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Objective

♦ Study constraints in the presence of fermions coupled to
gravity

♦ Modified Ashtekar-Barbero variables

♦ Analyze possible issues

• Modifications to fermionic field and constraints
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Vacuum

Holst action
S =

1
2κ

∫
d4x |e|eaI ebJP IJ

KLF
KL
ab (ω)

where

P IJ
KL = δ

[I
Kδ

J]
L − 1

2γ
εIJ KL , κ = 8πG ,

F IJ(ω) = dωIJ + ωIK ∧ ωK
J , ωIJ

a = ebI∇ae
J
b

with ε0ijk = εtabc = 1.

♦ From variation of the action w.r.t. ωIJ
a , compatibility

condition
PKL

IJDb

(
|e|e [aK e

b]
L

)
= 0
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♦ Using the parametrization

eaI = Ea
I − nanI

where Ea
I na = Ea

I n
I = 0.

♦ Introducing the following variables

E a
i :=

√
det h Ea

i densitized triad

K i
a := ω0i

a , extrinsic curvature

Γ i
a :=

1
2
εj

i
kω

jk
a spin connection

Ai
a := γK i

a + Γ i
a Ashtekar-Barbero connection

where γ is the Barbero-Immirzi parameter
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Vacuum constraints

• Ggrav
i [A,E ] =

1
κγ

D(A)
a E a

i =
1
κγ

(
∂aE

a
i + εij

kAj
aE

a
k

)
• Sgrav

i [A,E ] =
1
κγ
εij

kK j
aE

a
k

• Hgrav [A,E ] =
1
2κ

E a
i E

b
j√

det h
εij k

{
Fk

ab(A)− (1 + γ2)εk mnK
m
a K n

b

− 2
1 + γ2

γ
D(Γ )

[a K k
b]

}
• Hgrav

a [A,E ] =
1
κγ

E b
j F

j
ab(A)−

(1 + γ2)

κγ
εj klE

b
j K

k
a K

l
b

where F i
ab(A) = 2∂[aΓ i

b] + εi jkΓ
j
aΓ

k
b ++2γD[aK

i
b] + γ2εi jkK

j
aK

k
b .

Hence

H =

∫
d3x

(
−ΛiGgrav

i + NHgrav + NaHgrav
a − (1 + γ2)ω0i

t Sgrav
i

)
with Λi = γω0i

t − 1
2ε

i
jkω

jk
t .

F. Fragomeno Fermions in LQG 5/ 16



Vacuum constraints

• Ggrav
i [A,E ] =

1
κγ

D(A)
a E a

i =
1
κγ

(
∂aE

a
i + εij

kAj
aE

a
k

)
• Sgrav

i [A,E ] =
1
κγ
εij

kK j
aE

a
k

• Hgrav [A,E ] =
1
2κ

E a
i E

b
j√

det h
εij k

{
Fk

ab(A)− (1 + γ2)εk mnK
m
a K n

b

− 2
1 + γ2

γ
D(Γ )

[a K k
b]

}
• Hgrav

a [A,E ] =
1
κγ

E b
j F

j
ab(A)−

(1 + γ2)

κγ
εj klE

b
j K

k
a K

l
b

where F i
ab(A) = 2∂[aΓ i

b] + εi jkΓ
j
aΓ

k
b ++2γD[aK

i
b] + γ2εi jkK

j
aK

k
b .

Hence

H =

∫
d3x

(
−ΛiGgrav

i + NHgrav + NaHgrav
a − (1 + γ2)ω0i

t Sgrav
i

)
with Λi = γω0i

t − 1
2ε

i
jkω

jk
t .

F. Fragomeno Fermions in LQG 5/ 16



Spin connection

♦ Taking the variation of H w.r.t. Γ i
a

♦ Using Ggrav
i ≈ 0

=⇒ expression for the spin connection in terms of triads

Γ i
a =

1
2
εijkebk

(
∂aebj − ∂beaj + e lae

c
j ∂cebl

)
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Also Si 2nd class constraint → constraints reduce to

• Ggrav
i [A,E ] =

1
κγ

D(A)
a E a

i ≈ 0

• Sgrav
i [A,E ] =

1
κγ
εij

kK j
aE

a
k = 0

• Hgrav [A,E ] =
1
2κ

E a
i E

b
j√

det h
εij k

{
Fk
ab(A)− (1 + γ2)εk mnK

m
a Kn

b

}
≈ 0

• Hgrav
a [A,E ] =

1
κγ

Eb
j F

j
ab(A) ≈ 0
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Weyl Fermions in curved space-time
Covariant derivative in curved space-time

DaΨ = ∂aΨ+
1
2
ωIJ
a σIJΨ

with σIJ = 1
4 [γI , γJ ], Dirac spinors Ψ =

(
ψL

ψR

)
and gamma

matrices defined as

γµ =

(
0 σ̃µ

σµ 0

)
i.e.

γ0 =

(
0 1
1 0

)
γ i =

(
0 −σi
σi 0

)
which satisfy the Clifford algebra {γµ, γν} = −2ηµν .

=⇒ fermionic action in curved space-time

SF =

∫
M
d4x |e|−i

2

(
ΨγI eaI DaΨ−DaΨγ

I eaI Ψ
)
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Fermionic constraints

Decomposing the space-time as before and summing the result with
the vacuum constraints,

• Gtot
i [A,E ,Ψ, Π] = Ggrav

i [A,E ]− 1
2

√
det h Ji

• Stot
i [A,E ,Ψ, Π] = −1 + γ2

γ
Sgrav
i [A,E ] +

1
2

√
det hJi

• Htot [A,E ,Ψ, Π] = Hgrav [A,E ] +
i

2

√
det h eai

(
Ψγ iDaΨ−DaΨγ

iΨ
)

• Htot
a [A,E ,Ψ, Π] = Hgrav

a [A,E ]− i

2

√
det h

(
Ψγ0DaΨ−DaΨγ

0Ψ
)

with J I = Ψγ5γ
IΨ fermionic axial current.
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From δHTOT

δωIJ
a

= 0, new compatibility condition:

Db(|e|e
[a
K e

b]
L ) = −κ

4
γ2

1 + γ2 |e|
(
εM KLNe

a
MJN − 1

γ
(eaKJL − eaLJK )

)
=⇒ connection must be modified

♦ Variation of the total action w.r.t. Γ i
a

♦ 2nd class constraints given by δHTOT

δωij
t

= 0 and δHTOT

δω0i
t

= 0

♦ New spin connection

Γ̃ i
a =−1

2
εdbc√
det h

(
e iae

k
d∂beck − 2eka e

i
d∂beck

)
︸ ︷︷ ︸

Γ i
a

−κ
4

γ2

1 + γ2

(
e iaJ

0 − 1
γ
εi jke

j
aJ

k

)
︸ ︷︷ ︸

C i
a
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New Ashtekar connection and constraints
♦ Modified Ashtekar connection

Ãi
a = γK i

a + Γ i
a︸ ︷︷ ︸

Ai
a

−κ
4

γ2

1 + γ2

(
e iaJ

0 − 1
γ
εi jke

j
aJ

k

)
︸ ︷︷ ︸

C i
a

♦ New 2nd class constraints

Si =
1
2

γ

1 + γ2

√
det hJi and εij

kK j
aE

a
k = γεij

kC j
aE

a
k

♦ Fermionic covariant derivatives in terms of the new Ashtekar
connection

DaΨ = ∂aΨ− i Ãi
aγ5σ0iΨ+ K i

a (1 + iγγ5)σ0iΨ =

= D(Ã)Ψ+ K i
a (1 + iγγ5)σ0iΨ

DaΨ = ∂aΨ
†γ0 + i Ãi

aΨ
†γ5σ0iγ

0 + K i
aΨ

† (1 − iγγ5)σ0iγ =

= D(Ã)Ψ+ K i
aΨ

† (1 − iγγ5)σ0iγ
0
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aΨ
†γ5σ0iγ

0 + K i
aΨ

† (1 − iγγ5)σ0iγ =
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Thus, constraints in terms of the new Ashtekar connection

• Gtot
i [Ã,E ,Ψ, Π] = Ggrav

i [Ã,E ]− 1
2

√
det hJi ≈ 0

• Stot
i [Ã,E ,Ψ, Π] = −1 + γ2

γ
Sgrav
i [Ã,E ] +

1
2

√
det h Ji = 0

• Htot [Ã,E ,Ψ, Π] = Hgrav [Ã,E ] +
γ

2
E a
i√

det h
D(Γ )

(√
det h J i

)
+

i

2
E a
i

(
Ψγ iD

(Ã)
a Ψ−D

(Ã)
a Ψγ iΨ

)
+

3
4
εi jkE

a
i K

j
aJ

k ≈ 0

• Htot
a [Ã,E ,Ψ, Π] = Hgrav

a [Ã,E ]− i

2

√
det h

(
Ψγ0D

(Ã)
a Ψ−D

(Ã)
a Ψγ0Ψ

)
+
γ

2

√
det h K i

aJi ≈ 0
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Issues

♦ Until now the canonical pairs are (Ãi
a,E

b
j ), (Ψ, Π) with

Π = i
√

det hΨ†

♦ In this case, the fermionic symplectic term is

Θ =

∫
d4xΠΨ̇ +

i

2
κγ

∫
d4xΨ†Ψe iaĖ

a
i︸ ︷︷ ︸

=⇒ ~Ai
a acquires

an imaginary correction

−
∫

d4xLt(ΠΨ)
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Half density fermions
♦ Problem solved by half-density fermions

Ξ =
4
√

det hΨ =

(
ξL
ξR

)
=⇒ ΠΞ = iΞ†

♦ New fermionic symplectic term

Θ =

∫
d4x

(
ΠξL ξ̇L +ΠξR

˙ξR

)
and anti-Poisson brackets

{ξLα(x), ΠξLβ (y)}+ = δαβδ(x , y)

{ξRα(x), ΠξRβ
(y)}+ = δαβδ(x , y)

♦ Components of the densitized fermionic axial current

J
i
=

√
det h J i = 2

(
ΠξR τ

iξR +ΠξLτ
iξL

)
J

0
=

√
det h J0 = −ξ†RξR + ξ†LξL

F. Fragomeno Fermions in LQG 14/ 16



Half density fermions
♦ Problem solved by half-density fermions

Ξ =
4
√

det hΨ =

(
ξL
ξR

)
=⇒ ΠΞ = iΞ†

♦ New fermionic symplectic term

Θ =

∫
d4x

(
ΠξL ξ̇L +ΠξR

˙ξR

)
and anti-Poisson brackets

{ξLα(x), ΠξLβ (y)}+ = δαβδ(x , y)

{ξRα(x), ΠξRβ
(y)}+ = δαβδ(x , y)

♦ Components of the densitized fermionic axial current

J
i
=

√
det h J i = 2

(
ΠξR τ

iξR +ΠξLτ
iξL

)
J

0
=

√
det h J0 = −ξ†RξR + ξ†LξL

F. Fragomeno Fermions in LQG 14/ 16



Half density fermions
♦ Problem solved by half-density fermions

Ξ =
4
√

det hΨ =

(
ξL
ξR

)
=⇒ ΠΞ = iΞ†

♦ New fermionic symplectic term

Θ =

∫
d4x

(
ΠξL ξ̇L +ΠξR

˙ξR

)
and anti-Poisson brackets

{ξLα(x), ΠξLβ (y)}+ = δαβδ(x , y)

{ξRα(x), ΠξRβ
(y)}+ = δαβδ(x , y)

♦ Components of the densitized fermionic axial current

J
i
=

√
det h J i = 2

(
ΠξR τ

iξR +ΠξLτ
iξL

)
J

0
=

√
det h J0 = −ξ†RξR + ξ†LξL

F. Fragomeno Fermions in LQG 14/ 16



Thus, new constraints

• Gtot
i [Ã,E ,Ξ, ΠΞ] = Ggrav

i [Ã,E ]−
(
ΠξR τ

iξR +ΠξLτ
iξL

)
• Htot [Ã,E ,Ξ, ΠΞ] = Hgrav [Ã,E ] + γ

E a
i√

det h
D(Γ )

(
ΠξR τ

iξR +ΠξLτ
iξL

)
+ i

E a
i√

det h

(
−ΠξR τ

i∂aξR +ΠξLτ
i∂aξL + ∂a(ΠξR )τ

iξR − ∂a(ΠξL)τ
iξL

)
+

i

2
E a
i√

det h
Ãi
a (−ΠξLξL +ΠξR ξR) +

3
2
εi jk

E a
i√

det h
K j
a

(
ΠξLτ

kξL +ΠξR τ
kξR

)
• Htot

a [Ã,E ,Ξ, ΠΞ] = Hgrav
a [Ã,E ]− Ãi

a (ΠξLτiξL +ΠξR τiξR)

− 1
2

(
ΠξR τ

i∂aξR +ΠξLτ
i∂aξL − ∂a(ΠξR )τ

iξR − ∂a(ΠξL)τ
iξL

)
+ γK i

a (ΠξLτiξL +ΠξR τiξR)
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Work in progress

♦ Consistency check: Dirac EOM in curved space-time

♦ Adding photon field

♦ Polymerize fermion field keeping gravity classical and vice
versa

♦ Transition to loop representation

Thank you!
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Constraints
Consider

S =

∫ t2

t1

L(q, q̇)dt

If det

(
∂2L

∂q̇n′∂q̇n

)
= 0 → Singular system =⇒ pn =

∂L

∂q̇n
not all independent

Hence, there are some relations

ϕm(q, p) = 0 with m = 1, ...,M primary constraints

that follow from the definition of the momenta.
From the consistency condition

ϕ̇ = [ϕm,H] + um
′
[ϕm, ϕm′ ] = 0 →φk = 0 with k = M + 1, ...,M + K

secondary constraints

with um Lagrange multipliers.
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Weak Equality

A function f is weakly equal to a function g

f ≈ g

if f and g are equal on the subspace defined by the primary
constraints ϕm = 0.
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First and Second Class Constraints

A constraint is called “first class” if its Poisson bracket with all the
constraints ΩA vanishes weakly,

{Ω(1)
A1
,ΩB} ≈ 0 ; A1 = 1, ...,N(1) , B = 1, ...,N

First class constraints generate gauge transformations.
A constraint that is not first class is called “second class”.
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	Appendix

