
Spinfoams’ Bulk-Boundary

Etera Livine
Laboratoire de Physique LP ENSL & CNRS

Loops’ 24 Conference - Fort Lauderdale



Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Why Bulk-Boundary ?

Because of Holographic behaviour of Quantum Gravity

Dynamics of region of space-time region faithfully 
represented by a theory living on the boundary



Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Why Bulk-Boundary ?

Because of Holographic behaviour of Quantum Gravity

BH entropy, 
entropy bounds 
and area law

Dynamics of region of space-time region faithfully 
represented by a theory living on the boundary



Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Why Bulk-Boundary ?

Because of Holographic behaviour of Quantum Gravity

Diffeomorphism inv, 
delocalised observables

AdS/CFT-like correspondences, 
holographic dualities

Asymptotic symmetry alg, 
boundary symmetry alg

No screening of gravity, 
Effects always propagate 
to boundary… but BHs ??

BH entropy, 
entropy bounds 
and area law

Thermodynamics of spacetime, 
Einstein eqns from entropy flux

Dynamics of region of space-time region faithfully 
represented by a theory living on the boundary
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Why Bulk-Boundary ?

Because of Holographic behaviour of Quantum Gravity

Dynamics of region of space-time region faithfully 
represented by a theory living on the boundary

But also simply because

Bulk <-> Boundary = basic propagation in (quantum) theory

Bulk <-> Boundary = pb of boundary conditions & quantum states

Bulk <-> Boundary = basic setting of path integral

Bulk <-> Boundary = natural experimental setting



Because Topological Field Theory

3d Quantum Gravity as Test Ground

Naturally Holographic
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Naturally Holographic
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No local d.o.f. in bulk “Global” d.o.f. in topology 
and on boundary

Exactly quantizable Convergence of approaches  
to 3d quantum gravity

Thus perfect to study structure and role of boundary state

Hamiltonian 
dynamics

Chern-Simons 
theory

TQFT path 
integral

State-sums
LQG



Because Topological Field Theory

3d Quantum Gravity as Test Ground

Naturally Holographic
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No local d.o.f. in bulk “Global” d.o.f. in topology 
and on boundary

Exactly quantizable Convergence of approaches  
to 3d quantum gravity

Thus perfect to study structure and role of boundary state

Thus can work in fully-defined theory and make exact 
computations for probability amplitudes

Work in Ponzano-Regge model, to learn about spinfoams in general



Ponzano-Regge Path Integral
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Discrete path integral:
Spinfoams

Prescribes a probability amplitude to 
every 3d triangulation
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Discrete path integral: Prescribes a probability amplitude to 
every 3d triangulation

Planck scale geometry: Length, area, volume, angle operators 
with quantized spectrumÀ la LQG

Spinfoams

Topological Invariant:
TQFT

Inv under translational symmetry, 
encoded in Biedenharn-Elliott identity

Finite Amplitudes:
Operational theory

Suitable gauge fixing procedure, 
matches Ray-Singer torsion & knot invs
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Discrete path integral:

Planck scale geometry: Length, area, volume, angle operators 
with quantized spectrumÀ la LQG

Spinfoams

Topological Invariant:
TQFT

Inv under translational symmetry, 
encoded in Biedenharn-Elliott identity

Finite Amplitudes:
Operational theory

Suitable gauge fixing procedure, 
matches Ray-Singer torsion & knot invs

Extensions:
Versatile formalism

Lorentzian signature, q-deformation, 
supergravities, 3d GFTs

Prescribes a probability amplitude to 
every 3d triangulation



Ponzano-Regge Path Integral in details
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Prescribes a probability amplitude to every 3d triangulation
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Intertwiner I on each triangle
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Ponzano-Regge Path Integral in details
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Prescribes a probability amplitude to every 3d triangulation

Defines path integral for quantized Regge calculus
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Regge action for discrete gravity

Spin j on edge 



Ponzano-Regge Path Integral in details
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Prescribes a probability amplitude to every 3d triangulation

Defines path integral for quantized Regge calculus
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Regge action for discrete gravity

Discretization of boundary action !

=
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Ponzano-Regge Path Integral in details
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Prescribes a probability amplitude to every 3d triangulation

Defines path integral for quantized Regge calculus
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Does not depend on details of triangulation, but only on boundary state !
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Quantum boundary conditions on the 2-sphere 
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Quantum boundary conditions on the 2-sphere 
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Boundary state 
= 

Spin Network 
= 

Quantum Boundary 
Conditions

je

PR Amplitude projects onto physical state
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= flat connection

So it is given by spin network evaluation :

Straightforward contraction of Clebsh-Gordan coefficients 



Quantum boundary conditions on the 2-sphere 
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Boundary state 
= 

Spin Network 
= 

Quantum Boundary 
Conditions

je

Boundary state does not need to be pure spin networks

But one can use arbitrary (coherent) superpositions of spins

Possibility to explore how QG amplitudes 
depend on 

(type of) quantum boundary conditions



The Ponzano-Regge Propagator
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The Ponzano–Regge cylinder and propagator for 3d quantum gravity
2107.03264 [L]

Quasi-local holographic dualities in non-perturbative 3d quantum gravity I 
-Convergence of multiple approaches and examples of Ponzano–Regge statistical duals
1710.04202 [Dittrich, Goeller, L, Riello]

Quasi-local holographic dualities in non-perturbative 3d quantum gravity II
– From coherent quantum boundaries to BMS3 characters
1710.04237 [Dittrich, Goeller, L, Riello]

Non-Perturbative 3D Quantum Gravity: Quantum Boundary States
and Exact Partition Function 1912.01968 [Goeller, L, Riello]

Spin selection, transfer matrix, 
quantum gates

Mapping to 6-vertex model

Recovers BMS3 characters, link 
with flat space holography

https://inspirehep.net/literature/1878433
https://arxiv.org/abs/2107.03264
https://arxiv.org/abs/1710.04202
https://arxiv.org/abs/1710.04237
https://arxiv.org/abs/1912.01968


But let’s stay on the sphere today
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and leave the torus for 
future exploration

?!?



3d Quantum Gravity - 2d Ising duality
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3d Quantum Gravity - 2d Ising duality
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2d Ising zeroes from Quantum Gravity
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Get Ising zeroes (critical couplings) from (quantum) geometry

as 2d triangulations embedded in 3d flat space

Ising zeroes

QG Poles
Semiclassical geometry 

(Large spins)
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2d Ising zeroes from Quantum Gravity
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Get Ising zeroes (critical couplings) from (quantum) geometry

as 2d triangulations embedded in 3d flat space

Stat Phys

Q Grav

2405.01253 [Bonzom, L]

Ising zeroes

QG Poles
Semiclassical geometry 

(Large spins)

https://arxiv.org/abs/2405.01253
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Get Ising zeroes (critical couplings) from (quantum) geometry

as 2d triangulations embedded in 3d flat space

Stat Phys
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BUT MORE … 3d QG from fusion of non-critical conformal blocks

As topological network of Ising bubbles !

Always remains a boundary theory



2d Ising zeroes from Quantum Gravity
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Get Ising zeroes (critical couplings) from (quantum) geometry

as 2d triangulations embedded in 3d flat space

Stat Phys

Q Grav

BUT MORE … 3d QG from fusion of non-critical conformal blocks

Always remains a boundary theory

Bulk Coarse-graining -> Boundary refinement & renormalization

As topological network of Ising bubbles !



What’s going on ?

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Example of 1d Ising -> 2d

=

Bulk 
theory

Boundary 
data

Boundary 
couplings

“Edge 
modes”

Boundary 
theory
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Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Example of 1d Ising -> 2d
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What’s going on ?
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Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Example of 1d Ising -> 2d

=

Coarse-grain to compute bulk 
amplitude from global boundary

Refine to get bulk as network 
of boundary theories

FUSE

DE-FUSE
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Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Add coupling to boundary theory
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Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion:
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<latexit sha1_base64="Cr7fFyWeblMxdXyuOnSq50MSRo4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kuWltPBS8eK9oPaJeSTbNtaDa7JFmhlP4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmoYbwTqJYiQKBGsH46vMb98zpXks78wkYX5EhpKHnBJjpdu07/WLJVzGFpUKyohbxa4ltVrV82rInVsYl2CJRr/43hvENI2YNFQQrbsuTow/JcpwKtis0Es1SwgdkyHrWipJxLQ/nZ86QydWGaAwVrakQXP1+8SURFpPosB2RsSM9G8vE//yuqkJq/6UyyQ1TNLFojAVyMQo+xsNuGLUiIklhCpub0V0RBShxqZTsCF8fYr+Jy2v7FbK5zdnpfrlMo48HMExnIILF1CHa2hAEygM4QGe4NkRzqPz4rwuWnPOcuYQfsB5+wRgv43d</latexit>u2

<latexit sha1_base64="uJJKBkYaE44GptDI9dbKczc2Z3I=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtmqtfVU8OKxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbTD+cJaWV1bX1nMb+c2t7Z3dwt5+S0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Crz2/dMaR7JOzOJmReSoeQBp8RY6Tbpn/YLRVzCFpUKyohbxa4ltVq1XK4hd2ZhXIQFGv3Ce28Q0SRk0lBBtO66ODZeSpThVLBpvpdoFhM6JkPWtVSSkGkvnZ06RcdWGaAgUrakQTP1+0RKQq0noW87Q2JG+reXiX953cQEVS/lMk4Mk3S+KEgEMhHK/kYDrhg1YmIJoYrbWxEdEUWosenkbQhfn6L/Satcciul85uzYv1yEUcODuEITsCFC6jDNTSgCRSG8ABP8OwI59F5cV7nrUvOYuYAfsB5+wRiQ43e</latexit>u3

<latexit sha1_base64="pPATkjC2Y5A2AapKR88UxS+IC08=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtlSa+up4MVjRfsB7VKyabYNzWaXJCuUpT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbm+bHg2mD84aysrq1vbOa28ts7u3v7hYPDto4SRVmLRiJSXZ9oJrhkLcONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomx0m0yqAwKRVzCFtUqyohbw64l9XqtXK4jd25hXIQlmoPCe38Y0SRk0lBBtO65ODZeSpThVLBZvp9oFhM6ISPWs1SSkGkvnZ86Q6dWGaIgUrakQXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgEMhHK/kZDrhg1YmoJoYrbWxEdE0WosenkbQhfn6L/Sbtccqul85tKsXG5jCMHx3ACZ+DCBTTgGprQAgojeIAneHaE8+i8OK+L1hVnOXMEP+C8fQJjx43f</latexit>u4
<latexit sha1_base64="dXq4Z90IRtxfAYVOvy28aUvN5Jo=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4Kkn6qaeCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GTVtBRR8MPN6bYWZekAiuwbY/rLX1jc2t7dxOfndv/+CwcHTc1nGqKPNoLGLVDYhmgkvmAQfBuoliJAoE6wST68zv3DOleSzvYJowPyIjyUNOCRjJ6wcMyKBQtEuXjZpbdbFdsu26W65lxK1X3DJ2jJKhiFZoDQrv/WFM04hJoIJo3XPsBPwZUcCpYPN8P9UsIXRCRqxnqCQR0/5scewcnxtliMNYmZKAF+r3iRmJtJ5GgemMCIz1by8T//J6KYQNf8ZlkgKTdLkoTAWGGGef4yFXjIKYGkKo4uZWTMdEEQomn7wJ4etT/D9puyWnVqreVorNq1UcOXSKztAFclAdNdENaiEPUcTRA3pCz5a0Hq0X63XZumatZk7QD1hvnyemjuo=</latexit>

�

Add coupling to boundary theory



What’s going on ?

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion:

<latexit sha1_base64="DbkVPV78F4msjOG8CZjcsONu+ro="></latexit>

Z(�)[{uk}] = Z(�)
@ [{uk}] = e��(

��!P
kuk)

2

<latexit sha1_base64="F6hP5bD9cOOjn2wB+ivYXcF98mw=">AAAB7HicdVBNSwMxEJ2tX3X9qnr0EiyCp5ItWltPBS8eK1hbaJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzL0gE1wbjD6ewsrq2vlHcdLe2d3b3SvsHdzpOFWVtGotYdQOimeCStQ03gnUTxUgUCNYJJle537lnSvNY3pppwvyIjCQPOSXGSu104LnuoFTGFWxRq6GceHXsWdJo1KvVBvLmFsZlWKI1KL33hzFNIyYNFUTrnocT42dEGU4Fm7n9VLOE0AkZsZ6lkkRM+9n82Bk6scoQhbGyJQ2aq98nMhJpPY0C2xkRM9a/vVz8y+ulJqz7GZdJapiki0VhKpCJUf45GnLFqBFTSwhV3N6K6JgoQo3NJw/h61P0P7mrVrxa5fzmrNy8XMZRhCM4hlPw4AKacA0taAMFDg/wBM+OdB6dF+d10VpwljOH8APO2yfJcY4E</latexit>u1

<latexit sha1_base64="Cr7fFyWeblMxdXyuOnSq50MSRo4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kuWltPBS8eK9oPaJeSTbNtaDa7JFmhlP4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmoYbwTqJYiQKBGsH46vMb98zpXks78wkYX5EhpKHnBJjpdu07/WLJVzGFpUKyohbxa4ltVrV82rInVsYl2CJRr/43hvENI2YNFQQrbsuTow/JcpwKtis0Es1SwgdkyHrWipJxLQ/nZ86QydWGaAwVrakQXP1+8SURFpPosB2RsSM9G8vE//yuqkJq/6UyyQ1TNLFojAVyMQo+xsNuGLUiIklhCpub0V0RBShxqZTsCF8fYr+Jy2v7FbK5zdnpfrlMo48HMExnIILF1CHa2hAEygM4QGe4NkRzqPz4rwuWnPOcuYQfsB5+wRgv43d</latexit>u2

<latexit sha1_base64="uJJKBkYaE44GptDI9dbKczc2Z3I=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtmqtfVU8OKxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbTD+cJaWV1bX1nMb+c2t7Z3dwt5+S0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Crz2/dMaR7JOzOJmReSoeQBp8RY6Tbpn/YLRVzCFpUKyohbxa4ltVq1XK4hd2ZhXIQFGv3Ce28Q0SRk0lBBtO66ODZeSpThVLBpvpdoFhM6JkPWtVSSkGkvnZ06RcdWGaAgUrakQTP1+0RKQq0noW87Q2JG+reXiX953cQEVS/lMk4Mk3S+KEgEMhHK/kYDrhg1YmIJoYrbWxEdEUWosenkbQhfn6L/Satcciul85uzYv1yEUcODuEITsCFC6jDNTSgCRSG8ABP8OwI59F5cV7nrUvOYuYAfsB5+wRiQ43e</latexit>u3

<latexit sha1_base64="pPATkjC2Y5A2AapKR88UxS+IC08=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtlSa+up4MVjRfsB7VKyabYNzWaXJCuUpT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbm+bHg2mD84aysrq1vbOa28ts7u3v7hYPDto4SRVmLRiJSXZ9oJrhkLcONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomx0m0yqAwKRVzCFtUqyohbw64l9XqtXK4jd25hXIQlmoPCe38Y0SRk0lBBtO65ODZeSpThVLBZvp9oFhM6ISPWs1SSkGkvnZ86Q6dWGaIgUrakQXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgEMhHK/kZDrhg1YmoJoYrbWxEdE0WosenkbQhfn6L/Sbtccqul85tKsXG5jCMHx3ACZ+DCBTTgGprQAgojeIAneHaE8+i8OK+L1hVnOXMEP+C8fQJjx43f</latexit>u4
<latexit sha1_base64="dXq4Z90IRtxfAYVOvy28aUvN5Jo=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4Kkn6qaeCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GTVtBRR8MPN6bYWZekAiuwbY/rLX1jc2t7dxOfndv/+CwcHTc1nGqKPNoLGLVDYhmgkvmAQfBuoliJAoE6wST68zv3DOleSzvYJowPyIjyUNOCRjJ6wcMyKBQtEuXjZpbdbFdsu26W65lxK1X3DJ2jJKhiFZoDQrv/WFM04hJoIJo3XPsBPwZUcCpYPN8P9UsIXRCRqxnqCQR0/5scewcnxtliMNYmZKAF+r3iRmJtJ5GgemMCIz1by8T//J6KYQNf8ZlkgKTdLkoTAWGGGef4yFXjIKYGkKo4uZWTMdEEQomn7wJ4etT/D9puyWnVqreVorNq1UcOXSKztAFclAdNdENaiEPUcTRA3pCz5a0Hq0X63XZumatZk7QD1hvnyemjuo=</latexit>

�
<latexit sha1_base64="dcZYHeHqx9AjxGVZiH+5WsS6G84="></latexit>

Z(�1)
@ #u$ũZ

(�2)
@ =

Z
duZ(�1)

@ [u, {uk}]Z(�2)
@ [u, {ũk}]

= Z(�)
@ [{uk, ũk}]

<latexit sha1_base64="FmzohRai5AcvtdLFh2xPnQkuxco=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchSR96qrgxmUF+4A2lMl02g6dTMLMRCihH+HGhSJu/R53/o2TtoKKHrhwOOde7r0niDlT2nE+rLX1jc2t7dxOfndv/+CwcHTcVlEiCW2RiEeyG2BFORO0pZnmtBtLisOA004wvc78zj2VikXiTs9i6od4LNiIEayN1OkHVOOBOygUHfuyXvUqHnJsx6l5pWpGvFrZKyHXKBmKsEJzUHjvDyOShFRowrFSPdeJtZ9iqRnhdJ7vJ4rGmEzxmPYMFTikyk8X587RuVGGaBRJU0Kjhfp9IsWhUrMwMJ0h1hP128vEv7xeokd1P2UiTjQVZLlolHCkI5T9joZMUqL5zBBMJDO3IjLBEhNtEsqbEL4+Rf+Ttme7VbtyWy42rlZx5OAUzuACXKhBA26gCS0gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPUB6Pjg==</latexit>

�1

<latexit sha1_base64="W4SrdqVy4cvw8bTjiH+XkmSQ0Bw=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuQpo+dVVw47KCfUAbymQ6aYdOJmHmRiihH+HGhSJu/R53/o2TtoKKHrhwOOde7r3HjwXX4Dgf1tr6xubWdm4nv7u3f3BYODru6ChRlLVpJCLV84lmgkvWBg6C9WLFSOgL1vWn15nfvWdK80jewSxmXkjGkgecEjBSd+AzIEN3WCg69mWj5lZd7NiOU3fLtYy49YpbxiWjZCiiFVrDwvtgFNEkZBKoIFr3S04MXkoUcCrYPD9INIsJnZIx6xsqSci0ly7OneNzo4xwEClTEvBC/T6RklDrWeibzpDARP/2MvEvr59A0PBSLuMEmKTLRUEiMEQ4+x2PuGIUxMwQQhU3t2I6IYpQMAnlTQhfn+L/Sce1SzW7elspNq9WceTQKTpDF6iE6qiJblALtRFFU/SAntCzFVuP1ov1umxds1YzJ+gHrLdPUaKPjw==</latexit>

�2

<latexit sha1_base64="jmeJllgRELrd7i0opQyLVg/oaxE=">AAAB6HicdVBNSwMxEM36WetX1aOXYBE8lWzR2noqePHYgv2AdinZdLaNzWaXJCuUpb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbm+bHg2hDy4aysrq1vbOa28ts7u3v7hYPDto4SxaDFIhGprk81CC6hZbgR0I0V0NAX0PEn15nfuQeleSRvzTQGL6QjyQPOqLFSMxkUiqRELCoVnBG3SlxLarVquVzD7twipIiWaAwK7/1hxJIQpGGCat1zSWy8lCrDmYBZvp9oiCmb0BH0LJU0BO2l80Nn+NQqQxxEypY0eK5+n0hpqPU09G1nSM1Y//Yy8S+vl5ig6qVcxokByRaLgkRgE+HsazzkCpgRU0soU9zeitmYKsqMzSZvQ/j6FP9P2uWSWyldNM+L9atlHDl0jE7QGXLRJaqjG9RALcQQoAf0hJ6dO+fReXFeF60rznLmCP2A8/YJOdmNOA==</latexit>u
<latexit sha1_base64="EJ8H0zt0jZUjVl4OdPYV2ZqTVgs=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqewWra2nghePFeyHtEvJZqdtaJJdkqxQlv4KLx4U8erP8ea/MdtWUNEHA4/3ZpiZF8ScaeO6H05uZXVtfSO/Wdja3tndK+4ftHWUKAotGvFIdQOigTMJLcMMh26sgIiAQyeYXGV+5x6UZpG8NdMYfEFGkg0ZJcZKd33DeAhpMhsUS27ZtahWcUa8mutZUq/XKpU69uaW65bQEs1B8b0fRjQRIA3lROue58bGT4kyjHKYFfqJhpjQCRlBz1JJBGg/nR88wydWCfEwUrakwXP1+0RKhNZTEdhOQcxY//Yy8S+vl5hhzU+ZjBMDki4WDROOTYSz73HIFFDDp5YQqpi9FdMxUYQam1HBhvD1Kf6ftCtlr1o+vzkrNS6XceTRETpGp8hDF6iBrlETtRBFAj2gJ/TsKOfReXFeF605ZzlziH7AefsEluuQ7g==</latexit>

ũ<latexit sha1_base64="EdQuGyMD6/BvZnOD95AlcdxHMds=">AAAB6XicdVDLSsNAFL2pr1pfVZduBoPgKiS10cZVwY3LKvYBbSmT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLLtD6Owsrq2vlHcLG1t7+zulfcPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57TtT65yv31PhWRxdKemCe2HeBSxgBGstHTbMwdl07a8mutWK8i2bNurumeaeJ7n1BzkaCWHCUs0BuX33jAmaUgjRTiWsuvYiepnWChGOJ2VeqmkCSYTPKJdTSMcUtnP5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8bqqCWj9jUZIqGpHFoiDlSMUofxsNmaBE8akmmAimb0VkjAUmSodT0iF8fYr+J62K5Zxb7k3VrF8u4yjCERzDKThwAXW4hgY0gUAAD/AEz8bEeDRejNdFa8FYzhzCDxhvn5qwjWo=</latexit>

#

Add coupling to boundary theory



What’s going on ?

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Add coupling to boundary theory

<latexit sha1_base64="DbkVPV78F4msjOG8CZjcsONu+ro="></latexit>

Z(�)[{uk}] = Z(�)
@ [{uk}] = e��(

��!P
kuk)

2

<latexit sha1_base64="F6hP5bD9cOOjn2wB+ivYXcF98mw=">AAAB7HicdVBNSwMxEJ2tX3X9qnr0EiyCp5ItWltPBS8eK1hbaJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzL0gE1wbjD6ewsrq2vlHcdLe2d3b3SvsHdzpOFWVtGotYdQOimeCStQ03gnUTxUgUCNYJJle537lnSvNY3pppwvyIjCQPOSXGSu104LnuoFTGFWxRq6GceHXsWdJo1KvVBvLmFsZlWKI1KL33hzFNIyYNFUTrnocT42dEGU4Fm7n9VLOE0AkZsZ6lkkRM+9n82Bk6scoQhbGyJQ2aq98nMhJpPY0C2xkRM9a/vVz8y+ulJqz7GZdJapiki0VhKpCJUf45GnLFqBFTSwhV3N6K6JgoQo3NJw/h61P0P7mrVrxa5fzmrNy8XMZRhCM4hlPw4AKacA0taAMFDg/wBM+OdB6dF+d10VpwljOH8APO2yfJcY4E</latexit>u1

<latexit sha1_base64="Cr7fFyWeblMxdXyuOnSq50MSRo4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kuWltPBS8eK9oPaJeSTbNtaDa7JFmhlP4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmoYbwTqJYiQKBGsH46vMb98zpXks78wkYX5EhpKHnBJjpdu07/WLJVzGFpUKyohbxa4ltVrV82rInVsYl2CJRr/43hvENI2YNFQQrbsuTow/JcpwKtis0Es1SwgdkyHrWipJxLQ/nZ86QydWGaAwVrakQXP1+8SURFpPosB2RsSM9G8vE//yuqkJq/6UyyQ1TNLFojAVyMQo+xsNuGLUiIklhCpub0V0RBShxqZTsCF8fYr+Jy2v7FbK5zdnpfrlMo48HMExnIILF1CHa2hAEygM4QGe4NkRzqPz4rwuWnPOcuYQfsB5+wRgv43d</latexit>u2

<latexit sha1_base64="uJJKBkYaE44GptDI9dbKczc2Z3I=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtmqtfVU8OKxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbTD+cJaWV1bX1nMb+c2t7Z3dwt5+S0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Crz2/dMaR7JOzOJmReSoeQBp8RY6Tbpn/YLRVzCFpUKyohbxa4ltVq1XK4hd2ZhXIQFGv3Ce28Q0SRk0lBBtO66ODZeSpThVLBpvpdoFhM6JkPWtVSSkGkvnZ06RcdWGaAgUrakQTP1+0RKQq0noW87Q2JG+reXiX953cQEVS/lMk4Mk3S+KEgEMhHK/kYDrhg1YmIJoYrbWxEdEUWosenkbQhfn6L/Satcciul85uzYv1yEUcODuEITsCFC6jDNTSgCRSG8ABP8OwI59F5cV7nrUvOYuYAfsB5+wRiQ43e</latexit>u3

<latexit sha1_base64="pPATkjC2Y5A2AapKR88UxS+IC08=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtlSa+up4MVjRfsB7VKyabYNzWaXJCuUpT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbm+bHg2mD84aysrq1vbOa28ts7u3v7hYPDto4SRVmLRiJSXZ9oJrhkLcONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomx0m0yqAwKRVzCFtUqyohbw64l9XqtXK4jd25hXIQlmoPCe38Y0SRk0lBBtO65ODZeSpThVLBZvp9oFhM6ISPWs1SSkGkvnZ86Q6dWGaIgUrakQXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgEMhHK/kZDrhg1YmoJoYrbWxEdE0WosenkbQhfn6L/Sbtccqul85tKsXG5jCMHx3ACZ+DCBTTgGprQAgojeIAneHaE8+i8OK+L1hVnOXMEP+C8fQJjx43f</latexit>u4
<latexit sha1_base64="dXq4Z90IRtxfAYVOvy28aUvN5Jo=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4Kkn6qaeCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GTVtBRR8MPN6bYWZekAiuwbY/rLX1jc2t7dxOfndv/+CwcHTc1nGqKPNoLGLVDYhmgkvmAQfBuoliJAoE6wST68zv3DOleSzvYJowPyIjyUNOCRjJ6wcMyKBQtEuXjZpbdbFdsu26W65lxK1X3DJ2jJKhiFZoDQrv/WFM04hJoIJo3XPsBPwZUcCpYPN8P9UsIXRCRqxnqCQR0/5scewcnxtliMNYmZKAF+r3iRmJtJ5GgemMCIz1by8T//J6KYQNf8ZlkgKTdLkoTAWGGGef4yFXjIKYGkKo4uZWTMdEEQomn7wJ4etT/D9puyWnVqreVorNq1UcOXSKztAFclAdNdENaiEPUcTRA3pCz5a0Hq0X63XZumatZk7QD1hvnyemjuo=</latexit>

�

<latexit sha1_base64="FmzohRai5AcvtdLFh2xPnQkuxco=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchSR96qrgxmUF+4A2lMl02g6dTMLMRCihH+HGhSJu/R53/o2TtoKKHrhwOOde7r0niDlT2nE+rLX1jc2t7dxOfndv/+CwcHTcVlEiCW2RiEeyG2BFORO0pZnmtBtLisOA004wvc78zj2VikXiTs9i6od4LNiIEayN1OkHVOOBOygUHfuyXvUqHnJsx6l5pWpGvFrZKyHXKBmKsEJzUHjvDyOShFRowrFSPdeJtZ9iqRnhdJ7vJ4rGmEzxmPYMFTikyk8X587RuVGGaBRJU0Kjhfp9IsWhUrMwMJ0h1hP128vEv7xeokd1P2UiTjQVZLlolHCkI5T9joZMUqL5zBBMJDO3IjLBEhNtEsqbEL4+Rf+Ttme7VbtyWy42rlZx5OAUzuACXKhBA26gCS0gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPUB6Pjg==</latexit>

�1

<latexit sha1_base64="W4SrdqVy4cvw8bTjiH+XkmSQ0Bw=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuQpo+dVVw47KCfUAbymQ6aYdOJmHmRiihH+HGhSJu/R53/o2TtoKKHrhwOOde7r3HjwXX4Dgf1tr6xubWdm4nv7u3f3BYODru6ChRlLVpJCLV84lmgkvWBg6C9WLFSOgL1vWn15nfvWdK80jewSxmXkjGkgecEjBSd+AzIEN3WCg69mWj5lZd7NiOU3fLtYy49YpbxiWjZCiiFVrDwvtgFNEkZBKoIFr3S04MXkoUcCrYPD9INIsJnZIx6xsqSci0ly7OneNzo4xwEClTEvBC/T6RklDrWeibzpDARP/2MvEvr59A0PBSLuMEmKTLRUEiMEQ4+x2PuGIUxMwQQhU3t2I6IYpQMAnlTQhfn+L/Sce1SzW7elspNq9WceTQKTpDF6iE6qiJblALtRFFU/SAntCzFVuP1ov1umxds1YzJ+gHrLdPUaKPjw==</latexit>

�2

<latexit sha1_base64="jmeJllgRELrd7i0opQyLVg/oaxE=">AAAB6HicdVBNSwMxEM36WetX1aOXYBE8lWzR2noqePHYgv2AdinZdLaNzWaXJCuUpb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbm+bHg2hDy4aysrq1vbOa28ts7u3v7hYPDto4SxaDFIhGprk81CC6hZbgR0I0V0NAX0PEn15nfuQeleSRvzTQGL6QjyQPOqLFSMxkUiqRELCoVnBG3SlxLarVquVzD7twipIiWaAwK7/1hxJIQpGGCat1zSWy8lCrDmYBZvp9oiCmb0BH0LJU0BO2l80Nn+NQqQxxEypY0eK5+n0hpqPU09G1nSM1Y//Yy8S+vl5ig6qVcxokByRaLgkRgE+HsazzkCpgRU0soU9zeitmYKsqMzSZvQ/j6FP9P2uWSWyldNM+L9atlHDl0jE7QGXLRJaqjG9RALcQQoAf0hJ6dO+fReXFeF60rznLmCP2A8/YJOdmNOA==</latexit>u
<latexit sha1_base64="EJ8H0zt0jZUjVl4OdPYV2ZqTVgs=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqewWra2nghePFeyHtEvJZqdtaJJdkqxQlv4KLx4U8erP8ea/MdtWUNEHA4/3ZpiZF8ScaeO6H05uZXVtfSO/Wdja3tndK+4ftHWUKAotGvFIdQOigTMJLcMMh26sgIiAQyeYXGV+5x6UZpG8NdMYfEFGkg0ZJcZKd33DeAhpMhsUS27ZtahWcUa8mutZUq/XKpU69uaW65bQEs1B8b0fRjQRIA3lROue58bGT4kyjHKYFfqJhpjQCRlBz1JJBGg/nR88wydWCfEwUrakwXP1+0RKhNZTEdhOQcxY//Yy8S+vl5hhzU+ZjBMDki4WDROOTYSz73HIFFDDp5YQqpi9FdMxUYQam1HBhvD1Kf6ftCtlr1o+vzkrNS6XceTRETpGp8hDF6iBrlETtRBFAj2gJ/TsKOfReXFeF605ZzlziH7AefsEluuQ7g==</latexit>

ũ<latexit sha1_base64="EdQuGyMD6/BvZnOD95AlcdxHMds=">AAAB6XicdVDLSsNAFL2pr1pfVZduBoPgKiS10cZVwY3LKvYBbSmT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLLtD6Owsrq2vlHcLG1t7+zulfcPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57TtT65yv31PhWRxdKemCe2HeBSxgBGstHTbMwdl07a8mutWK8i2bNurumeaeJ7n1BzkaCWHCUs0BuX33jAmaUgjRTiWsuvYiepnWChGOJ2VeqmkCSYTPKJdTSMcUtnP5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8bqqCWj9jUZIqGpHFoiDlSMUofxsNmaBE8akmmAimb0VkjAUmSodT0iF8fYr+J62K5Zxb7k3VrF8u4yjCERzDKThwAXW4hgY0gUAAD/AEz8bEeDRejNdFa8FYzhzCDxhvn5qwjWo=</latexit>

#

<latexit sha1_base64="//e2R0i64DXazgtocFkHinYyuSo=">AAACFnicdVDLSgMxFM3UV62vUZdugkUQxCFTWqcVhIIblxXsA9pSMmmmDc08SDJCGeYr3Pgrblwo4lbc+TemD6EVPRA495x7ubnHjTiTCqEvI7Oyura+kd3MbW3v7O6Z+wcNGcaC0DoJeShaLpaUs4DWFVOctiJBse9y2nRH1xO/eU+FZGFwp8YR7fp4EDCPEay01DPPO57AxE46LlU4vVqsenZ6tlQX0p6ZR5ZdcByEILIqlYrjlGYEFcvQttAUeTBHrWd+dvohiX0aKMKxlG0bRaqbYKEY4TTNdWJJI0xGeEDbmgbYp7KbTM9K4YlW+tALhX6BglN1cSLBvpRj39WdPlZD+dubiH957Vh55W7CgihWNCCzRV7MoQrhJCPYZ4ISxceaYCKY/iskQ6yTUDrJnA7h51L4P2kULPvCKt0W89XLeRxZcASOwSmwgQOq4AbUQB0Q8ACewAt4NR6NZ+PNeJ+1Zoz5zCFYgvHxDZZQn6k=</latexit>

1

�
=

1

�1
+

1

�2

<latexit sha1_base64="zDtaEepSbeAg2KHOoOnw4AJD/o8="></latexit>

Z(�1)
@ #Z(�2)

@ = Z(�)
@ with



What’s going on ?

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Add coupling to boundary theory

<latexit sha1_base64="DbkVPV78F4msjOG8CZjcsONu+ro="></latexit>

Z(�)[{uk}] = Z(�)
@ [{uk}] = e��(

��!P
kuk)

2

<latexit sha1_base64="F6hP5bD9cOOjn2wB+ivYXcF98mw=">AAAB7HicdVBNSwMxEJ2tX3X9qnr0EiyCp5ItWltPBS8eK1hbaJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzL0gE1wbjD6ewsrq2vlHcdLe2d3b3SvsHdzpOFWVtGotYdQOimeCStQ03gnUTxUgUCNYJJle537lnSvNY3pppwvyIjCQPOSXGSu104LnuoFTGFWxRq6GceHXsWdJo1KvVBvLmFsZlWKI1KL33hzFNIyYNFUTrnocT42dEGU4Fm7n9VLOE0AkZsZ6lkkRM+9n82Bk6scoQhbGyJQ2aq98nMhJpPY0C2xkRM9a/vVz8y+ulJqz7GZdJapiki0VhKpCJUf45GnLFqBFTSwhV3N6K6JgoQo3NJw/h61P0P7mrVrxa5fzmrNy8XMZRhCM4hlPw4AKacA0taAMFDg/wBM+OdB6dF+d10VpwljOH8APO2yfJcY4E</latexit>u1

<latexit sha1_base64="Cr7fFyWeblMxdXyuOnSq50MSRo4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kuWltPBS8eK9oPaJeSTbNtaDa7JFmhlP4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmoYbwTqJYiQKBGsH46vMb98zpXks78wkYX5EhpKHnBJjpdu07/WLJVzGFpUKyohbxa4ltVrV82rInVsYl2CJRr/43hvENI2YNFQQrbsuTow/JcpwKtis0Es1SwgdkyHrWipJxLQ/nZ86QydWGaAwVrakQXP1+8SURFpPosB2RsSM9G8vE//yuqkJq/6UyyQ1TNLFojAVyMQo+xsNuGLUiIklhCpub0V0RBShxqZTsCF8fYr+Jy2v7FbK5zdnpfrlMo48HMExnIILF1CHa2hAEygM4QGe4NkRzqPz4rwuWnPOcuYQfsB5+wRgv43d</latexit>u2

<latexit sha1_base64="uJJKBkYaE44GptDI9dbKczc2Z3I=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtmqtfVU8OKxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbTD+cJaWV1bX1nMb+c2t7Z3dwt5+S0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Crz2/dMaR7JOzOJmReSoeQBp8RY6Tbpn/YLRVzCFpUKyohbxa4ltVq1XK4hd2ZhXIQFGv3Ce28Q0SRk0lBBtO66ODZeSpThVLBpvpdoFhM6JkPWtVSSkGkvnZ06RcdWGaAgUrakQTP1+0RKQq0noW87Q2JG+reXiX953cQEVS/lMk4Mk3S+KEgEMhHK/kYDrhg1YmIJoYrbWxEdEUWosenkbQhfn6L/Satcciul85uzYv1yEUcODuEITsCFC6jDNTSgCRSG8ABP8OwI59F5cV7nrUvOYuYAfsB5+wRiQ43e</latexit>u3

<latexit sha1_base64="pPATkjC2Y5A2AapKR88UxS+IC08=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtlSa+up4MVjRfsB7VKyabYNzWaXJCuUpT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbm+bHg2mD84aysrq1vbOa28ts7u3v7hYPDto4SRVmLRiJSXZ9oJrhkLcONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomx0m0yqAwKRVzCFtUqyohbw64l9XqtXK4jd25hXIQlmoPCe38Y0SRk0lBBtO65ODZeSpThVLBZvp9oFhM6ISPWs1SSkGkvnZ86Q6dWGaIgUrakQXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgEMhHK/kZDrhg1YmoJoYrbWxEdE0WosenkbQhfn6L/Sbtccqul85tKsXG5jCMHx3ACZ+DCBTTgGprQAgojeIAneHaE8+i8OK+L1hVnOXMEP+C8fQJjx43f</latexit>u4
<latexit sha1_base64="dXq4Z90IRtxfAYVOvy28aUvN5Jo=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4Kkn6qaeCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GTVtBRR8MPN6bYWZekAiuwbY/rLX1jc2t7dxOfndv/+CwcHTc1nGqKPNoLGLVDYhmgkvmAQfBuoliJAoE6wST68zv3DOleSzvYJowPyIjyUNOCRjJ6wcMyKBQtEuXjZpbdbFdsu26W65lxK1X3DJ2jJKhiFZoDQrv/WFM04hJoIJo3XPsBPwZUcCpYPN8P9UsIXRCRqxnqCQR0/5scewcnxtliMNYmZKAF+r3iRmJtJ5GgemMCIz1by8T//J6KYQNf8ZlkgKTdLkoTAWGGGef4yFXjIKYGkKo4uZWTMdEEQomn7wJ4etT/D9puyWnVqreVorNq1UcOXSKztAFclAdNdENaiEPUcTRA3pCz5a0Hq0X63XZumatZk7QD1hvnyemjuo=</latexit>

�

<latexit sha1_base64="FmzohRai5AcvtdLFh2xPnQkuxco=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchSR96qrgxmUF+4A2lMl02g6dTMLMRCihH+HGhSJu/R53/o2TtoKKHrhwOOde7r0niDlT2nE+rLX1jc2t7dxOfndv/+CwcHTcVlEiCW2RiEeyG2BFORO0pZnmtBtLisOA004wvc78zj2VikXiTs9i6od4LNiIEayN1OkHVOOBOygUHfuyXvUqHnJsx6l5pWpGvFrZKyHXKBmKsEJzUHjvDyOShFRowrFSPdeJtZ9iqRnhdJ7vJ4rGmEzxmPYMFTikyk8X587RuVGGaBRJU0Kjhfp9IsWhUrMwMJ0h1hP128vEv7xeokd1P2UiTjQVZLlolHCkI5T9joZMUqL5zBBMJDO3IjLBEhNtEsqbEL4+Rf+Ttme7VbtyWy42rlZx5OAUzuACXKhBA26gCS0gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPUB6Pjg==</latexit>

�1

<latexit sha1_base64="W4SrdqVy4cvw8bTjiH+XkmSQ0Bw=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuQpo+dVVw47KCfUAbymQ6aYdOJmHmRiihH+HGhSJu/R53/o2TtoKKHrhwOOde7r3HjwXX4Dgf1tr6xubWdm4nv7u3f3BYODru6ChRlLVpJCLV84lmgkvWBg6C9WLFSOgL1vWn15nfvWdK80jewSxmXkjGkgecEjBSd+AzIEN3WCg69mWj5lZd7NiOU3fLtYy49YpbxiWjZCiiFVrDwvtgFNEkZBKoIFr3S04MXkoUcCrYPD9INIsJnZIx6xsqSci0ly7OneNzo4xwEClTEvBC/T6RklDrWeibzpDARP/2MvEvr59A0PBSLuMEmKTLRUEiMEQ4+x2PuGIUxMwQQhU3t2I6IYpQMAnlTQhfn+L/Sce1SzW7elspNq9WceTQKTpDF6iE6qiJblALtRFFU/SAntCzFVuP1ov1umxds1YzJ+gHrLdPUaKPjw==</latexit>

�2

<latexit sha1_base64="jmeJllgRELrd7i0opQyLVg/oaxE=">AAAB6HicdVBNSwMxEM36WetX1aOXYBE8lWzR2noqePHYgv2AdinZdLaNzWaXJCuUpb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbm+bHg2hDy4aysrq1vbOa28ts7u3v7hYPDto4SxaDFIhGprk81CC6hZbgR0I0V0NAX0PEn15nfuQeleSRvzTQGL6QjyQPOqLFSMxkUiqRELCoVnBG3SlxLarVquVzD7twipIiWaAwK7/1hxJIQpGGCat1zSWy8lCrDmYBZvp9oiCmb0BH0LJU0BO2l80Nn+NQqQxxEypY0eK5+n0hpqPU09G1nSM1Y//Yy8S+vl5ig6qVcxokByRaLgkRgE+HsazzkCpgRU0soU9zeitmYKsqMzSZvQ/j6FP9P2uWSWyldNM+L9atlHDl0jE7QGXLRJaqjG9RALcQQoAf0hJ6dO+fReXFeF60rznLmCP2A8/YJOdmNOA==</latexit>u
<latexit sha1_base64="EJ8H0zt0jZUjVl4OdPYV2ZqTVgs=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqewWra2nghePFeyHtEvJZqdtaJJdkqxQlv4KLx4U8erP8ea/MdtWUNEHA4/3ZpiZF8ScaeO6H05uZXVtfSO/Wdja3tndK+4ftHWUKAotGvFIdQOigTMJLcMMh26sgIiAQyeYXGV+5x6UZpG8NdMYfEFGkg0ZJcZKd33DeAhpMhsUS27ZtahWcUa8mutZUq/XKpU69uaW65bQEs1B8b0fRjQRIA3lROue58bGT4kyjHKYFfqJhpjQCRlBz1JJBGg/nR88wydWCfEwUrakwXP1+0RKhNZTEdhOQcxY//Yy8S+vl5hhzU+ZjBMDki4WDROOTYSz73HIFFDDp5YQqpi9FdMxUYQam1HBhvD1Kf6ftCtlr1o+vzkrNS6XceTRETpGp8hDF6iBrlETtRBFAj2gJ/TsKOfReXFeF605ZzlziH7AefsEluuQ7g==</latexit>

ũ<latexit sha1_base64="EdQuGyMD6/BvZnOD95AlcdxHMds=">AAAB6XicdVDLSsNAFL2pr1pfVZduBoPgKiS10cZVwY3LKvYBbSmT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLLtD6Owsrq2vlHcLG1t7+zulfcPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57TtT65yv31PhWRxdKemCe2HeBSxgBGstHTbMwdl07a8mutWK8i2bNurumeaeJ7n1BzkaCWHCUs0BuX33jAmaUgjRTiWsuvYiepnWChGOJ2VeqmkCSYTPKJdTSMcUtnP5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8bqqCWj9jUZIqGpHFoiDlSMUofxsNmaBE8akmmAimb0VkjAUmSodT0iF8fYr+J62K5Zxb7k3VrF8u4yjCERzDKThwAXW4hgY0gUAAD/AEz8bEeDRejNdFa8FYzhzCDxhvn5qwjWo=</latexit>

#

<latexit sha1_base64="//e2R0i64DXazgtocFkHinYyuSo=">AAACFnicdVDLSgMxFM3UV62vUZdugkUQxCFTWqcVhIIblxXsA9pSMmmmDc08SDJCGeYr3Pgrblwo4lbc+TemD6EVPRA495x7ubnHjTiTCqEvI7Oyura+kd3MbW3v7O6Z+wcNGcaC0DoJeShaLpaUs4DWFVOctiJBse9y2nRH1xO/eU+FZGFwp8YR7fp4EDCPEay01DPPO57AxE46LlU4vVqsenZ6tlQX0p6ZR5ZdcByEILIqlYrjlGYEFcvQttAUeTBHrWd+dvohiX0aKMKxlG0bRaqbYKEY4TTNdWJJI0xGeEDbmgbYp7KbTM9K4YlW+tALhX6BglN1cSLBvpRj39WdPlZD+dubiH957Vh55W7CgihWNCCzRV7MoQrhJCPYZ4ISxceaYCKY/iskQ6yTUDrJnA7h51L4P2kULPvCKt0W89XLeRxZcASOwSmwgQOq4AbUQB0Q8ACewAt4NR6NZ+PNeJ+1Zoz5zCFYgvHxDZZQn6k=</latexit>

1
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1

�2

<latexit sha1_base64="zDtaEepSbeAg2KHOoOnw4AJD/o8="></latexit>

Z(�1)
@ #Z(�2)

@ = Z(�)
@ with

<latexit sha1_base64="UvfoT1u8iOKa/WhCLzBxFfkUg20=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4McyIMeIp4MVjBLNgMoaeTiVp0tMzdPcIYchfePGgiFf/xpt/Y2cRXB8UPN6roqpeEAuujeu+O5mFxaXllexqbm19Y3Mrv71T11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8HwYuI37lBpHslrM4rRD2lf8h5n1Fjpph2gobfpkTfu5AtusVxyLchv4hXdKQowR7WTf2t3I5aEKA0TVOuW58bGT6kynAkc59qJxpiyIe1jy1JJQ9R+Or14TA6s0iW9SNmShkzVrxMpDbUehYHtDKkZ6J/eRPzLayWmd+anXMaJQclmi3qJICYik/dJlytkRowsoUxxeythA6ooMzaknA3h81PyP6kfF73TYunqpFA5n8eRhT3Yh0PwoAwVuIQq1ICBhHt4hCdHOw/Os/Mya80485ld+Abn9QNUG5Cw</latexit>

��1     becomes a bulk observable under 

refinement, it is is extensive, it is …



What’s going on ?

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Add coupling to boundary theory

<latexit sha1_base64="DbkVPV78F4msjOG8CZjcsONu+ro="></latexit>

Z(�)[{uk}] = Z(�)
@ [{uk}] = e��(

��!P
kuk)

2

<latexit sha1_base64="F6hP5bD9cOOjn2wB+ivYXcF98mw=">AAAB7HicdVBNSwMxEJ2tX3X9qnr0EiyCp5ItWltPBS8eK1hbaJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzL0gE1wbjD6ewsrq2vlHcdLe2d3b3SvsHdzpOFWVtGotYdQOimeCStQ03gnUTxUgUCNYJJle537lnSvNY3pppwvyIjCQPOSXGSu104LnuoFTGFWxRq6GceHXsWdJo1KvVBvLmFsZlWKI1KL33hzFNIyYNFUTrnocT42dEGU4Fm7n9VLOE0AkZsZ6lkkRM+9n82Bk6scoQhbGyJQ2aq98nMhJpPY0C2xkRM9a/vVz8y+ulJqz7GZdJapiki0VhKpCJUf45GnLFqBFTSwhV3N6K6JgoQo3NJw/h61P0P7mrVrxa5fzmrNy8XMZRhCM4hlPw4AKacA0taAMFDg/wBM+OdB6dF+d10VpwljOH8APO2yfJcY4E</latexit>u1

<latexit sha1_base64="Cr7fFyWeblMxdXyuOnSq50MSRo4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kuWltPBS8eK9oPaJeSTbNtaDa7JFmhlP4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmoYbwTqJYiQKBGsH46vMb98zpXks78wkYX5EhpKHnBJjpdu07/WLJVzGFpUKyohbxa4ltVrV82rInVsYl2CJRr/43hvENI2YNFQQrbsuTow/JcpwKtis0Es1SwgdkyHrWipJxLQ/nZ86QydWGaAwVrakQXP1+8SURFpPosB2RsSM9G8vE//yuqkJq/6UyyQ1TNLFojAVyMQo+xsNuGLUiIklhCpub0V0RBShxqZTsCF8fYr+Jy2v7FbK5zdnpfrlMo48HMExnIILF1CHa2hAEygM4QGe4NkRzqPz4rwuWnPOcuYQfsB5+wRgv43d</latexit>u2

<latexit sha1_base64="uJJKBkYaE44GptDI9dbKczc2Z3I=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtmqtfVU8OKxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbTD+cJaWV1bX1nMb+c2t7Z3dwt5+S0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Crz2/dMaR7JOzOJmReSoeQBp8RY6Tbpn/YLRVzCFpUKyohbxa4ltVq1XK4hd2ZhXIQFGv3Ce28Q0SRk0lBBtO66ODZeSpThVLBpvpdoFhM6JkPWtVSSkGkvnZ06RcdWGaAgUrakQTP1+0RKQq0noW87Q2JG+reXiX953cQEVS/lMk4Mk3S+KEgEMhHK/kYDrhg1YmIJoYrbWxEdEUWosenkbQhfn6L/Satcciul85uzYv1yEUcODuEITsCFC6jDNTSgCRSG8ABP8OwI59F5cV7nrUvOYuYAfsB5+wRiQ43e</latexit>u3

<latexit sha1_base64="pPATkjC2Y5A2AapKR88UxS+IC08=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KtlSa+up4MVjRfsB7VKyabYNzWaXJCuUpT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbm+bHg2mD84aysrq1vbOa28ts7u3v7hYPDto4SRVmLRiJSXZ9oJrhkLcONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomx0m0yqAwKRVzCFtUqyohbw64l9XqtXK4jd25hXIQlmoPCe38Y0SRk0lBBtO65ODZeSpThVLBZvp9oFhM6ISPWs1SSkGkvnZ86Q6dWGaIgUrakQXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgEMhHK/kZDrhg1YmoJoYrbWxEdE0WosenkbQhfn6L/Sbtccqul85tKsXG5jCMHx3ACZ+DCBTTgGprQAgojeIAneHaE8+i8OK+L1hVnOXMEP+C8fQJjx43f</latexit>u4
<latexit sha1_base64="dXq4Z90IRtxfAYVOvy28aUvN5Jo=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4Kkn6qaeCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GTVtBRR8MPN6bYWZekAiuwbY/rLX1jc2t7dxOfndv/+CwcHTc1nGqKPNoLGLVDYhmgkvmAQfBuoliJAoE6wST68zv3DOleSzvYJowPyIjyUNOCRjJ6wcMyKBQtEuXjZpbdbFdsu26W65lxK1X3DJ2jJKhiFZoDQrv/WFM04hJoIJo3XPsBPwZUcCpYPN8P9UsIXRCRqxnqCQR0/5scewcnxtliMNYmZKAF+r3iRmJtJ5GgemMCIz1by8T//J6KYQNf8ZlkgKTdLkoTAWGGGef4yFXjIKYGkKo4uZWTMdEEQomn7wJ4etT/D9puyWnVqreVorNq1UcOXSKztAFclAdNdENaiEPUcTRA3pCz5a0Hq0X63XZumatZk7QD1hvnyemjuo=</latexit>

�

<latexit sha1_base64="FmzohRai5AcvtdLFh2xPnQkuxco=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchSR96qrgxmUF+4A2lMl02g6dTMLMRCihH+HGhSJu/R53/o2TtoKKHrhwOOde7r0niDlT2nE+rLX1jc2t7dxOfndv/+CwcHTcVlEiCW2RiEeyG2BFORO0pZnmtBtLisOA004wvc78zj2VikXiTs9i6od4LNiIEayN1OkHVOOBOygUHfuyXvUqHnJsx6l5pWpGvFrZKyHXKBmKsEJzUHjvDyOShFRowrFSPdeJtZ9iqRnhdJ7vJ4rGmEzxmPYMFTikyk8X587RuVGGaBRJU0Kjhfp9IsWhUrMwMJ0h1hP128vEv7xeokd1P2UiTjQVZLlolHCkI5T9joZMUqL5zBBMJDO3IjLBEhNtEsqbEL4+Rf+Ttme7VbtyWy42rlZx5OAUzuACXKhBA26gCS0gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPUB6Pjg==</latexit>

�1

<latexit sha1_base64="W4SrdqVy4cvw8bTjiH+XkmSQ0Bw=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuQpo+dVVw47KCfUAbymQ6aYdOJmHmRiihH+HGhSJu/R53/o2TtoKKHrhwOOde7r3HjwXX4Dgf1tr6xubWdm4nv7u3f3BYODru6ChRlLVpJCLV84lmgkvWBg6C9WLFSOgL1vWn15nfvWdK80jewSxmXkjGkgecEjBSd+AzIEN3WCg69mWj5lZd7NiOU3fLtYy49YpbxiWjZCiiFVrDwvtgFNEkZBKoIFr3S04MXkoUcCrYPD9INIsJnZIx6xsqSci0ly7OneNzo4xwEClTEvBC/T6RklDrWeibzpDARP/2MvEvr59A0PBSLuMEmKTLRUEiMEQ4+x2PuGIUxMwQQhU3t2I6IYpQMAnlTQhfn+L/Sce1SzW7elspNq9WceTQKTpDF6iE6qiJblALtRFFU/SAntCzFVuP1ov1umxds1YzJ+gHrLdPUaKPjw==</latexit>

�2

<latexit sha1_base64="jmeJllgRELrd7i0opQyLVg/oaxE=">AAAB6HicdVBNSwMxEM36WetX1aOXYBE8lWzR2noqePHYgv2AdinZdLaNzWaXJCuUpb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbm+bHg2hDy4aysrq1vbOa28ts7u3v7hYPDto4SxaDFIhGprk81CC6hZbgR0I0V0NAX0PEn15nfuQeleSRvzTQGL6QjyQPOqLFSMxkUiqRELCoVnBG3SlxLarVquVzD7twipIiWaAwK7/1hxJIQpGGCat1zSWy8lCrDmYBZvp9oiCmb0BH0LJU0BO2l80Nn+NQqQxxEypY0eK5+n0hpqPU09G1nSM1Y//Yy8S+vl5ig6qVcxokByRaLgkRgE+HsazzkCpgRU0soU9zeitmYKsqMzSZvQ/j6FP9P2uWSWyldNM+L9atlHDl0jE7QGXLRJaqjG9RALcQQoAf0hJ6dO+fReXFeF60rznLmCP2A8/YJOdmNOA==</latexit>u
<latexit sha1_base64="EJ8H0zt0jZUjVl4OdPYV2ZqTVgs=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqewWra2nghePFeyHtEvJZqdtaJJdkqxQlv4KLx4U8erP8ea/MdtWUNEHA4/3ZpiZF8ScaeO6H05uZXVtfSO/Wdja3tndK+4ftHWUKAotGvFIdQOigTMJLcMMh26sgIiAQyeYXGV+5x6UZpG8NdMYfEFGkg0ZJcZKd33DeAhpMhsUS27ZtahWcUa8mutZUq/XKpU69uaW65bQEs1B8b0fRjQRIA3lROue58bGT4kyjHKYFfqJhpjQCRlBz1JJBGg/nR88wydWCfEwUrakwXP1+0RKhNZTEdhOQcxY//Yy8S+vl5hhzU+ZjBMDki4WDROOTYSz73HIFFDDp5YQqpi9FdMxUYQam1HBhvD1Kf6ftCtlr1o+vzkrNS6XceTRETpGp8hDF6iBrlETtRBFAj2gJ/TsKOfReXFeF605ZzlziH7AefsEluuQ7g==</latexit>

ũ<latexit sha1_base64="EdQuGyMD6/BvZnOD95AlcdxHMds=">AAAB6XicdVDLSsNAFL2pr1pfVZduBoPgKiS10cZVwY3LKvYBbSmT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLLtD6Owsrq2vlHcLG1t7+zulfcPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57TtT65yv31PhWRxdKemCe2HeBSxgBGstHTbMwdl07a8mutWK8i2bNurumeaeJ7n1BzkaCWHCUs0BuX33jAmaUgjRTiWsuvYiepnWChGOJ2VeqmkCSYTPKJdTSMcUtnP5pfO0IlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8bqqCWj9jUZIqGpHFoiDlSMUofxsNmaBE8akmmAimb0VkjAUmSodT0iF8fYr+J62K5Zxb7k3VrF8u4yjCERzDKThwAXW4hgY0gUAAD/AEz8bEeDRejNdFa8FYzhzCDxhvn5qwjWo=</latexit>

#

<latexit sha1_base64="//e2R0i64DXazgtocFkHinYyuSo=">AAACFnicdVDLSgMxFM3UV62vUZdugkUQxCFTWqcVhIIblxXsA9pSMmmmDc08SDJCGeYr3Pgrblwo4lbc+TemD6EVPRA495x7ubnHjTiTCqEvI7Oyura+kd3MbW3v7O6Z+wcNGcaC0DoJeShaLpaUs4DWFVOctiJBse9y2nRH1xO/eU+FZGFwp8YR7fp4EDCPEay01DPPO57AxE46LlU4vVqsenZ6tlQX0p6ZR5ZdcByEILIqlYrjlGYEFcvQttAUeTBHrWd+dvohiX0aKMKxlG0bRaqbYKEY4TTNdWJJI0xGeEDbmgbYp7KbTM9K4YlW+tALhX6BglN1cSLBvpRj39WdPlZD+dubiH957Vh55W7CgihWNCCzRV7MoQrhJCPYZ4ISxceaYCKY/iskQ6yTUDrJnA7h51L4P2kULPvCKt0W89XLeRxZcASOwSmwgQOq4AbUQB0Q8ACewAt4NR6NZ+PNeJ+1Zoz5zCFYgvHxDZZQn6k=</latexit>
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<latexit sha1_base64="zDtaEepSbeAg2KHOoOnw4AJD/o8="></latexit>

Z(�1)
@ #Z(�2)

@ = Z(�)
@ with

<latexit sha1_base64="UvfoT1u8iOKa/WhCLzBxFfkUg20=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4McyIMeIp4MVjBLNgMoaeTiVp0tMzdPcIYchfePGgiFf/xpt/Y2cRXB8UPN6roqpeEAuujeu+O5mFxaXllexqbm19Y3Mrv71T11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8HwYuI37lBpHslrM4rRD2lf8h5n1Fjpph2gobfpkTfu5AtusVxyLchv4hXdKQowR7WTf2t3I5aEKA0TVOuW58bGT6kynAkc59qJxpiyIe1jy1JJQ9R+Or14TA6s0iW9SNmShkzVrxMpDbUehYHtDKkZ6J/eRPzLayWmd+anXMaJQclmi3qJICYik/dJlytkRowsoUxxeythA6ooMzaknA3h81PyP6kfF73TYunqpFA5n8eRhT3Yh0PwoAwVuIQq1ICBhHt4hCdHOw/Os/Mya80485ld+Abn9QNUG5Cw</latexit>

��1     becomes a bulk observable under 

refinement, it is is extensive, it is the 2d area



What’s going on ?

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Add coupling to boundary theory

BTW that was 2d BF 
with B^2 potential

Simplest example of spinfoam renormalisation



Lessons

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Bulk observables become Boundary couplings 



Lessons

Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

Bulk from Boundary - Boundary from Bulk

Can build TQFT from boundary theory: Bulk as edge mode network

Can have non-trivial fusion: Bulk observables become Boundary couplings 

Now extend PR work to higher dimensions (3d, 4d)

To study interplay between 
renormalisation & holography 

in spinfoam models



Spinfoams’ Bulk-Boundary - E. Livine - Loops’ 24

<latexit sha1_base64="EtyPWbe04HVq85AdkznLWqTDsD8="></latexit>

ZPR
� [{Ye}] / 1

ZIsing[{ye}]2

Ponzano-Regge Propagator

Boundary <-> Bulk


