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   Motivation — inclusion of  in the 4D spinfoam model Λ

“Spinfoam model is a covariant formalism of quantum gravity”


A good formalism is such that

∫
Dgµν eiSEH

A Lorentzian 4D spinfoam model (SF) with  that has all these featuresΛ ≠ 0 [Han ’21]

The focus of this talk:

[r.f. Pietro’s, Dongxue’s & Cong’s talk]Λ ≠ 0

Λ ̸= 0 Λ ̸= 0
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Starting point — Plebanski-Holst formulation of 4D gravity: BF theory + simplicity constraint
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)
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]
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)
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]
− |Λ|
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)
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]

   Overview I — Towards 4D SF with  Λ

B : sl(2,C) 2-form; A : sl(2,C) connection; γ ∈ R : Barbero-Immirzi parameter; ⋆ : Hodge operator

simplicity constraint: B = sgn(Λ) e ∧ e
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Starting point — Plebanski-Holst formulation of 4D gravity: BF theory + simplicity constraint


                Chern-Simons theory with complex coupling constant on the boundary
M4 trivial topo. SL(2,C)
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   Overview I — Towards 4D SF with  Λ

Construct the Lorentzian path integral: integrating out  field  B Gaussian integral F [A] = |Λ|
3 B

B : sl(2,C) 2-form; A : sl(2,C) connection; γ ∈ R : Barbero-Immirzi parameter; ⋆ : Hodge operator

simplicity constraint: B = sgn(Λ) e ∧ e

t = k(1 + iγ), k = 12π
|Λ|ℓ2pγ

∈ Z+ ⟹ gauge invariant
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∫
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∫
dB eiSBF =
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dA e

3i
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Vertex amplitude: 
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CS theory on : ∂M4

M4 = B4, ∂M4 = S3

   Overview I — Towards 4D SF with  — cont.Λ
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Vertex amplitude: 

t
8π
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Tr
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3A ∧A ∧A
#
+ t̄

8π

!
∂M4

Tr
"
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3A ∧A ∧A
#

CS theory on : ∂M4

Curvatures are line defects on   consider CS theory on the graph complement S3 ⟶

M4 = B4, ∂M4 = S3

i

S3\Γ5

   Overview I — Towards 4D SF with  — cont.Λ

CS theory on S3\Γ5 −→ solution space: moduli space Mflat
(
S3\Γ5,SL(2,C)

)
of SL(2,C) flat connections
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Vertex amplitude: 

t
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Tr
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#

CS theory on : ∂M4

Curvatures are line defects on   consider CS theory on the graph complement S3 ⟶

M4 = B4, ∂M4 = S3

i

S3\Γ5
      4D quantum gravity with  


   = complex CS theory on boundary\graph 


      + simplicity constraints on the graph 

Λ ≠ 0

F = Λ
3 e ∧ e
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   Overview II — CS partition function on S3\Γ5

 Step 1: CS partition function on 


 


CS partition function on one : quantum dilogarithm function△

Discretization of S3\Γ5 is composed of 20 ideal tetrahedra △’s

S3\Γ5

ideal tetrahedron 

(vertices truncated)

z′

z z′′

z′′ z

z′
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 Step 1: CS partition function on 


 


CS partition function on one : quantum dilogarithm function△

Discretization of S3\Γ5 is composed of 20 ideal tetrahedra △’s

S3\Γ5

Ψ△(z, z̃) =
∞∏
j=0

1−q̃−j z̃−1

1−q−jz−1 ( meromorphic )

CS phase space coordinates on  :△
ideal tetrahedron 


(vertices truncated)

z′

z z′′

z′′ z

z′
∣∣∣∣∣∣∣∣

q = exp
(
4πi

t

)
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(
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b =
√
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z(µ, j) = exp
[
2πi
k (−ibµ− 2j)

]
, z̃(µ, j) = exp
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[Faddeev ’95,  Kashaev ’96, Dimofte, Gaiotto, Gukov ’14-15]
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   Overview II — CS partition function on S3\Γ5

 Step 1: CS partition function on 


 


CS partition function on one : quantum dilogarithm function△

ideal tetrahedron 

(vertices truncated)

z′

z z′′

z′′ z

z′

Discretization of S3\Γ5 is composed of 20 ideal tetrahedra △’s

S3\Γ5

Ψ△(z, z̃) =
∞∏
j=0

1−q̃−j z̃−1

1−q−jz−1 ( meromorphic )

CS phase space coordinates on  :△

The coordinates are periodic in j:

Truncation in spin by construction, implied by Λ

z(j) = z(j + Zk/2), z̃(j) = z̃(j + Zk/2)

j = 0, 1
2 , · · · ,

k−1
2
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   Overview II — CS partition function on  — cont.S3\Γ5

 Result: 


 

ideal tetrahedron 


(vertices truncated)

z′

z z′′

z′′ z

z′

ZS3\Γ5
(µ⃗ | j⃗) = 4i

k15

∑
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]
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CS partition function ZS3\Γ5

= Unitary transformations · gluing constraints ·
20∏

a=1

Ψ∆(a)

= finite sum of convergent state integral

Bounded!



   Overview III — simplicity constraints and vertex amplitude

[Han ’21, Han, QP ’23] 8/23
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   Overview III — simplicity constraints and vertex amplitude

[Han ’21, Han, QP ’23]
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 Step 2 towards vertex amplitude: impose the simplicity constraints on   


 


   

Γ5

∃N I ∈ R1,3 such that N I BIJ = 0 , ∀ tetraLinear constraint:

F= |Λ|
3 B

−−−−−→ N IFIJ = 0, ∀ 4-holed sphere Σ0,4

Mflat(Σ0,4,SL(2,C))
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=⇒ (µ⃗, j⃗) are localized coordinates of Mflat(∂(S3\Γ5),SL(2,C))
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{Ci} ≃ 0

|Φρ(x)|

ρ
coherent state Ψρ

Couple withZS3\Γ5
= ZS3\Γ5

(
{λab}a<b ; · · ·

)
,

λab = exp
(
2πi
k jab

)
= exp

(
i|Λ|
6 aab

)
∈ U(1)

First-class constraints Second-class constraints

Impose strongly Impose weakly

Fix the triangle area by spin Restrict     to label the tetrahedron shapeρ
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Mflat(Σ0,4,SL(2,C))
simplicity constraint−−−−−−−−−−−→ Mflat(Σ0,4,SU(2))

i

S3\Γ5

2nd-class constraint 

on 4-holed sphere

1st-class constraint 

on annulus
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[Han ’21, Han, QP ’23]



   Overview III — simplicity constraints and vertex amplitude — cont. 

[Haggard, Han, Kaminski, Riello ’14-15; Han ’21]

The vertex amplitude is defined by the inner product of the CS partition function with 5 coherent states


Av =
(
N+eiSRegge ,Λ +N−e−iSRegge ,Λ

)
[1 +O(1/k)]

Av(j, ρ) = ⟨Ψρ | Zj
S3\Γ5

⟩
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Av
k→∞∼

∫
[dX⃗] ekS(X⃗)
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Finite by construction


Large -limit: oscillatory action 


Stationary phase analysis  reproduce 4D Regge action with constant curvature 

k

⟹

k = 12π
|Λ|ℓ2pγ

∈ Z+
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   SF amplitude for a melon graph
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M+∪−

   SF amplitude for a melon graph

⟹

S1
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S5 S6

S1

S2

S3

S4

9 7 2 G
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wanton

ρ1 = λ1

ρ2 = λ2

ρ3 = λ3

ρ4 = λ4

ρ5 λ6

Finite!

Amelon ({jb} , ρ5,λ6) =
(k−1)/2∑
{jf}=0

6∏
f=1

[2jf + 1]q
∫
[dρe]×4 Av,+ ({jf} , {jb} , {ρe}, ρ5)Av,− ({jf} , {jb} , {ρe},λ6)

[Han, QP ’23]
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consistent with EPRL face amplitude

finite sums
Integrals over 


compact space bounded amplitudes

The finiteness can be generalized to any spinfoam graph using similar mechanism 

quantum dimension with q = e
2πi
k

Face amplitude — [2jf + 1]q
Λ→0−−−→ 2jf + 1

k = 12π
|Λ|ℓ2pγ

∈ Z+



Finite!

Oscillatory action                                                      Stationary phase analysis 

d = 6 =⇒ Amelon ∼ k15+6pScaling behaviour (lower bound): Amelon ∼ k21

d = 6 =⇒ Amelon ∼ k15+6p

We fix the boundary data ({jb} , ρ5,λ6) and consider the Λ → 0 (k → ∞) for the melonic amplitude k = 12π
|Λ|ℓ2pγ

∈ Z+ 

Amelon
k→∞∼

∫
[dX⃗] ekS(X⃗)
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   SF amplitude for a melon graph — cont.
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Finite!

Oscillatory action                                                      Stationary phase analysis 

d = 6 =⇒ Amelon ∼ k15+6pScaling behaviour (lower bound): Amelon ∼ k21

d = 6 =⇒ Amelon ∼ k15+6p

Comparison with the melonic radiative correction in the EPRL model 

Introduce a cut-off for representation label by hand                   and consider large


Divergent behaviour (numerical result):                                
[Frisoni, Gozzini, Vidotto ’22]

Infinitejmax
∞∑
j=0

→
jmax∑
j=0

Amelon ∼ jmax with p = 1

We fix the boundary data ({jb} , ρ5,λ6) and consider the Λ → 0 (k → ∞) for the melonic amplitude k = 12π
|Λ|ℓ2pγ

∈ Z+ 

Amelon
k→∞∼

∫
[dX⃗] ekS(X⃗)

14/23

S1

S2

S3

S4

M+∪−


































































wanton

k→∞

S ′
1

S ′
2

S ′
3

S ′
4

S5 S6

   SF amplitude for a melon graph — cont.

[Han, QP ’23]



Overview of the amplitude construction in the 4D SF with  

Concrete testimonies  

Finiteness — melonic SF amplitude 


Consistent with GR — critical point geometry


Computable — critical point reconstruction program


Future explorations

Λ ≠ 0

   Plan of this talk 

15/23



Critical point geometry:    Critical point geometry:    

   Critical point geometry  

Vertex amplitude: constantly curved 4-simplex geometry

     gluing 4-simplices by identifying boundary constantly curved tetrahedra

16/23
[Han, QP ’24]

∆3 three-manifold

v v′

v′′

jf

What if internal triangles form?



Critical point geometry:    Critical point geometry:    

   Critical point geometry  

Stationary phase analysis for internal spin     : 

 critical deficit angle — similar to the flatness in EPRL⟹

εf = 4πNf/γ
Nf=0−−−−→ 0 no external curvatureεf ≡

∑
v∈f

Θf = 4πNf/γ, Nf ∈ Z fixed by coordinate lift!

[Bonzom ’09, Hellmann, Kaminski ’12, Han ’13, Engle, Kaminski, Oliveira ’21]

jf

∆3 three-manifold

[Han, QP ’24]

Valid for any 4-complex with internal triangle(s)

16/23

 4D bulk is smoothly dS/AdS⟹

What if internal triangles form?

v v′

v′′

jf

every 4-simplex is constantly curved


zero deficit angle

Vertex amplitude: constantly curved 4-simplex geometry

     gluing 4-simplices by identifying boundary constantly curved tetrahedra



Critical point geometry:    Critical point geometry:    

   Critical point geometry — cont.  

Every 4-simplex is constantly curved 

4-simplices are glued by identifying boundary constantly curved tetrahedra

Vanishing deficit angle hinged by each internal triangle

17/23
[Han, QP ’24]

in the semiclassical regime  the critical point of the spinfoam amplitude describes a 4D dS 
spacetime (when ) or a 4D AdS spacetime (when ) — “(A)dS-ness property”

⟹
Λ > 0 Λ < 0

(mod 4πZ/γ)



Critical point geometry:    Critical point geometry:    

But NOT (A)dS-ness problem!    

Consider complex critical point, as is done in EPRL [r.f. Dongxue’s talk]  Re(z)

Im(z)

!x0(!r)

!z0(!r)
•
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 real critical point ⟶

Non-(A)dS geometries are captured by the complex critical points


in the semiclassical regime  the critical point of the spinfoam amplitude describes a 4D dS 
spacetime (when ) or a 4D AdS spacetime (when ) — “(A)dS-ness property”

⟹
Λ > 0 Λ < 0

Every 4-simplex is constantly curved 

4-simplices are glued by identifying boundary constantly curved tetrahedra

Vanishing deficit angle hinged by each internal triangle

[Han, QP ’24]

   Critical point geometry — cont.  

(mod 4πZ/γ)
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   Stationary phase approximation of SF amplitude
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It is a concrete, complete and computable 

program to calculate the SF amplitude 

evaluated at the critical point and its quantum 

perturbation.

4-simplex geometry

perturbation

triangle areas & normals Input

CS phase space coordinates

SF amplitude at (real) critical point
Output

quantum correctionOutput
analytic 


continuation

SF amplitude at (complex) critical pointOutput

{z({af , nf}), z̃({af , nf}), · · · }

[r.f. Dongxue’s talk for EPRL program]

{af , n̂f}

   Stationary phase approximation of SF amplitude — cont.

Can be easily generalized to 4-complex 

geometry and compute for SF amplitude for 

a general 4-complex.
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[Han, QP,  to appear]
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   Outlook — Can we do better?

Generalize the model to include timelike tetrahedra, as in the Conrady-Hnybida extension of EPRL


A quantum group representation of the SF model? 


Clue 1: combinatorial quant. of CS theory  quantum group rep.


Clue 2: Turaev-Viro model 


Clue 3: quantum state of constantly curved tetrahedron = -deformed intertwiner  


It is ready to set up the numerical development for this SF model, as is done with the EPRL model 


Realize numerically the real and complex critical points;


Consider the higher-order quantum corrections;


Application to cosmology;


Etc.

⟶

𝔮

[Conrady, Hnybida ’11, Han, Liu ’18]

[Alekseev, Grosse, Schomerus ’94-95,

Buffenoir, Noui, Roche ’02]

[Han, Hsiao, QP ’23]

22/23

[r.f. Chen-Hung’s talk]



   Can we do even better?
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∫
Dgµν eiSEH

“Spinfoam model is a covariant formalism of quantum gravity”


The SF model with  is good 4D QG formalism because 

it is finite and semi-classically consistent with the Einstein gravity


A better formalism should be triangulation independent!
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A “moduli space field theory” formalism of the SF model with , in an analogous way to the GFT


Consider a field  


Consider a generalized moduli-space field action  
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Ψ(j, ι) : Mflat(Σ0,4,SU(2)) → C (j, ι) : configuration of a tetrahedron
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potential: V [Ψ] = g
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[dιa] Av({jab, ιa})
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Consider a field  


Consider a generalized moduli-space field action  


Λ

Expectation: (1)                                               gives finite amplitude order-by-order


                           (2) triangulation independent 
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Expectation: (1)                                               gives finite amplitude order-by-order


                           (2) triangulation independent 


Thank you for your attention! 
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   How does a 3D theory describe 4D geometry?

[Haggard, Han, Kaminski, Riello ’15, Han ’15]
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Hf (af , n̂f ) = e
Λ
3 af n̂f ·τ⃗ , ∀ f = 1, · · · , 43D geometries are encoded in holonomies on 2D surface: 

π1(sk1(tetrahedron))
isomorphism−−−−−−−−→ π1(4-holed sphere)

ωLC ↘ ↙ ωflat

{H1, H2, H3, H4 ∈ SU(2)|H4H3H2H1 = ISU(2)}/SU(2)

3-simplex S2\4 points

π1(sk1(4-simplex)) isomorphism−−−−−−−−−→ π1(S3\Γ5)

ωLC ↘ ↙ ωflat

{{H̃ab} ∈ SL(2,C)|closure conditions}/SL(2,C)

4D geometries are encoded in holonomies on 3D manifold 

[Haggard, Han, Riello ’16]

One dimension higher:



   Critical deficit angle — compare to EPRL

[Han, QP ’24]

A technical advancement in this spinfoam model compared to EPRL SF

ZΛ =
∫ ∏

f
A(jf )d(2jf )

∫
dµ(X) eS({jf},X)+

∑
f 4πiuf jf , uf ∈ Z fixed ∀ f

ZEPRL =
∑

{jf}∈N/2

∏
f
A(jf )

∫
dµ(X) e

∑
f jfFf (X) =

∑
{uf}∈Z

∫ ∏
f
A(jf )d(2jf )

∫
dµ(X) e

∑
f jf (Ff (X)+4πiuf )

Poisson summation

        EPRL: infinite many critical deficit angles 


        SF with : unique critical deficit angle 

⟹

Λ

View EPRL SF as the  limit of the SF with  

     resolve the ambiguity of the existence of non-flat geometry at the real critical point. 

Λ → 0 Λ
⟹

γεf = −∞, · · · ,−4π, 0, 4π, 8π, · · · , ∞

γεf = 0


