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¢ Analyze possible issues

o Modifications to fermionic field and constraints
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Vacuum

Holst action

1
S= ﬂ/d4x|e|ef’ej’Pl<JL

where
oo gl J] I
P" kL = 6,6} —ZE KL 5
FY(w) = dw” + ™ Awk

0ijk

with e°U% = e40pc = 1.

¢ From variation of the action w.r.t. w

condition

Fab (@)
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w = e?'V e}

, compatibility
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¢ Using the parametrization
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where f'n, = an' =0.




¢ Using the parametrization
ef =& —nn
where f'n, = Sf’n' =0.
¢ Introducing the following variables

Ef :=Vdeth&? densitized triad

1

i._ 0
K, i =w,,

T S : :
I, = € kW spin connection

Al =AKI 4+ T Ashtekar-Barbero connection

where 7y is the Barbero-Immirzi parameter




Vacuum constraints

rav 1 j
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Vacuum constraints

rav 1 1 '
© GFIAEl = ZDVE = (057 + e " AEY)
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° SigraV[A7 E] — /g_nyiijéE;
1 EIaEJb
2% vV de t
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o HEVA F] = £ k{]:akb(A) — (1472 KK

1 ; 2y
HE A E] = H—ﬁ-"f;b(A) - % WEPKEK]

where ]:’b(A) = 28[3 + Eiij‘{Fé( + —|—2’yD[aKt';] =+ ’72€iijgK[f.
Hence

H = /d3X (_Aigigrav 4+ NHE? + Na/ngav _ (1 + Wz)w?isigrav)

with A7 = yw? — %sijkw’t'k.




Spin connection

¢ Taking the variation of H w.r.t. T/
¢ Using G5 ~ 0

— expression for the spin connection in terms of triads

1.
F; = Esuke}: <Baebj — Bbeaj + eéef&ceb,>




Also S; 2nd class constraint — constraints reduce to
1
° GF*[A E] = —DE ~ 0
K7y
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Ky
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Weyl Fermions in curved space-time

Covariant derivative in curved space-time

1
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Weyl Fermions in curved space-time

Covariant derivative in curved space-time

1
DV =9,V + Ewyal N

with oy = %[’y,,’yJ], Dirac spinors W = ($L> and gamma
R

0 ot
p_
= %)
0_0 1 i O —O'i
T\ o T\ 0

which satisfy the Clifford algebra {~v#,4"} = —2nH".

matrices defined as

= in curved space-time

SF = / d*x|e| = (%’efz)aw - Dalllfy’ef\ll)
” 2




Fermionic constraints

Decomposing the space-time as before and summing the result with
the vacuum constraints,

1
© GI[AE, W, IT] = GF™V[A, E] — S V/deth
1477 1
« SIM[AE V. 11) = =T SE (AL ] 4 5 Vaeth
° thot[A’ E, \U,H] — ngaV[A, E] + é /dethef' (W’y’@a\" — ﬁvi\U)

HEA E, V., IT] = HE?V[A, E] — év det h (

with J/ = Wnsy/ W fermionic axial current.




' From ‘Sg"ﬁJ—T = 0, new compatibility condition:
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¢ New spin connection




New Ashtekar connection and constraints

¢ Modified Ashtekar connection
2
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¢ Modified Ashtekar connection
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New Ashtekar connection and constraints

¢ Modified Ashtekar connection

K 7/2 . 1 . .
Al =~KitT! <e;JO - 5’jkeéjk>
v

41+~
Ci
¢ New 2nd class constraints
Si = \/det hJ; and e;KKIEZ = ve; K CIE]

21

¢ Fermionic covariant derivatives in terms of the new Ashtekar
connection

DV =9,¥ — A LvsooiV + K’ (1+ ivys) oV =
= 9D+ KI (1 + iys) o0V

D,V = 0,WT0 + iAW 500170 + KIWT (1 — inys) ooy =
= DAV 4 KW (1~ ir7s) 00




l Thus, constraints in terms of the new Ashtekar connection

, - 1
* Gi7'A B\, 1T = G A E] = SV det hJj ~ 0

~ 1472 = Lo
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Issues

¢ Until now the canonical pairs are (AL, EJ-b), (W, IT) with

IT = iv/det hUT

¢ In this case, the fermionic symplectic term is

0= / d*xITW + ém / d*xViwel E7 — / d*x L (ITW)

= Al acquires
an imaginary correction




Half density fermions
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Half density fermions
¢ Problem solved by half-density fermions

Z = Vdethv = (ﬁ) — ===t
§R

¢ New fermionic symplectic term

©= /d4X (HgLflL + H£R§.R>
and anti-Poisson brackets
{€La(3), e, ,(y)}+ = 6apd(x,y)
{€R. (%), Heg s (¥) 1+ = bapd(x, y)

¢ Components of the densitized fermionic axial current
ji = Vdet hJ)i =2 (HgRT’.fR + HELTIEL)
I = Vdeth S = —¢her +€l&s




Thus, new constraints

o GIPYAE,Z, II=] = GFV | A E| — (Ie,7'€r + I, 7' )

o HA E, = IIz] = HE[A E] + DY) (e, 7/6R + e, 7'1)

vdet h
m( HgRT ) LER + H&LT 83& + 0, (H{R)T ER — 0, (H&L)T fL)
i E7 3 E?
i 11,
2\/—A ( H€L€L+ £R§R)+ e ka

+

KI (I, 7€, + e, 7"ER)

HEAE, =, II=] = — AL (Mg, 7161 + e, TikR)
1 . . . ;
— o (Heam0utin + M 70,60 — Dul(ITeg)7'6r — 0a(ITe, )61
+ yKS (e, i1 + e, 7iéR)




Work in progress

¢ Consistency check: Dirac EOM in curved space-time
¢ Adding photon field

¢ Polymerize fermion field keeping gravity classical and vice
versa

¢ Transition to loop representation
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¢ Adding photon field
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¢ Transition to loop representation

Thank you!



Constraints

Consider .
5= [ L.
t1
If det PL = 0 — Singular system — _ oL not all independent
8(-7,,/6(-7" - g y pn - aqn p
Hence, there are some relations
om(q,p) =0withm=1,... M primary constraints

that follow from the definition of the momenta.
From the consistency condition

& = [bms H] + u™ [y bow] =0 = o =0 with k=M +1,.... M+ K
secondary constraints

with u™ Lagrange multipliers.




Weak Equality

A function f is weakly equal to a function g

frg

if f and g are equal on the subspace defined by the primary
constraints ¢, = 0.




First and Second Class Constraints

A constraint is called " first class” if its Poisson bracket with all the
constraints Q4 vanishes weakly,

{91(411)793} ~0 ; Al = 17---7N(1) ) B = 17"'7N

First class constraints generate gauge transformations.
A constraint that is not first class is called “second class”.
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