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Motivations

What is quantum gravity?
• What are the fundamental degrees of freedom? What is quantum geometry?
• What is the origin of black hole entropy? What are the microstates?
• What are the observables? What is the S-matrix?
• What is quantum general covariance? What are quantum reference frames?
• What are the UV and IR behaviors? What happens to singularities?
• What is the role of matter?
• What are the symmetries of quantum gravity?

Loop quantum gravity
• LQG provides partial answers to these questions

theory as we went from equation (104) to (106) in Section 6. The first step is given in the following
equation

= =

=
∑

ι

ι ῑ (149)

which follows basically from the invariance of the Haar measure (84)(in the last line we have used
(100)). More presicely, the integration of the subgroup SU(2) ∈ Spin(4), represented by the green
box on the right, can be absorbed by suitable redefinition of the integration on the right and left
copies of SU(2), represented by the red and blue boxes respectively. With this we can already
write the spin foam representation of the EPRL model, namely

ZE
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, (150)

where the vertex amplitude (graphically represented) depends on the 10 spins j associated to the
face-wires and the 5 intertwiners associated to the five edges (tetrahedra). As in previous equations
we have left the spin labels of wires implicit for notational simplicity. We can write the previous
spin foam amplitude in another form by integrating out all the projectors (boxes) explicitly. Using,
(100) we get
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• What is the role of matter?
• What are the symmetries of quantum gravity?

Loop quantum gravity
• LQG provides partial answers to these questions
• LQG takes seriously the classical structure handed to us by Einstein’s general relativity
• In particular, a strong emphasis is put on symmetries

- background independence and diffeomorphism invariance

- local Lorentz symmetry, leading to SU(2) spin network states and SL(2,C) amplitudes

• Asking what are the symmetries of gravity is more subtle and rich than it appears

- known old results (Noether’s theorem) coming back in fashion in the last ∼10 years

- what does this tell us about LQG, and what does LQG say about this?
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Motivations

What are the symmetries of classical and quantum gravity?

• Systems can admit “hidden” symmetries, e.g.

- conformal particle L = q̇2 − α/q2 and SL(2,R)
- Carter’s constant for Kerr and relation to Killing–Stäckel and Killing–Yano tensors

- solution generating symmetry groups [Geroch, Ehlers, Matzner–Misner, . . . ]

• In gauge theories (e.g. gravity) boundaries support charges and symmetry algebras

- these boundary may be at infinity (e.g. I+), finite distance (BH), or entangling surfaces

- this mechanism is key to the distinction between gauge and physical charges

- related to the non-factorization into subregions and the presence of edge modes

- the boundary symmetry groups are typically infinite-dimensional (e.g. BMS)

Natural questions arise
• Can we classify these boundary symmetry groups?
• Can we quantize/represent them?
• Which new insights do they give into classical and quantum gravity? [W. Wieland’s talk]

• Is gravity holographic (or tomographic)? [S. Raju’s talk, A. Ashtekar’s talk]Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
Conformal,  Generalized-BMS symmetry, or Corner symmetry
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The Noether current associated with the Lagrangian L is

JL
⇠ := I�⇠✓L � ◆⇠L. (4.13)

And it is given on shell by a pure corner term

JL
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⇠ + dqL
⇠ (4.14)

Example in gravity
qEH
⇠ := 1

2
r[a⇠b]✏ab (4.15)

This means that for ⇠ = @t the Hamiltonian is a corner term
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Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
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What are the symmetries of classical and quantum gravity?
• Systems can admit “hidden” symmetries, e.g.

- conformal particle L = q̇2 − α/q2 and SL(2,R)
- Carter’s constant for Kerr and relation to Killing–Stäckel and Killing–Yano tensors

- solution generating symmetry groups [Geroch, Ehlers, Matzner–Misner, . . . ]

• In gauge theories (e.g. gravity) boundaries support charges and symmetry algebras

- these boundary may be at infinity (e.g. I+), finite distance (BH), or entangling surfaces

- this mechanism is key to the distinction between gauge and physical charges

- related to the non-factorization into subregions and the presence of edge modes

- the boundary symmetry groups are typically infinite-dimensional (e.g. BMS)
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• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables
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Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
Conformal,  Generalized-BMS symmetry, or Corner symmetry
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And it is given on shell by a pure corner term
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Motivations

What are the symmetries of classical and quantum gravity?
• Systems can admit “hidden” symmetries, e.g.

- conformal particle L = q̇2 − α/q2 and SL(2,R)
- Carter’s constant for Kerr and relation to Killing–Stäckel and Killing–Yano tensors

- solution generating symmetry groups [Geroch, Ehlers, Matzner–Misner, . . . ]

• In gauge theories (e.g. gravity) boundaries support charges and symmetry algebras

- these boundary may be at infinity (e.g. I+), finite distance (BH), or entangling surfaces

- this mechanism is key to the distinction between gauge and physical charges

- related to the non-factorization into subregions and the presence of edge modes

- the boundary symmetry groups are typically infinite-dimensional (e.g. BMS)

Natural questions arise
• Can we classify these boundary symmetry groups?
• Can we quantize/represent them?
• Which new insights do they give into classical and quantum gravity? [W. Wieland’s talk]

• Is gravity holographic (or tomographic)? [S. Raju’s talk, A. Ashtekar’s talk]Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
Conformal,  Generalized-BMS symmetry, or Corner symmetry
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Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
Conformal,  Generalized-BMS symmetry, or Corner symmetry
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Motivations

What are the symmetries of classical and quantum gravity?
• Systems can admit “hidden” symmetries, e.g.

- conformal particle L = q̇2 − α/q2 and SL(2,R)
- Carter’s constant for Kerr and relation to Killing–Stäckel and Killing–Yano tensors

- solution generating symmetry groups [Geroch, Ehlers, Matzner–Misner, . . . ]

• In gauge theories (e.g. gravity) boundaries support charges and symmetry algebras

- these boundary may be at infinity (e.g. I+), finite distance (BH), or entangling surfaces

- this mechanism is key to the distinction between gauge and physical charges

- related to the non-factorization into subregions and the presence of edge modes

- the boundary symmetry groups are typically infinite-dimensional (e.g. BMS)

Natural questions arise
• Can we classify these boundary symmetry groups?
• Can we quantize/represent them?
• Which new insights do they give into classical and quantum gravity? [W. Wieland’s talk]

• Is gravity holographic (or tomographic)? [S. Raju’s talk, A. Ashtekar’s talk]Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
Conformal,  Generalized-BMS symmetry, or Corner symmetry

dAEI ⌃
= j dAj = 0 (3.11)

�↵A = dA↵ (3.12)

G↵ =

Z

⌃
dA↵

I ^ EI G↵ =

Z

@⌃
↵IEI (3.13)

[G↵, G� ] = G[↵,�] (3.14)

[EI(x), EJ(y)] = CIJ
KEK(x)�(2)(x � y) (3.15)

dAFI = 0 G̃↵ =

Z

@⌃
↵IFI (3.16)

GS ⇥ G̃S (3.17)

⌃ S (3.18)

4

Σ

dAEI ⌃
= j dAj = 0 (3.11)

�↵A = dA↵ (3.12)

G↵ =

Z

⌃
dA↵

I ^ EI G↵ =

Z

@⌃
↵IEI (3.13)

[G↵, G� ] = G[↵,�] (3.14)

[EI(x), EJ(y)] = CIJ
KEK(x)�(2)(x � y) (3.15)

dAFI = 0 G̃↵ =

Z

@⌃
↵IFI (3.16)

GS ⇥ G̃S (3.17)

⌃ S (3.18)

4

dAEI ⌃
= j dAj = 0 (3.11)

�↵A = dA↵ (3.12)

G↵ =

Z

⌃
dA↵

I ^ EI G↵ =

Z

@⌃
↵IEI (3.13)

[G↵, G� ] = G[↵,�] (3.14)

[EI(x), EJ(y)] = CIJ
KEK(x)�(2)(x � y) (3.15)

dAFI = 0 G̃↵ =

Z

@⌃
↵IFI (3.16)

GS ⇥ G̃S (3.17)

⌃ S (3.18)

4

I�⇠EEH = ✏rb⇠aGab = dCEH
⇠ CEH

⇠ = ⇠aGa
b✏b. (4.12)

The Noether current associated with the Lagrangian L is

JL
⇠ := I�⇠✓L � ◆⇠L. (4.13)

And it is given on shell by a pure corner term

JL
⇠ = CL

⇠ + dqL
⇠ (4.14)

Example in gravity
qEH
⇠ := 1

2
r[a⇠b]✏ab (4.15)

This means that for ⇠ = @t the Hamiltonian is a corner term

HL
⇠ =̂

Z

S

qL
⇠ (4.16)

The Third Noether Law is that the Noether charge is canonical in the absence of flux:

I�⇠!L = �C⇠ + d
�
�qL

⇠ + FL
⇠

�
(4.17)

If one denote � with boundary @⌃ = S

⌦L
⌃ =

Z

⌃

!L (4.18)

I�⇠⌦
L
⌃=̂�QL

⇠ + FL
⇠ (4.19)

AdS Holography assumes that

⌦� = 0

Z

�

! (4.20)

� (4.21)

F⇠ =

Z

S

◆⇠✓
L (4.22)

We chose coordinates �A xi

⇠ = Y A(�A)@A + Wi
j(�A)xi@j + T i(�A)@i (4.23)

Decomposition into subsystems
⌃ ⌃̄ (4.24)

H 6= H⌃ ⌦ H⌃̄ hH⌃|H⌃̄i 6= 0 (4.25)

H � H⌃ ⌦ H⌃̄ (4.26)

M
Di↵(S) SL(2, R)S R2S (4.27)

Gext
S =

�
Di↵(S) n SL(2, R)S

?
�
n R2S (4.28)

GSEH = Di↵(S) n SL(2, R)S
? (4.29)

3

� ⇠ N�D+1

N ! 1

� S

Z(�, S)

Jf Ie

Z(�, S) =
X

Jf ,Ie

Y

f

µ(Jf )
Y

v

Av(Jf , Ie)

Av(Jf , Ie)

µ(Jf )

Z(�|je=0) = Z(�/e)

Z(�,�0)

|nigrav =
X

�

An(�)|�i

Z(�, S) ! Z(�)

Z~(�) ! e
i
~SHJ (�)

Tet ! Inv(SU(2)4) ! Inv(SO(4)4) (8.1)

T ! |�(T )i ! |�̂(T )i (8.2)

Av = Tr
⇣
⌦n|�̂(Tn)i

⌘

µ(T )

�n �n+1

ai = 1, · · · , N

gi 2 G

Q Q0

17

� ⇠ N�D+1

N ! 1

� S

Z(�, S)

Jf Ie

Z(�, S) =
X

Jf ,Ie

Y

f

µ(Jf )
Y

v

Av(Jf , Ie)

Av(Jf , Ie)

µ(Jf )

Z(�|je=0) = Z(�/e)

Z(�,�0)

|nigrav =
X

�

An(�)|�i

Z(�, S) ! Z(�)

Z~(�) ! e
i
~SHJ (�)

Tet ! Inv(SU(2)4) ! Inv(SO(4)4) (8.1)

T ! |�(T )i ! |�̂(T )i (8.2)

Av = Tr
⇣
⌦n|�̂(Tn)i

⌘

µ(T )

�n �n+1

ai = 1, · · · , N

gi 2 G

Q Q0

17

Holographies
There are several notions of Holographies

• AdS/CFT Holography:  In this holography the boundary is asymptotic 
and timelike. It is rigidly defined by a boundary condition. It does not 
allow outgoing radiation= The system is closed and unitary by design.

• Celestial Holography:  The boundary is  asymptotic and null. It is 
less rigidly defined by a fall-off conditions. It does allow radiation= 
The system is open and allows energy loss.

   It connects to gravitational wave detection and S-matrix observables

• Local Holography:  Holography associated with local causal 
diamonds. It requires the choice of a Cauchy domain attach to a 
finite corner. Does not require any boundary condition.

• Each Holography is associated with a symmetry group: 
Conformal,  Generalized-BMS symmetry, or Corner symmetry
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Motivations

What are the symmetries of classical and quantum gravity?
• Systems can admit “hidden” symmetries, e.g.

- conformal particle L = q̇2 − α/q2 and SL(2,R)
- Carter’s constant for Kerr and relation to Killing–Stäckel and Killing–Yano tensors

- solution generating symmetry groups [Geroch, Ehlers, Matzner–Misner, . . . ]

• In gauge theories (e.g. gravity) boundaries support charges and symmetry algebras

- these boundary may be at infinity (e.g. I+), finite distance (BH), or entangling surfaces

- this mechanism is key to the distinction between gauge and physical charges

- related to the non-factorization into subregions and the presence of edge modes

- the boundary symmetry groups are typically infinite-dimensional (e.g. BMS)

Natural questions arise
• Can we classify these boundary symmetry groups?
• Can we quantize/represent them?
• Which new insights do they give into classical and quantum gravity? [W. Wieland’s talk]

• Is gravity holographic (or tomographic)? [S. Raju’s talk, A. Ashtekar’s talk]

• If these are features of classical gravity, should LQG implement or recover them?
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Symmetries in minisuperspace models

Minisuperspace models
• FLRW, Bianchi, and Kantowski–Sachs models have been extensively used as LQC models
• This has led to the singularity resolution results: big-bounce and black-to-white hole transition
• Heuristically, the effective dynamics is obtained from the polymerization p → sin(µ̄p)/µ̄

Hidden symmetries [Ben Achour, MG, Livine, Oriti, Piani, Sartini, . . . ]

• Consider e.g. Kantowski–Sachs cosmologies with choice of lapse

ds2 = −N2dt2 +
8V1

V2
dr2 + V1dΩ

2 S =

∫

M
d4x

√−gR =

∫
dt

(
L2
0 +

V̇1(V2V̇1 − 2V1V̇2)

2V 2
1

)

• With (C := ViPi, A := V1P 2
2 , D := V1P2) then (V2, C,H, V1, D,A)∈ so(2, 1) + R3 = poinc3

• This leads to conserved charges and Noether symmetries of the Lagrangian
• These are physical symmetries acting non-trivially on the mass: reminiscent of asympt. sym.
• Very surprising structures when extending poinc3 to bms3

- generation of cosmological constant or scalar field matter terms (flows in theory space)

- rewriting of the action as a bms3 geometric action
• The availability of this classical symmetry opens the road to group quantization [Sartini]

• One can (should?) also find polymerization schemes which respect the symmetry [H. Liu’s talk]
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Figure: Effective bouncing trajectories (log v1, v2) (red) versus classical trajectories (dark dashed)
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Minisuperspace models
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• Very surprising structures when extending poinc3 to bms3

- generation of cosmological constant or scalar field matter terms (flows in theory space)
- rewriting of the action as a bms3 geometric action

• The availability of this classical symmetry opens the road to group quantization [Sartini]

• One can (should?) also find polymerization schemes which respect the symmetry [H. Liu’s talk]

• Many generalizations (e.g. including Schrödinger algebra) [Ben Achour, Livine, Oriti, Piani]

- these symmetries (and larger ones) arise from homothetic Killing vectors in field space
- exists for Bianchi, FLRW with scalar field, Kantowski–Sachs with Λ, . . .
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Symmetries of finite subregions

Charges and symmetries
• In gauge theories, Noether’s theorem assigns codimension-2 charges to symmetries

/δQξ = δξ · Ω ≈
∮

S

(
δQNoether + /δQflux

)

• Allows to distinguish gauge (vanishing) and physical (non-vanishing) charges
• A powerful technical tool is the covariant phase space formalism δL = EOM · δΦ+ dθ

[Anderson, Ashtekar, Barnich, Brandt, Crnkovic, Henneaux, Kijowski, Lee, Wald, Witten, Zoupas]

• Lots of subtleties: integrability, conservation, bracket, renormalization, corner terms, . . .
[Chandrasekaran, Ciambelli, Compère, Flanagan, Freidel, Fiorucci, MG, Harlow, Margalef-Bentabol,
Oliveri, Pranzetti, Rignon-Bret, Ruzziconi, Speranza, Speziale, Villaseñor, Wieland, Wu, . . . ]

• General transformation of the charges
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Symmetries of finite subregions
Formulation-dependence
• For a formulation F of gravity, the symplectic structure and kinematical symmetry group are

ΩF = ΩADM + dΩF/ADM Gkin = Diff(S) ⋉H

• Different formulations have different symmetry groups → inequivalent quantizations

formulation H

ADM ∅
Einstein–Hilbert SL(2,R)⊥
Einstein–Cartan SL(2,R)∥ × (boosts)

Einstein–Cartan–Holst SL(2,R)∥ ×SL(2,C)

Discreteness at the classical and continuum level
• LQG symplectic structure

ΩLQG = ΩADM + d
(
δEI δn

I + γ δeI ∧ δeI
)

• The fluxes EI form the familiar su(2) algebra of LQG
• Tangential metric qab = eIae

J
b ηIJ on S forms an sl(2,R) algebra

{
qab(x), qcd(y)

}
= −γ

(
qacϵbd + qbcϵad + qadϵbc + qbdϵac

)
(x)δ2(x − y)

• Casimirs related by CSL(2,R) = −
(
γ−1√q

)2
= CSU(2) → quantization of area element

√
q(x)= γℓ2Pl

∑

i

√
ji(ji + 1) δ2(x − xi)

• Should we represent the whole quasi-local corner symmetry group GS? (note BMS ⊂ GS)



Symmetries of finite subregions
Formulation-dependence
• For a formulation F of gravity, the symplectic structure and kinematical symmetry group are

ΩF = ΩADM + dΩF/ADM Gkin = Diff(S) ⋉H

• Different formulations have different symmetry groups → inequivalent quantizations

formulation H

ADM ∅
Einstein–Hilbert SL(2,R)⊥
Einstein–Cartan SL(2,R)∥ × (boosts)

Einstein–Cartan–Holst SL(2,R)∥ ×SL(2,C)

Discreteness at the classical and continuum level
• LQG symplectic structure

ΩLQG = ΩADM + d
(
δEI δn

I + γ δeI ∧ δeI
)

• The fluxes EI form the familiar su(2) algebra of LQG
• Tangential metric qab = eIae

J
b ηIJ on S forms an sl(2,R) algebra

{
qab(x), qcd(y)

}
= −γ

(
qacϵbd + qbcϵad + qadϵbc + qbdϵac

)
(x)δ2(x − y)

• Casimirs related by CSL(2,R) = −
(
γ−1√q

)2
= CSU(2) → quantization of area element

√
q(x)= γℓ2Pl

∑

i

√
ji(ji + 1) δ2(x − xi)

• Should we represent the whole quasi-local corner symmetry group GS? (note BMS ⊂ GS)



Symmetries of finite subregions
Formulation-dependence
• For a formulation F of gravity, the symplectic structure and kinematical symmetry group are

ΩF = ΩADM + dΩF/ADM Gkin = Diff(S) ⋉H

• Different formulations have different symmetry groups → inequivalent quantizations

formulation H

ADM ∅
Einstein–Hilbert SL(2,R)⊥
Einstein–Cartan SL(2,R)∥ × (boosts)

Einstein–Cartan–Holst SL(2,R)∥ ×SL(2,C)

Discreteness at the classical and continuum level
• LQG symplectic structure

ΩLQG = ΩADM + d
(
δEI δn

I + γ δeI ∧ δeI
)

• The fluxes EI form the familiar su(2) algebra of LQG
• Tangential metric qab = eIae

J
b ηIJ on S forms an sl(2,R) algebra

{
qab(x), qcd(y)

}
= −γ

(
qacϵbd + qbcϵad + qadϵbc + qbdϵac

)
(x)δ2(x − y)

• Casimirs related by CSL(2,R) = −
(
γ−1√q

)2
= CSU(2) → quantization of area element

√
q(x)= γℓ2Pl

∑

i

√
ji(ji + 1) δ2(x − xi)

• Should we represent the whole quasi-local corner symmetry group GS? (note BMS ⊂ GS)



Symmetries of finite subregions
Formulation-dependence
• For a formulation F of gravity, the symplectic structure and kinematical symmetry group are

ΩF = ΩADM + dΩF/ADM Gkin = Diff(S) ⋉H

• Different formulations have different symmetry groups → inequivalent quantizations

formulation H

ADM ∅
Einstein–Hilbert SL(2,R)⊥
Einstein–Cartan SL(2,R)∥ × (boosts)

Einstein–Cartan–Holst SL(2,R)∥ ×SL(2,C)

Discreteness at the classical and continuum level
• LQG symplectic structure

ΩLQG = ΩADM + d
(
δEI δn

I + γ δeI ∧ δeI
)

• The fluxes EI form the familiar su(2) algebra of LQG
• Tangential metric qab = eIae

J
b ηIJ on S forms an sl(2,R) algebra

{
qab(x), qcd(y)

}
= −γ

(
qacϵbd + qbcϵad + qadϵbc + qbdϵac

)
(x)δ2(x − y)

• Casimirs related by CSL(2,R) = −
(
γ−1√q

)2
= CSU(2) → quantization of area element

√
q(x)= γℓ2Pl

∑

i

√
ji(ji + 1) δ2(x − xi)

• Should we represent the whole quasi-local corner symmetry group GS? (note BMS ⊂ GS)



Symmetries of finite subregions
Formulation-dependence
• For a formulation F of gravity, the symplectic structure and kinematical symmetry group are

ΩF = ΩADM + dΩF/ADM Gkin = Diff(S) ⋉H

• Different formulations have different symmetry groups → inequivalent quantizations

formulation H

ADM ∅
Einstein–Hilbert SL(2,R)⊥
Einstein–Cartan SL(2,R)∥ × (boosts)

Einstein–Cartan–Holst SL(2,R)∥ ×SL(2,C)

Discreteness at the classical and continuum level
• LQG symplectic structure

ΩLQG = ΩADM + d
(
δEI δn

I + γ δeI ∧ δeI
)

• The fluxes EI form the familiar su(2) algebra of LQG
• Tangential metric qab = eIae

J
b ηIJ on S forms an sl(2,R) algebra

{
qab(x), qcd(y)

}
= −γ

(
qacϵbd + qbcϵad + qadϵbc + qbdϵac

)
(x)δ2(x − y)

• Casimirs related by CSL(2,R) = −
(
γ−1√q

)2
= CSU(2) → quantization of area element

√
q(x)= γℓ2Pl

∑

i

√
ji(ji + 1) δ2(x − xi)

• Should we represent the whole quasi-local corner symmetry group GS? (note BMS ⊂ GS)



Symmetries of asymptotic boundaries

1. Symmetries in minisuperspace models

2. Symmetries of finite subregions

3. Symmetries of asymptotic boundaries

4. Perspectives



Symmetries of asymptotic boundaries

<latexit sha1_base64="aPoSdY13IsNHNYCqBHPuFf0mJic="></latexit> r
=

0

<latexit sha1_base64="h8qIKdtEekVWP/jxlKVjUU9z5a0="></latexit>u

<latexit sha1_base64="t6MUcvbqX+/vTH6Pwu8JVtMTIbI="></latexit>

t

<latexit sha1_base64="IhKRo5TTOwbi3lsqM6vXSMkH2n4="></latexit>past

<latexit sha1_base64="m9fLzvk0ohIRGBwbJfCJwK2FDmA="></latexit>spatial

<latexit sha1_base64="9CBFsTpL9NxaFgywv74ZHuzDvME="></latexit>timelike

<latexit sha1_base64="XWvq6n1JCYrt5z7r/YLUYIVR+gU="></latexit>infinity

<latexit sha1_base64="YYY8zNOnx1WRcfw+y3tw46jjCzI="></latexit>null infinity

<latexit sha1_base64="XWvq6n1JCYrt5z7r/YLUYIVR+gU="></latexit>infinity
<latexit sha1_base64="0vSm7Ha7pYjftFylA5n+P6vJpgs="></latexit>

i+

<latexit sha1_base64="XDtfKUcT511fkBRdVXkHakkDfAM="></latexit>

i0

<latexit sha1_base64="pG+gg6hQwtURcmEHTsoiLAgZsrU="></latexit>

i�

<latexit sha1_base64="7Z+RB1MAomMP/omaUkTd2C7DQtw="></latexit>I�

<latexit sha1_base64="jmuHjeBao6YqJiuppxxgZmCtKDs="></latexit>future
<latexit sha1_base64="VkOQEk9JaGnRfrzhc9J39QS3H90="></latexit>null infinity

<latexit sha1_base64="z1fAq0VgZM8Mx3TDX8hkNKjUStw="></latexit>

I+

• Consider Minkowski in retarded null coordinates

ds2 = −du2 − 2dudr + r2qabdx
adxb +O(r−1)

• The spacetime has 5 boundaries = i0 ∪ i+ ∪ i− ∪ I− ∪ I+
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• Consider Minkowski in retarded null coordinates

ds2 = −du2 − 2dudr + r2qabdx
adxb +O(r−1)

• The spacetime has 5 boundaries = i0 ∪ i+ ∪ i− ∪ I− ∪ I+

• Future null infinity I+ is the ideal region where to read off gravitational radiation
[Ashtekar, Bondi, Geroch, Hansen, Metzner, Newman, Penrose, Sachs, Trautman, van der Burg]
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• Consider Minkowski + radiation

ds2 = −du2 − 2dudr + r2qabdx
adxb +O(r−1)

• The spacetime has 5 boundaries = i0 ∪ i+ ∪ i− ∪ I− ∪ I+

• Future null infinity I+ is the ideal region where to read off gravitational radiation
[Ashtekar, Bondi, Geroch, Hansen, Metzner, Newman, Penrose, Sachs, Trautman, van der Burg]

• This is described by the notion of radiative asymptotically-flat spacetimes
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• Radiative asymptotically-flat spacetimes have very interesting properties
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• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects
[Marc Favata]

What is the gravitational-wave memory? 
example: nonlinear memory from binary black-hole mergers 

The	wave	no	longer	returns	to	the	zero-point	of	its	oscilla>on.	
This	growing-offset	is	called	the	memory.	

Gravita+onal-wave	signal	vs.	+me	
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• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- ∞-dimensional asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

ξ = T∂u + Y a∂a +DaY
a(u∂u − r∂r)+O(r−1) → BMS = Diff(S2) ⋉ R
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• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- ∞-dimensional asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]

An+1(p1, . . . , pn, ωq) =
∞∑

n=−1

ωnSn(p1, . . . , pn, q)An(p1, . . . , pn) + . . .
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Asymptotically-flat spacetimes

• Radiative asymptotically-flat spacetimes have very interesting properties

- memory effects [Blanchet, Christodoulou, Damour, Polnarev, Thorne, Zel’dovich]

- asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]
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IR physics

• All these aspects are connected through the so-called infrared triangle [Strominger et al.]
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- ∞-dimensional asymptotic symmetries [Bondi, Metzner, Sachs, van der Burg]

- link with the S-matrix and soft theorems [Weinberg, Low]





IR physics

• All these aspects are connected through the so-called infrared triangle [Strominger et al.]

• There is now strong (yet subtle) evidence that many such subleading triangles exist in gravity
[Barnich, Cachazo, Campiglia, Compère, Conde, Fiorucci, Laddha, Mao, Ruzziconi, Strominger, Troessaert,. . . ]

• What is the symmetry interpretation of this subleading structure?
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• What is the symmetry interpretation of this subleading structure?
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ab +DaDbN

ab



Symmetries of asymptotic boundaries
<latexit sha1_base64="jmuHjeBao6YqJiuppxxgZmCtKDs="></latexit>future

<latexit sha1_base64="VkOQEk9JaGnRfrzhc9J39QS3H90="></latexit>null infinity
<latexit sha1_base64="z1fAq0VgZM8Mx3TDX8hkNKjUStw="></latexit>

I+

<latexit sha1_base64="ILJCiZ9A6S+pviYssTrv1u5W/n0="></latexit>radiation

• Near I+ it is convenient to work in the Bondi gauge

ds2 =

(
−1 +

M(u, xa)

r
+ . . .

)
du2− (2+ . . . )dudr+

(
Pa(u, xa)

r
+ . . .

)
du dxa+ gabdx

adxb

gab = r2 qab

leading

+ r Cab

shear

+ Dab

log

+
1

r
E1

ab +O(r−2)

incoming radiation

• 2 types of data: Cab free on I+ and ∞-amount of data (M,Pa, E1
ab, . . .) satisfying EOMs

• The first flux balance laws is the Bondi–Trautman mass loss Ṁ = −NabN
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incoming radiation• M = spin 0 ↔ sub0-leading soft graviton theorem ↔ supertranslations
• Pa = spin 1 ↔ sub1-leading soft graviton theorem ↔ superrotations
• E1

ab = spin 2 ↔ sub2-leading soft graviton theorem ↔ non-local spin 2 symmetry
[Weinberg] [Cachazo, Strominger] [Campiglia, Laddha] [Freidel, Pranzetti, Raclariu]
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incoming radiation• The EOMs for En
ab come from the Einstein equations GTF

ab = 0

• The study of the data (M,Pa, En
ab) is much easier in the Newman–Penrose formalism . . .



Symmetries of asymptotic boundaries

Setup
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e

ν
k∇νeiµ and

the Weyl scalars (here labelled by their spin/helicity)

Ψ0 =
Q2

r5
+O(r−6)− ð̄Q3

r6
+

ð̄2Q4

r7

Ψ1 =
Q1

r4
+O(r−5)− ð̄Q2

r5

Ψ2 =
Q0

r3
+O(r−4)− ð̄Q1

r4

Ψ3 =
Q−1

r2
+O(r−3)− ð̄Q0

r3

Ψ4 =
Q−2

r1
+O(r−2)− ð̄Q−1

r2

• In terms of the previous Bondi free and initial data we have Qs≥2(E
s−1
ab , Cab)

Q−2(Ṅab) Q−1(Nab) Q0(M,Cab) Q1(Pa, Cab) Q2(E
1
ab, Cab)

• NB: one should choose a tetrad such that the spin coefficients are κ = π = ϵ = 0 and ρ = ρ̄
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Q−2(Ṅab) Q−1(Nab) Q0(M,Cab) Q1(Pa, Cab) Q2(E
1
ab, Cab)

• NB: one should choose a tetrad such that the spin coefficients are κ = π = ϵ = 0 and ρ = ρ̄



Symmetries of asymptotic boundaries

Setup
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e

ν
k∇νeiµ and

the Weyl scalars (here labelled by their spin/helicity)

Ψ0 =
Q2

r5
+O(r−6)− ð̄Q3

r6
+

ð̄2Q4

r7

Ψ1 =
Q1

r4
+O(r−5)− ð̄Q2

r5

Ψ2 =
Q0

r3
+O(r−4)− ð̄Q1

r4

Ψ3 =
Q−1

r2
+O(r−3)− ð̄Q0

r3

Ψ4 =
Q−2

r1
+O(r−2)− ð̄Q−1

r2

• In terms of the previous Bondi free and initial data we have Qs≥2(E
s−1
ab , Cab)

Q−2(Ṅab) Q−1(Nab) Q0(M,Cab) Q1(Pa, Cab) Q2(E
1
ab, Cab)

• NB: one should choose a tetrad such that the spin coefficients are κ = π = ϵ = 0 and ρ = ρ̄



Symmetries of asymptotic boundaries

Setup
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e

ν
k∇νeiµ and

the Weyl scalars (here labelled by their spin/helicity)

Ψ0 =
Q2

r5
+O(r−6)− ð̄Q3

r6
+

ð̄2Q4

r7

Ψ1 =
Q1

r4
+O(r−5)− ð̄Q2

r5

Ψ2 =
Q0

r3
+O(r−4)− ð̄Q1

r4

Ψ3 =
Q−1

r2
+O(r−3)− ð̄Q0

r3

Ψ4 =
Q−2

r1
+O(r−2)− ð̄Q−1

r2

• In terms of the previous Bondi free and initial data we have Qs≥2(E
s−1
ab , Cab)
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Sub-leading expansion of the Weyl scalars
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e
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Introducing the higher spin charges
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e

ν
k∇νeiµ and

the Weyl scalars (here labelled by their spin/helicity)

Ψ0 =
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r5
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r6
+

ð̄2Q4 + . . .

r7
+O(r−8)

Ψ1 =
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• In terms of the previous Bondi free and initial data we have Qs≥2(E
s−1
ab , Cab)

Q−2(Ṅab) Q−1(Nab) Q0(M,Cab) Q1(Pa, Cab) Q2(E
1
ab, Cab)

• NB: one should choose a tetrad such that the spin coefficients are κ = π = ϵ = 0 and ρ = ρ̄

• One can introduce by hand higher spin charges Qs≥3 in the expansion for Ψ0

• In terms of the previous Bondi data we have Qs≥2(E
s−1
ab , Cab)
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Interpretation
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e

ν
k∇νeiµ and

the Weyl scalars (here labelled by their spin/helicity)

Ψ0 =
Q2

r5
− ð̄Q3

r6
+

ð̄2Q4 + . . .

r7
+O(r−8)

Ψ1 =
Q1

r4
− ð̄Q2

r5
+O(r−6)

Ψ2 =
Q0

r3
− ð̄Q1

r4
+O(r−5)

Ψ3 =
Q−1

r2
− ð̄Q0

r3
+O(r−4)

Ψ4 =
Q−2

r1
− ð̄Q−1

r2
+O(r−3)

• Q0 and Q1 are the leading BMS4 charges (essentially mass and angular momentum)

• Q0 ∼ M + iM̃ with the dual mass M̃ related to the gyroscopic memory effect [Oblak, Seraj]

• Qs≥2 ∼ Newman–Penrose charges [Newman, Penrose]

Qs≥2 ∼ subleading BMS charges [Godazgar, Godazgar, Long] [MG]

Qs≥2 ∼ canonical multipole moments [Compère, Oliveri, Seraj]
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Evolution equations
• Using a null tetrad ei = (ℓ, n,m, m̄), one builds the spin coefficients γijk = eµj e

ν
k∇νeiµ and

the Weyl scalars (here labelled by their spin/helicity)

Ψ0 =
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r6
+
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+O(r−8)
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• Introducing C := Cabm
amb = h× + ih+, the asymptotic Einstein equations can be written as

∂uQs = ðQs−1 − (s+ 1)CQs−2



Symmetries of asymptotic boundaries

Conserved charges
• In radiative spacetimes there are no conserved charges (we have e.g. mass loss instead)
• But we can build quasi-conserved charges, which are conserved in the absence of radiation

q0 = Q0

s∑

n=0

(−u)n

n!
ðnQs−n +

s∑

ℓ=2

ℓ−2∑

n=0

(−1)n(ℓ+ 1)

(s− ℓ)!
ðs−ℓ

(
∂
−(n+1)
u

(
(−u)s−ℓC

)
ðnQℓ−2−n

)
+ O(C3)
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Conserved charges
• In radiative spacetimes there are no conserved charges (we have e.g. mass loss instead)
• But we can build quasi-conserved charges, which are conserved in the absence of radiation

q2 = Q2 −uðQ1 +
u2

2
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Conserved charges
• In radiative spacetimes there are no conserved charges (we have e.g. mass loss instead)
• But we can build quasi-conserved charges, which are conserved in the absence of radiation

qs =
s∑

n=0

(−u)n

n!
ðnQs−n +

s∑

ℓ=2

ℓ−2∑

n=0

(−1)n(ℓ+ 1)

(s− ℓ)!
ðs−ℓ

(
∂
−(n+1)
u

(
(−u)s−ℓC

)
ðnQℓ−2−n

)
+O(C3)

Linearized bracket
• Integrate the equations of motion to write iteratively Qs = ∂−1

u ðQs−1 − (s+ 1)∂−1
u

(
CQs−2

)

• Use the shear C and news N̄ = ∂uC̄ to decompose the charges as

qs =

kmax∑

k=1

qks = q1s
soft

+ q2s
hard

+O(C3)

• Use the Ashtekar–Streubel symplectic structure
{
C(u, z), N̄(u′, z′)

}
= δ(u− u′)δ(z − z′)

to compute the linearized bracket
{
qs1 , qs2

}(1)
=

{
q1s1 , q

2
s2

}
+

{
q2s1 , q

1
s2

}

• After a daunting calculation, one arrives at the w1+∞ loop algebra
[Adamo, Ball, Freidel, MG, Guevara, Mason, Narayanan, Pranzetti, Raclariu, Salzer, Sharma, Strominger]

{
qs1 (Z1), qs2 (Z2)
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Symmetries of asymptotic boundaries

Interpretation
• NP version of a result obtained from twistor theory and from the celestial soft graviton OPE

[Adamo, Ball, Donnay, Freidel, Guevara, Herfray, Himwich, Mason, Narayanan, Pate, Pranzetti, Raclariu,
Ruzziconi, Salzer, Sharma, Strominger, Yelleshpur Srikant]

• Symmetry algebra which governs the subleading structure of (self-dual?) gravity

• Dynamical statement encoding part of the Einstein equations, as one can show that [MG]

[
∂u, δξ

]
Qs = 0

• The quasi-conserved soft charges correspond to temporal moments of the news

q1s(u, z)= ðs+2N̄s(u, z) N̄s(u, z)=
(−1)s

s!

∫ u

−∞
du′ u′sN̄(u′, z)

and their flux-balance laws give rise to the so-called higher memory effects
[Grant, Nichols] [Grant, Mitman] [Flanagan, Grant, Harte, Nichols] [Compère, Oliveri, Seraj]
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Perspectives

Surprizing symmetry structures in gravity
• Already in minisuperspaces: coincidences or features?
• At finite distance

- quasi-local corner symmetry group GS related to kinematics and dynamics

- LQG has states labelled by a subgroup of GS : should we represent all of GS?
• At infinity

- w1+∞ algebra controls the subleading structure of asymptotically-flat spacatimes

- can we use this algebraic structure to inform numerical codes and extract physics?

- are the higher spin symmetries related to hidden symmetries (e.g. Killing tensors?)

- what happens in dS: radiation, symmetries, cosmological memories?

- logarithmic soft theorems [Choi, Das, MG, Laddha, Puhm, Sahoo, Saha, Sen, Zwikel] and loss
of peeling at I+ [Bieri, Blanchet, Christodoulou, Chrusciel, Damour, Friedrich, Gajic, Kehrberger,
Klainerman, Kroon, Laddha, MacCallum, Masaood, Singleton, Winicour]

Opportunities for LQG
• LQG quantization of quasi-local symmetry group?
• LQG quantization of null infinity? [A. Ashtekar’s talk, W. Wieland’s talk]

• Possible observational signatures of tetrad variables and Barbero–Immirzi parameter?



ISLQG - Thank you to all the members and candidates

Ballot for president and president elect
• Guillermo A. Mena Marugán (CSIC)
• Hanno Sahlmann (FAU Erlangen-Nürnberg)

Ballot for the board
• Ivan Agullo (Louisiana State University)
• Kristina Giesel (FAU Erlangen-Nürnberg)
• Florian Girelli (University of Waterloo)
• Hal Haggard (Bard College)
• Muxin Han (Florida Atlantic University)
• Jerzy Lewandowski (Uniwersytet Warszawski)
• Etera Livine (CNRS, ENS de Lyon - Laboratoire de Physique)
• Yongge Ma (Beijing Normal University)
• Mercedes Martín-Benito (Universidad Complutense de Madrid)
• Daniele Oriti (Universidad Complutense de Madrid)
• Francesca Vidotto (Western University)
• Anzhong Wang (Baylor University)
• Wolfgang Wieland (FAU Erlangen-Nürnberg)
• Edward Wilson-Ewing (University of New Brunswick)
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