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The route for this talk

Spin-foams and time-like regions

On spin-foam models of quantum sEace-time,
Lorentzian signature and causal character

2

Constructing a 2+1 model

Spinors, coherent states and a vertex amplitude
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Spin-foams and time-like regions

On spin-foam models of quantum space-time,
Lorentzian signature and causal character
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The general idea for spin-foams

Quantization of gravity via “sum over histories”, reminiscent of

transition amplitudes between 3d boundaries.

Reisenberger, Baez, Freidel,
Krasnov, Barret, Crane,

Livine, Engle, Rovelli, ...
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Simplicity constraints, causal character

Zer(A*) = i H dy H .1y H 100

x—f,1—e

Gravity = topological BF theory + simplicity constraints.

Generically, simplicity requires picking a causal character for each tetrahedron.

t T_’ Engle, Pereira, Livine, Rovelli ‘08 x A\_’ Conrady, Hnybida "10
space-like time-like N4
R @ P ® RL:2 @ A
SU(2) isometries SU(1,1) isometries ) (
X <«— spins j € N/2 X <«— spins k€ —N/2, s € RT

o  Simplicity simply restricts the sum over SL(2, C) spins, yielding a model for
quantum gravity:

Zer(A*) = i ];[ dr [T €0t 1T B0

x—f,t—e
simplicity
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The role of time-like regions

e 'The EPRL model is most popular in the space-like case, where it is
comparatively simpler. But!

We must better understand time-like ampliz‘udes/

— Sum-over-histories picture suggests considering every causal case;
— Approaches like CDT requires time-like tetrahedra and triangles;
— Cosmological applications make use of time-like regions;

Han, Liu, Qu, Vidotto, Zhang 24

— Avoiding causality violations requires both types;

(4,1) (3,2)

Loll 19, (4,1) and (3,2) mowes

Asante, Dittrich, Padua-Arguelles 21
Jercher, Steinhaus 24 o
e /1,~ a 1 = h/
0 4 ;
Observation: =0 @ o ———ti=d,
M~e~——
EPRL time-like amplitude asymptotic il ;
limit is not under control el | O
(d) Y (e)

Han et al, 24, hypercube discretization of bouncing Friedmann universe

Emmy
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Asymptotics of EPRL time-like amplitudes

/ Hdga 9n H/ Zab fab(zab gaagb) ASab(zab,9a:gv)
S CP

L(2,C) ,—1 a<b

e Define ﬁfb = Tqu(1,1)(Nab) [—€2 + SBap(€o — €1)] € H space-like 3-vector ) (
associated to the boundary data. One finds for the asymptotic critical points:

Liu, Han ‘18
JDS, Steinhaus 21

- under-constrained: boundary does not select geometry.

w(9a)" (703, 0) A (0. 1) = m(gn) (7, 0) A (61
Zb: s.l.ab jabﬁab —|_ Zb:t.l.ab Sab’ﬁ:gb —= O

— critical line S8, € R

gfe5ab =0

- critical points: coalesce with branch cut of the integrand.

——5+ilsap — 2 4iAsap
fab(zabagaagb) — EA_'YASab A—’YASab @(mﬁab)@(%ﬁba)

- tap bl T2 (RBap) "2 (RBra) 2 [(2ASab — 1) SBab — 27ASap RBuy)
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Asymptotics of EPRL time-like amplitudes

Av / Hdga 9n H/ Zab fab(zab gaagb) ASab(zab,9a:gv)
S CP

L(2,C) ,—1 a<b

e Define ﬁfb = Tqu(1,1)(Nab) [—€2 + SBap(€o — €1)] € H space-like 3-vector ) (
associated to the boundary data. One finds for the asymptotic critical points:

Hormanders theorem on asymoptotic

approximation of integrals is not applicable!

Ho6rmander ‘03 The Analysis of Linear
Partial Differential Operators I

Understand time-like amplitudes

by studying a lower-dimensional model
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Constructing a 2+1 model

Spinors, coherent states and a vertex amplitude
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The coberent Ponzano-Regge model as template

o 'The Ponzano-Regge model of 3d Riemannian gravity is very well understood:

%5 / H dga (jabs M1ab| D7 (9a) T D?** (gb)|jabs nba)
S

Ponzano, Regge ‘68

« Each diagram edge yields a pairing of boundary states through the inner product on
the SU(2) unitary irrep. of spin j.

J
, 1 ] . . ) 274
HCRHE = o nan| DI (90) DI (94) ans ) = (§ |l 0bgumna |§)%

with g, € SU(2) integrated over
and nqp € SU(2) boundary data

2a
e Defining |24p) := nap (§) € C?, each term (zab]glgb\zba> 72  mounts to:

1) An SU(2) pairing of Weyl spinors, 2) Weighted by the degree of
each corresponding to an element of the sphere classicality: the spins.
2) st (222 =1 s vi = (z]o’|2) € 2 % v 05 Sregge
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The coberent Ponzano-Regge model as template

o 'The Ponzano-Regge model of 3d Riemannian gravity is very well understood:

%5 / H dga (jabs M1ab| D7 (9a) T D?** (gb)|jabs nba)
S

U(2) 1 b
a= # Ponzano, Regge ‘68

« Each diagram edge yields a pairing of boundary states through the inner product on
the SU(2) unitary irrep. of spin j.

J
. 1 ] . . ) 254
HC@HE = (avs s DI (g0) DI (g0) s, ma) = (§ |0l gomna )7

with g, € SU(2) integrated over
and nqp € SU(2) boundary data

The strategy

Find which spinors correspond to R vectors
+ N4 sl
e~ X0 1) (

Construct SU(1,1) boundary states inducing such spinors
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Weyl and Majorana for Minkowski 3-space

« Underlying structure of mapping from spinors to sphere is complexified quaternions.
Use this to find:
S 1= (03,102, —i01)

1,2
\/ C/U(l) - €2, ) — <R|.|220,U121,77(1,2))
o 2= (2)
/\ ‘z) = qy = —’i’ZXZ‘Ug —> ’Ui = %Tr [giqz] z2

R: C? = C?
|2) = 01]Z)
((CMajorana D C1\/Iajorana)/Ij(l) — (C2zi<e2t q=0 — (Rhggm 77(1,2))

) ( 0=

2), 12%) = gz = —ilz'NZ"los = v = JTr[¢"q.]
R|z;) = |zi)
JDS, 24, ArXiv:2401.10324 charge Conjugation
T*SU(1,1)
A4 H* H5! o .
In the spirit of rwisted geometries

/\ N T Ep@ziale}, Wieland, Spcézialc, Frci’dcl,
w =i(dz1 Adz1 — dz2 AdZ2) w =1i(dz1 AdzZ2 — dz1 A dz2)

06/05/24 | Loops 24 | 12

A _ L Emmy . .
N 1O SCHELER t : ArXiv:2401.10324 A new 2+1 coherent spin-foam

) UNIVERSITAT ~ Frogramm © £ :
: ArXiv:2402.05993 vertex ror quantum gravity




K? generalized eigenbasis

« SU(1,1) continuous series in K generalized eigenbasis:

K?|j,\,0)=Aj,m), AeC,
P’]7 )\70-> — <_1)a‘j7)\70->7 o E {07 1}

1
o Consider coherent states at A = ij , minimizing (A[|(L?, K, K?)|) = —s* — 1 + A%,

’j7 g> — Dj (g) ‘]7 7;]', O'> , g€ SU(l, 1) spans continuous series of spin j
H7 = span {|7, 9N} gesu)

e Matrix elements are very complicated, and diverge at A\ = \":

+iAN

Y4 (o) = cos (%)_Zj_z ‘Qtan%

R (j F14iN g+ 1T F N, 1 +iAN; — tan? %) sen®=" o

—7 3 .
e~ L4, N 0" ) g =

(
( —Jj+o—id )T( —j+o’+iX
(

) s
—j+zf+i/\ I —3+azf—i>« ) L(iaA+e)y—(a)

— 26 . . 26 1 <y /
F(—J+25+(—1) U+1)\)F(—j+25+(—1) o’ —i\ )
25 2 2 ;
, , — —[(—iA =€)y ()
_ —1)265—4 _ —1)28 574N/
F( J+25+(21) X)F( J+25+( 21) +iX )

regularize it!

} but we can
T . ,
: COSE(ZA)\—FO'—O'),
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K? generalized eigenbasis

« SU(1,1) continuous series in K generalized eigenbasis:
K?|j,\,0)=Aj,m), AeC,

1
« Consider coherent states at A = ij , minimizing (A|(L?, K*, K?)|) = —s% — 1 + A%,

’j7 g> — Dj (g) ‘]7 7;]', O'> , g€ SU(l, 1) spans continuous series of spin j
HI = span{|j, g>}geSU(1,1)

e Matrix elements are very complicated, and diverge at A\ = \":

SU(1,1)-invariant pairing
= ; ' .. Y —124
(4,15, 0|D7 (") D7 (9)|, i, 0)yeg = —=g' - 1T]g - 1717 ) (
note v Hsl
.

complex conjugation y on
=— (—z[zg,|zg ])

Majorana spinors,

weighted by the spin

25

{I71. 171}
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The new model

e Tetrahedron with fully time-like CdgCS: Perelomov coherent states
[ ] 3 l
@ ~ EI?IEE - / H 9a H ko, = (qKab, nab’Dkab(Q)ab (ga)Jerab(q)ab (9v)|qkabs 7ba)
SUMLL) a=1 a<b Discrete series inner product
3
— H Ga H dkab [ga : (_Q)ab‘gb ) (_Q>ba]2kab
SU(1,1) ,—1 a<b
« Tetrahedron with fully space-like edges: New coherent states
o 3 l
@ ~ B H Ya H dsabcganabagbnba : [ja57 nab|D3ab(O) (ga)TDjab(O) (gb)|jab7 nba>
3 SU(LL) g=1  a<b . .
Continuous series inner product
3

At (g1t 12 .
= Loy Te TL (= pdeerloe Sl ) fg g -1 20
S

Can include any combination of space- and time-like edges
Can be generalized to higher polyhedra
DS, 24, ArXiv:2402.05993
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The new model

o Tetrahedron with fully space-like edges:  (analog of EPRL 4d time-like amplitudes)

0 3
;E :/Hga Hdsabcganamgbnba' [jabvnab’Djab(O)(ga)TDjab(O)(gb)‘jab)nba>

a=1 a<b
> vy + +
a a'l -1 2 —1—1+2 a
N / Hga H (_;dsabes plgelaplo byl ) [ga ) l;_b|gb ' lba] s
a=1 a<b Gaussian peaked at glued triangles
observations

1) space-like pairing needs additional gluing constraint;

2) large-spin limit yields the exp Regge action. Generically no cosine in
aSVI’nDtOtiCS! Jercher, JDS, Steinhaus 24

3) continuous series coherent states need both regu/arization and
additional constraint. Same behavior in 4d.

4) Preliminary: toIEological invariance requires summing over both space-
ul

and time-like bulk edges.
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Owverview and outlook

« Both space- and time-like regions should be considered in the spin-foam sum;
« The time-like EPRL amplitude may be ill-defined;

e An analog 3d model can be constructed which elucidates some of the obstacles;

Mowing forward

— 2+1 cosmology with space- and time-like regions;
— Absence of ‘cosine problemy’ allows identification with effective spin-foams;
— Generalization to cosmological constant;

— Inclusion of fermions a /a Fairbairn from first principles;
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