions

and 2 oscillatory phases in the asymptotic: A, ~ 172 (N ' eSRegge 4 N_e‘”SRegg6> .

€
. . . e
@ Forr # Y, it leads to no solutions, and A, will be exponentially suppressed. - ’
0z, is the deviation from shape matching: 6z, # 0, tetrahedra are glued with only area-matching but without shape-matching.
Re(S) Im(S)
-2 - 1 3 0%
15
-0.5
10 64
-1.0 5
(524
-1.5 -2 -1 1 2
-5
-2.0 -10
For any given A, there exists small deformation, such that the amplitude is not suppressed.
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Applications: 4-simplex and A, triangulation

@ For boundary data r = 1% = { jf, &} of Lorentzian Regge geometry (tetrahedra are glued with shape matching): 2 solutions

and 2 oscillatory phases in the asymptotic: A, ~ 172 (N ' eSRegge 4 N_e‘”SRegg6> .

@ Forr # Y, it leads to no solutions, and A, will be exponentially suppressed. .

0z, is the deviation from shape matching: 6z, # 0, tetrahedra are glued with only area-matching but without shape-matching.

Re(S) Im(S)
2 21 1 5 0%

15

-05 N
€y
-1.0 5
(524

-15 2 21 1 2

s
-2.0 10

For any given A, there exists small deformation, such that the amplitude is not suppressed.
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Applications: 4-simplex and A, triangulation

@ For boundary data r = r¥ = { jf, &, 1 of Lorentzian Regge geometry (tetrahedra are glued with shape matching): 2 solutions

and 2 oscillatory phases in the asymptotic: A, ~ 172 (N ' eSRegge 4 N_e‘”SRegg6> .

@ Forr # r¥, it leads to no solutions, and A, will be exponentially suppressed. .

0z, is the deviation from shape matching: 6z, # 0, tetrahedra are glued with only area-matching but without shape-matching.

Re(S) Im(S)
2 21 1 5 0%

15

-05 N
€y
-1.0 5
(524

-15 2 21 1 2

s
-2.0 10

For any given A, there exists small deformation, such that the amplitude is not suppressed.

Flatness problem:

° For the boundary data corresponds to a flat Regge geometry, there is a real critical point and the amplitude
gives an oscillatory phase.

° For the boundary data corresponds to a curved Regge geometry, there is no real critical points and the
amplitude is exponentially suppressed.
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Applications: 4-simplex and A, triangulation

@ For boundary data r = 1% = { jf, &} of Lorentzian Regge geometry (tetrahedra are glued with shape matching): 2 solutions

and 2 oscillatory phases in the asymptotic: A, ~ 172 (N ' eSRegge 4 N_e‘”SRegg6> .

@ Forr # Y, it leads to no solutions, and A, will be exponentially suppressed. .

0z, is the deviation from shape matching: 6z, # 0, tetrahedra are glued with only area-matching but without shape-matching.

Re(S) Im(S)
2 21 1 5 0%

15

-05 N
€y
-1.0 5
(524

-15 2 21 1 2

s
-2.0 10

For any given A, there exists small deformation, such that the amplitude is not suppressed.

e Re(S)
14
0.9
0.8
0.7 o Flat geometry @  Real critical point <= Flat geometry
0.6 ® Curved geometry @ Complex critical point <= Curved geometry

0.5

5
15x10""2  15x10°  0.00015 "
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Applications:A% triangulation

Aj triangulation has no internal edge: trivial Regge dynamics
® 1internal edges /;, = L, + 6L on double-A; triangulation: non-trivial Regge dynamics.

® The spinfoam amplitude and the splitting j-variables:
AK) = Idjhozi% (jho), . (Jh> - Jdeﬁ I1 <2zdﬂjh> J[dgdz]els_
h h

e (j ) N ew(jho) Effective action
a \Un,

changing variable j, — [}, :A(K) ~ Jdllz ¢*$(12), similar to path integral of Regge

Dongxue Qu (Perimeter Institute)

Covariant LQG Loops’24@Florida 26



Applications:A% triangulation

Aj triangulation has no internal edge: trivial Regge dynamics

1 internal edges l;, = L + 6L on double-Aj; triangulation: non-trivial Regge dynamics.

The spinfoam amplitude and the splitting j-variables:
AK) = Idjhozi% (jho), . (Jh> - Jdeﬁ I1 <2zdﬂjh> J[dgdz]els_
h h

e (j ) N ew(jho) Effective action
a \Un,

changing variable j, — [}, :A(K) ~ Jdllz ¢*$(12), similar to path integral of Regge

y =10"6

0.006
0.004
0.002

-0.010

-0.005
-0.002

-0.004

A\
\

y =1073

0.006
0.004/
0.002

—~0.010

oL

-0.005

-0.002
-0.004

—
-0.005

-5.x107°

-0.000010

-0.000015

ocss,

-0.001

-0.002

-0.003

-0.004

----- Regge Action
----- Sy at complex critical points

----- Sr at complex critical points

Regge dynamics is reproduced for small y, and gets corrections for finite y

Dongxue Qu (Perimeter Institute) Covariant LQG
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@ Cosmological dynamics from spinfoam with scalar matter

Dongxue Qu (Perimeter Institute)

Covariant LQG Loops’24@Florida 27



Cosmological Dynamics from Covariant Loop Quantum Gravity
with Scalar Matter

arXiv: 2402.07984 (2024.02)
M. Han, H. Liu, F. Vidotto, DQ and C. Zhang

Dongxue Qu (Perimeter Institute)
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Hypercube complex

. . . Periodic boundary condition
A hypercube consists of 24 4-simplices: (V{, V5, ***, Vay).

: i
= > :‘z-=_-}-z_ ) t=h 4
@ Flat hypercube: ar = a;. P
@ Curved hypercube: ay = a; —26a, déa #0 4 :
t=0 g b :;

Dongxue Qu (Perimeter Institute)
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Hypercube complex

Periodic boundary condition

A hypercube consists of 24 4-simplices: (V{, V,, ***, Vo4).

(]
]
i

@ Flat hypercube: ar = a;. P
@ Curved hypercube: ay = a; —26a, déa #0 4
(]
: 1
=0 @ ) —| 1:=0
[ PRSP
4
4

Extrinsic curvature
@ The spinfoam action with a coherent spin-network boundary state is

Ssp = SLjns X5 Jps Eep] + iz 719£f (jbf —J';?f> - iz 2’19;5)1. <jb,- —j£i> -
bj

b
f
@ The scalar field action with the coherent state as the boundary state
i 2 1 ) 2 _
Sscatar(8> @y ¢"b- > Ty, )== Z Pyy' (¢v - q)v’) T 2 Ly, — 2 <(pvb‘ - va.> Ly Ly, +
l(f) l(f) 2 b 4h v 1 i i i i

where the initial and final scalar dataare z, = ¢, +in, , Ty, = by, +inm,, .
4 4 1

Dongxue Qu (Perimeter Institute)
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Hypercube complex

Periodic boundary condition

A hypercube consists of 24 4-simplices: (V{, V,, ***, Vo4).

_ t=h
Coray—| 1T -
@ Flat hypercube: ar = a;. ol
@ Curved hypercube: ay = a; —26a, déa #0 4
i=0 @@ >—-| |
|

The spinfoam amplitude coupled with scalar matter:

Nout
J IT oz (jzo " Eops Kicy Bicry ”i(f)>’ La= [ dVx p(x) 30, S (%) = Ssp + Sseatar-
=1

@ External datar = (ai(f), Kl(f)’ ¢l(f)’ ﬂl(f))'

@ The integration variables x = {g,,, Zyfs fei;l, le";l, Ji»@,} = 1192 real variables

Dongxue Qu (Perimeter Institute)
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Numerical Result of Hypercube Complex

@ When r¥ is determined by a; = ap = 1, fixed hvalue, and K;, = ¢, = ,, = 0 = Real critical point.

@ When r = r’ 4+ 6r = Complex critical point.

ap, Ky, ¢y, 77

a;, K, ¢, ;

Dongxue Qu (Perimeter Institute)
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Numerical Result of Hypercube Complex

@ When r¥ is determined by a; = ap = 1, fixed hvalue, and K;, = ¢, = ,, = 0 = Real critical point.

@ When r = r’ 4+ 6r = Complex critical point.

ap, K, oy, 7y

Ont = O slice, initial data (a;, K,, ¢;, ;) satisfy the Friedmann equation:
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Numerical Result of Hypercube Complex

@ When r? is determined by a, = ar=1,

fixed i1 value, and K}, = ¢, = 7, = 0 = Real critical point.

@ When r = r’ 4+ 6r = Complex critical point.

an Ky §p 1 __—

Ont = h slice, the final data (af, Kf, gl)f, 7Z'f) are given with the condition:
af > a;, ¢f > ¢i’ Kf > O, ﬂ'f >0

Ont = O slice, initial data (a;, K,, ¢;, ;) satisfy the Friedmann equation:

2
a; 8nGp; 5 37?
—_ = —> Ki = —_—
a; 3 2af

1

a;, K, ¢, ;

Each sample (Kf, gbf, nf), we can find the numerical solutions to 0,8 ,(7,Z) = 0 = Z(r) is the complex critical point

Dongxue Qu (Perimeter Institute)
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Numerical Result of Hypercube Complex

The maximum of spinfoam amplitude corresponds to the Hamiltonian constraint (modified Friedmann equation)
[E. Bianchi, C. Rovelli, F. Vidotto, 2010]
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Numerical Result of Hypercube Complex

The maximum of spinfoam amplitude corresponds to the Hamiltonian constraint (modified Friedmann equation)

Re [Stot (T, Z(1))]

-0.002013
-0.002014
-0.002015

-0.002016

-0.002017

Dongxue Qu (Perimeter Institute)

0.02 0.04 0.06

¢ =101, z,=0.03

K

Re [Stot (T’, Z(T))]

[E. Bianchi, C. Rovelli, F. Vidotto, 2010]

-0.030378
-0.030379
-0.030380

-0.030381

-0.030382
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Numerical Result of Hypercube Complex

The maximum of spinfoam amplitude corresponds to the Hamiltonian constraint (modified Friedmann equation)
[E. Bianchi, C. Rovelli, F. Vidotto, 2010]

Re [Stot (Ta Z(T))] Re [Stot (T’, Z(T))]
~0.002013[0.02 0.04 0.06 Ky 0.02 0.04 0.06 0.10 012 014 0.165f
-0.030378
-0.002014
-0.030379
~0-002015 ~0.030380
-0.002016 _ _ -0.030381 _
J (,bf— 1.01, ﬂf—0.03 ¢f— 1.01,
-0.030382
-0.002017
Fixing q')f and varying 7z
2 2
Kcrit Kcrit
0.00628
0.00626 0.00626
0.00624 0.00624
0.00622 0.00622
0.00620 0.00620
0.00618 ¢f = 1.001 0.00618 ¢f = L.01
0.02 0.04 0.06 0.08 Ty 0.02 0.04 0.06 0.08 010
Dongxue Qu (Perimeter Institute) Covariant LQG Loops’24@Florida 31




Numerical Result of Hypercube Complex

The constraint equation of K and 7z is given by

K2 =a,+ 61271}2 + a3ﬂf3 + 0547rjf-l + 0(7Tf5)

crit —

For ¢, = 1.001: For ¢, = 1.01:
ap = 0.00617; ggx10-5, ¥ = 0.0133 46304105, ap = 0.006164 56x10-s, @ = 0.00690.4 35510-5,
a3 =—0.1134) 5p010-3 4 = 1.034.930,10-3 - a3 = 0.00518. gsx10-3 = 0.447 6 505103 -
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Numerical Result of Hypercube Complex

The constraint equation of K and 7z is given by

K2 =a,+ 61271}2 + a3ﬂf3 + 0547rjf-l + 0(7Tf5)

crit —

For ¢ = 1.001: For ¢y = 1.0L:
ay = 0.00617,; ggxio-5 @ = 0.0133 ¢ 30, 10-5: ap = 0.00616,; 56¢10-3, @ = 0.00690.4 35510-5»
az; = —0.1134 555103 & = 1.034,939510-3- a3 = 0.00518; gsx10-3 @ = 0.447 16 505103 -
— N 3
Compare to classical Friedmann equation K = 8z2G F:
a;
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Numerical Result of Hypercube Complex

The constraint equation of K and 7z is given by

K2 =a,+ 0:27er + a3ﬂf3 + a47rjf} + 0(7rf5)

crit —

For ¢ = 1.001: For ¢y = 1.0L:
ay = 0.00617,; ggxio-5 @ = 0.0133 ¢ 30, 10-5: ap = 0.00616,; 56¢10-3, @ = 0.00690.4 35510-5»
az; = —0.1134 555103 & = 1.034,939510-3- a3 = 0.00518; gsx10-3 @ = 0.447 16 505103 -
— N 3
Compare to classical Friedmann equation K = 8z2G F:
as

1

@ An effective scalar density p g Jl'fz terms and higher derivative terms with Jrf3 and Jr;‘ .
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Numerical Result of Hypercube Complex

The constraint equation of K and 7z is given by

2 _ 2 3 4 5
K ay + a7y + oy + oy + 0(7rf)

crit —

For ¢ = 1.001: For ¢y = 1.0
ay = 0.00617,; ggxio-5 @ = 0.0133 ¢ 30, 10-5: ap = 0.00616,; 56¢10-3, @ = 0.00690.4 35510-5»
az;=—0.113, 504103 & = 1.034,939%10-3- a3 = 0.005184) gsx10-3 g = 0.447 5 505103 -
— N 3
Compare to classical Friedmann equation K = 8z2G F:
a;

@ An effective scalar density p g Jl'fz terms and higher derivative terms with Jrf3 and Jr;‘ .

° ao(gbf) is understood as an effective scalar potential.
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Numerical Result of Hypercube Complex

The constraint equation of K and 7z is given by

2 _ 2 3 4 5
K ay + a7y + oy + oy + 0(7rf)

crit —

For ¢ = 1.001: For ¢y = 1.0
ay = 0.00617,; ggxio-5 @ = 0.0133 ¢ 30, 10-5: ap = 0.00616,; 56¢10-3, @ = 0.00690.4 35510-5»
az;=—0.113, 504103 & = 1.034,939%10-3- a3 = 0.005184) gsx10-3 g = 0.447 5 505103 -
— N 3
Compare to classical Friedmann equation K = 8z2G F:
a;

@ An effective scalar density p g Jl'fz terms and higher derivative terms with Jrf3 and Jr;‘ .
° ao(qﬁf) is understood as an effective scalar potential.

@ a, > 0 plays a role similar to an effective positive cosmological constant.
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Numerical Result of Hypercube Complex

The constraint equation of K and 7z is given by

2 _ 2 3 4 5
K ay + a7 + Q37T + oy + 0(7rf)

crit —

For ¢ = 1.001: For ¢y = 1.0L:
ay = 0.00617,; ggxio-5 @ = 0.0133 ¢ 30, 10-5: ap = 0.00616,; 56¢10-3, @ = 0.00690.4 35510-5»
az; = —0.1134 555103 & = 1.034,939510-3- a3 = 0.00518; gsx10-3 @ = 0.447 16 505103 -
— N 3
Compare to classical Friedmann equation K = 8z2G F:
a;

@ An effective scalar density p g Jl'fz terms and higher derivative terms with ﬂf3 and Jr;‘ .
° ao(qﬁf) is understood as an effective scalar potential.

@ a, > 0 plays a role similar to an effective positive cosmological constant.

@ a, # O indicates that on the final slice K_;, > K;, implying the accelerating expansion of the universe.

Dongxue Qu (Perimeter Institute)
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Double Hypercube Complex

‘Dongxue Qu (Perimeter Institute)

t=h;
@ Flat geometry: ay = a; = a,,
® Curved geometries: a; = a; = a,
....... _ Cl
! t=0 - a, =a—2éa, O<5a<5.
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Double Hypercube Complex

@ Flat geometry: ay = a; = a,,

® Curved geometries: a; = a; = a,

a, =a—2da, 0<éa<—.

@ This model consists of two hypercubes: 48 4-simplices.
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Double Hypercube Complex

c @ Flat geometry: ay = a; = a,,

® Curved geometries: a; = a; = a,

a, =a—2da, O<5a<g.

@ This model consists of two hypercubes: 48 4-simplices.

@ Make an analog of the (time-reversal) symmetric cosmic bounce.
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@ Make an analog of the (time-reversal) symmetric cosmic bounce.

@ Impose the following conditions for the initial and final data:
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Double Hypercube Complex

@ This model consists of two hypercubes: 48 4-simplices.

@ Make an analog of the (time-reversal) symmetric cosmic bounce.

@ Impose the following conditions for the initial and final data:

al-=af=a, Kfz—Kl>O, ¢f=_¢l>0’ ﬂ'f:ﬂ'l>0

‘Dongxue Qu (Perimeter Institute) Covariant LQG

c @ Flat geometry: ay = a; = a,,

® Curved geometries: a; = a; = a,

a, =a—2da, O<5a<g.
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Double Hypercube Complex

c @ Flat geometry: ay = a; = a,,

® Curved geometries: a; = a; = a,

a, =a—2da, O<5a<g.

@ This model consists of two hypercubes: 48 4-simplices.

@ Make an analog of the (time-reversal) symmetric cosmic bounce.

@ Impose the following conditions for the initial and final data:
al-=af=a, Kfz—Kl>0, ¢)f=_¢l>0’ ﬂ'f:ﬂ'l>0

® K, <0Oand Kf > (0 — contracting and expanding universes at the initial and final slices.
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Double Hypercube Complex

c @ Flat geometry: ay = a; = a,,

® Curved geometries: a; = a; = a,

a, =a—2da, O<5a<g.

@ This model consists of two hypercubes: 48 4-simplices.

@ Make an analog of the (time-reversal) symmetric cosmic bounce.

@ Impose the following conditions for the initial and final data:
al-=af=a, Kfz—Kl>0, ¢)f=_¢l>0’ ﬂ'f:ﬂ'l>0
® K, <0Oand Kf > (0 — contracting and expanding universes at the initial and final slices.

@ 4 evolves from negative to positive — a cosmic bounce occurring in the evolution.
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Numerical Result of Double-Hypercube Complex

Dongxue Qu (Perimeter Institute)
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Numerical Result of Double-Hypercube Complex

Each sample (K, ¢;, 7;), we can find the numerical solutions to 0,8 (7, z) = 0 = Z(r) is the complex critical point
Re [Stot (1, Z(1))]

K.

1

-0.010 -0.006 -0.004

-0.008

¢, =—0.025, x=0.0765

K,=-K =K

cri

Dongxue Qu (Perimeter Institute)

-0.02857

-0.0285725
-0.0285725
-0.0285725

-0.0285726

Covariant LQG

Re [Stot (7, Z(7))]

002404818
-0.04048]18

-0.0404818

K.

1

-0.010

-0.006 -0

-0.008

-0.0404818
-0.0404818

-0.0404819

-0.0404819

¢, =—0.025, x=0.09

. should have the interpretation as the quantum analog of a cosmic bounce.
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Numerical Result of Double-Hypercube Complex

Each sample (K, ¢;, 7;), we can find the numerical solutions to 0,8 (7, z) = 0 = Z(r) is the complex critical point
Re [Stot(r, Z(r))] Re [Stot(r, Z(7))]

K; K,
-0.010 -0.008 -0.006 -0.004 00.2._,_*2! -0.010 -0.008 -0.006 -0 002404818
-0.02857
-0.04048]18
-0.0285725 -0.0404818
-0.0404818
-0.0285725
-0.0404818
-0.0285725 -0.0404819
K; = — Ky = K should have the interpretation as the quantum analog of a cosmic bounce.
2 2
Kcrit Kcnt
0.00628
0.00626 0.00626
0.00624 0.00624
0.00622 0.00622
0.00620 0.00620
0.00618 ¢y =1.001 ¢ 00618 ¢r=1.01
q z I
0.02 0.04 0.06 0.08 f 0.02 0.04 0.06 0.08 0.10 "f
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Numerical Result of Double-Hypercube Complex

The constraint equation between

KZ

KZ

crit

and 7;:

crit — a2(¢i)ﬂ-i2 + a3(¢i)7[,'3 + 0‘4(451')7%4 + @(ﬂls) .

For ¢, = — 0.025:
a, = 0‘00014618.4(»(10_6’
a3 = —0.0197 15 14104 4 = 0354000133 -

Dongxue Qu (Perimeter Institute)

For ¢p; = — 0.04:

az = 0°0017Oil.56><10_5’

a3 = = 0.0571 43 4410-4

Covariant LQG

ay = 0.465,( 00190 -
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Numerical Result of Double-Hypercube Complex

The constraint equation between K (:2rit

Kczrit = a2(¢i)ﬂi2 + a3(¢i)7[i3 + 0‘4(451')77,'4 + @(7[15) .

and 7;:

For ¢; = — 0.025: For ¢p; = — 0.04:
ay = 0.000146 5 40x10-6, ay = 0.001704; 56x10-5-
a3 = —0.0197 14x10-4» @ = 0.3541000133 - a3 = = 0.0571 45 44x10-4 @ = 0.46510 00190 -

@ A modified Friedmann equation when a symmetric bounce happens.

Dongxue Qu (Perimeter Institute)
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Numerical Result of Double-Hypercube Complex

The constraint equation between K CZrit

Kczrit = a2(¢i)ﬂi2 + a3(¢i)7[i3 + a4(¢i)ﬂi4 + @(71'15) .

and 7;:

For ¢; = — 0.025: For ¢p; = — 0.04:
ay = 0.000146 5 40x10-6, ay = 0.001704; s6x10-5-
a3 = —0.0197 14x10-4» @ = 0.3541000133 - a3 = = 0.0571 45 44x10-4 @ = 0.46510 00190 -

@ A modified Friedmann equation when a symmetric bounce happens.

@ The effective scalar density p., which contains higher derivative terms with ﬂf and Jl'i4 :

Dongxue Qu (Perimeter Institute)

Covariant LQG Loops’24@Florida

35



Numerical Result of Double-Hypercube Complex

The constraint equation between K CZrit and 7;:

Kczrit = 0‘2(41’1')”1'2 + 0‘3(4’1')7[;'3 + 0‘4(451')771'4 + @(”is) :
For ¢; = — 0.025: For ¢p; = — 0.04:
a, = 0'00014618.4(»(10_6’ ay = 0'0017011.56X10_5’
a3 = —0.0197 14x10-4» @ = 0.3541000133 - a3 = = 0.0571 45 44x10-4 @ = 0.46510 00190 -

@ A modified Friedmann equation when a symmetric bounce happens.
@ The effective scalar density p., which contains higher derivative terms with 71'1-3 and Jl'i4 :

@ The scalar potential vanishes due to no constant term.

Covariant LQG Loops’24@Florida
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Conclusion

@ The numerical method of real and complex critical points is a powerful tool to study spinfoam

amplitude.

@ Our work provides a general procedure to numerically construct the critical points of the

spinfoam amplitude on the simplicial complex.
@ For the cases that real critical point is absent, we use the method of complex critical points.

@ We can use the method of complex critical points to study more physical scenario - quantum

cosmology.

@ The coupling of scalar matter to spinfoam yields nontrivial physical implications for the effective

cosmological dynamics.

@ Similar studies have been carried out to the black-to-white-hole transition. cong zhang’s taik]

Dongxue Qu (Perimeter Institute)
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Outlook

Numerical Algorithm

@ The algorithm of computing the Next-to-leading order in stationary phase approximation
[Haida Li’s talk]

@ Compare to the result of sl2cfoam based on 15j + boosters.

@ Lefschetz thimble from the complex critical point to compute spinfoam propagator on curved

spacetime

Dongxue Qu (Perimeter Institute)
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Outlook

Numerical Algorithm

@ The algorithm of computing the Next-to-leading order in stationary phase approximation
[Haida Li’s talk]

@ Compare to the result of sl2cfoam based on 15j + boosters.

@ Lefschetz thimble from the complex critical point to compute spinfoam propagator on curved

spacetime

Physical Application

@ More hypercubes along ¢-direction, leading to a more accurate representation of cosmology.

@ Develop techniques for fitting the constraint among (a; 7, Ki ) #;( ) % ) Within a higher-
dimensional parameter space.

(* ] Compare to LOC_ [A. Ashtekar, M. Campiglia, A. Henderson, 2010]
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