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ASQG & CQG

• Mostly uses Euclidean signature 

• Background dependence? 

• Truncations of the flow equations

ASQG

• Lorentzian signature 

• Manifestly background-

independent 

• No truncations performed

CQG Lorentzian version of the flow 

equation possible

Background-independent via the 

background field method

Truncations required in practice in 

any RG as an approximation 

scheme
[Percacci’s book (2017) 
Reuter and Saueressig book (2019)]

[Rovelli’s book (2004), 
Thiemann’s book (2019)]

[Manrique, Rechenberger, Saueressig 1102.5012 (2011), 
D’Angelo, Pinamonti, Rejzner 2202.0758 (2022)]

[Thiemann 2003.13622 (2022)]

• QFT-approach: non-perturbative 

RG flow with UV fixed point



Relational formulation

a)   Reduced phase space formulation of CQG

Idea

First 
application

• Einstein-Hilbert action coupled to 4 massless scalar fields 

• Development of Lorentzian heat kernel cutoff functions

b)  Construction of time-ordered correlation functions as a path integral

Path integral treated with methods of ASQG in the Lorentzian version

1.

2.

Framework
Machinery

3.



CQG derivation
S = G�1

N

Z

M
ddx

p
� det(g) [R[g]� 2⇤� GN

2
SIJ gµ⌫ �I

,µ �J
,⌫ ]

<latexit sha1_base64="TttO6zU64P+MA0Eayj2gUXw8caw="></latexit>

• Reduced phase space approach: impose d gauge fixing conditions on the configuration 

variables and solve the constraint for the d conjugate momenta

• Gauge dofs.   and true dofs.  (�I), (⇡I)
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(qab, p
ab)
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{H,F} = {Hprimary, F}⇤
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[Giesel, Thiemann 
1206.3807 (2012), 
[Giesel, Vetter 
1610.07422 (2016)]]

GI := �I � kI = 0 , det(@k/@x) 6= 0 , @kI/@xµ independent of x0

<latexit sha1_base64="z3TNNvNLJ06YSVJtqPoWXPJJgEY="></latexit>

1.a)

• Convenient set of gauge

• Reduced Hamiltonian: function of the true dofs which generate the eoms as the primary Hamiltonian 

when restricted to the reduced phase space

• Impose gauge stability condition: solved by  Nµ := Nµ
⇤

<latexit sha1_base64="rGgVKgRbrlC11mK4t36LLEgDzPU=">AAACBXicbVC7SgNREL0bXzG+Ei1tLgbBKuyKoghCwMZKIpgHZGOYvZnES+4+uHdWCSG1X2GrlZ3Y+h0W/ou7awpNPM0czplhZo4XKWnItj+t3MLi0vJKfrWwtr6xuVUsbTdMGGuBdRGqULc8MKhkgHWSpLAVaQTfU9j0hhep37xHbWQY3NAowo4Pg0D2pQBKpG6xdHXr+vHZeVa6LhjqFst2xc7A54kzJWU2Ra1b/HJ7oYh9DEgoMKbt2BF1xqBJCoWTghsbjEAMYYDthAbgo+mMs9MnfD82QCGPUHOpeCbi74kx+MaMfC/p9IHuzKyXiv957Zj6p52xDKKYMBDpIpIKs0VGaJlkgrwnNRJBejlyGXABGohQSw5CJGKchFRI8nBmv58njcOKc1Q5vj4qV6vTZPJsl+2xA+awE1Zll6zG6kywB/bEntmL9Wi9Wm/W+09rzprO7LA/sD6+AZsKmC4=</latexit>

• Equipped with the reduced phase space and the reduced Hamiltonian, we can quantize the system

The model:



this forces us to work with Lorentzian signature .s = 1

• Solution: unfolding the reduced phase space path integral to the unreduced phase space 

• Extend the integration to    through   �I ,⇡I
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�(C) , �(G)
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H = k̇
I
hI = ��̇

I
⇡I , CI = ⇡I + hI = 0 , G = �

I � k
I = 0
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H = k̇
I
hI = ��̇

I
⇡I , CI = ⇡I + hI = 0 , G = �

I � k
I = 0
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[Henneaux, Teitelboim’s 
book (1992)]

CQG derivation

Z1[f ] =

Z
[dg] J![g] e

�iS1[g] ei
R
M ddx fabqab , S1[g] =

1

GN

Z

M
ddx

p
�det(g)[R[g]� 2⇤� GN

2
gµ⌫ SIJ kI,µ kJ,⌫ ]
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• Ghost matrix  Kω J![g] = |
Z

[d⇢ d⌘] e�i
R

ddx ⌘µ [K! ]Iµ(g) ⇢I |

<latexit sha1_base64="XlhTgrMh4I6yq/7PezXZeHmDZuo="></latexit>

• The cyclic rep. correspond to states  wrt. which we can compute time-ordered correlation functions 

• They are obtained from a generating functional

ω

Zs[f ] =

Z
[dq dp] J![q] e

�
R

dx
0 (i <p,q̇>+(�i)s H[p,q]) ei

s R
dx

0
<f,q>

<latexit sha1_base64="FkiKQP6LMPvhcarHEJxzif+Sj7A="></latexit>

[Brattelli, Robison (1997)] 

Z1[f ] =

Z
[dg] J![g] e

�iS1[g] ei
R
M ddx fabqab , S1[g] =

1

GN

Z

M
ddx

p
�det(g)[R[g]� 2⇤� GN

2
gµ⌫ SIJ kI,µ kJ,⌫ ]
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1.b)

• Problem:  involves a square rootH



ASQG treatment

where  is a 1-parameter family of integral kernels which only depend on the background 

d’Alembertian         Lorentzian: oscillating with  for , s.t.   

k → Rk(ḡ)

Rk = 0 k = 0 �0[ĝ] := �̄0[ĝ0; ḡ]ĝ0=0, ḡ:=ĝ

<latexit sha1_base64="U5eqBfcekE3vXHuRNsJwe3UQ9F4="></latexit>

• Lorentzian version of the Wetterich equation: 

k @k �̄0
k[ĝ, ḡ] =

1

2i
Tr([Rk(ḡ) + �̄0(2)

k (ĝ, ḡ)]�1 [k @kRk(ḡ)]), �̄
0(2)[ĝ, ḡ] :=

�2�̄0(2)[ĝ, ḡ]

�ĝ ⌦ �ĝ
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g ! ḡ + h
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• Effective action 

• Background field method 

• Effective average action 

C 0[F ] = i�1 ln(Z 0[F ]), �0[ĝ] := [L · C 0][ĝ] = extrF (< F, ĝ > �C 0[F ])

<latexit sha1_base64="VTAb4l9J7ocLimJ//qqF9E+yLiY="></latexit>

Z̄ 0
k[F, ḡ] =

Z
[dh] J![ḡ + h] e�iS[ḡ+h] ei<F,h>e�i 1

2<h,Rk(ḡ)·h>,

C̄ 0
k[F, ḡ] = i�1 ln(Z̄ 0[F, ḡ]),

�̄0
k[ĝ, ḡ] = extrF (< F, ĝ > �C 0

k(F, ḡ))�
1

2
< ĝ,Rk(ḡ) · ĝ >
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[Wetterich (1992), 
Reuter (1996)]2.

Exact and non-perturbative identity and can be used to construct a well defined  rather than using  Γ Z1[ f ]

To solve it : Taylor expand both LHS and RHS in powers of  and compare coefficientsgμν



Lorentzian heat kernel

Using the Schwinger proper time integral 

and choosing the cutoff function 

we get convergent traces.

P�1
k = B�1 [⇤+ Ck]

�1 = � i

B
[

Z 1

0
dt eit⇤�t✏]✏!�iCk

<latexit sha1_base64="pjhRGouU/jmDnoaLIb3kysFOkvE="></latexit>

Rk(z) = fk k2 r(z/k2), r(y) =

Z 1

0
dt e�t2�t�2

eity

<latexit sha1_base64="OBTWUdKuuCL5Q2pxAvplUcTqO2s="></latexit>

Tr([Pk +Rk + Uk]
�1 [k@kRk] [Pk +Rk + Uk]

�1 V 1
k [Pk +Rk + Uk]

�1 .. [P +Rk + Uk]
�1 V M

k )

<latexit sha1_base64="0t5EUk0+5zubVcg2M24zxyxId1o="></latexit>

• Consider the geometric series
�̄0(2)
k (ĝ, ḡ) +Rk(ḡ) =: Pk + Uk +Rk

<latexit sha1_base64="3Q0cExiV0CUfillC4YwMcnXt5+0="></latexit>

Ok(⇤) =

Z 1

�1
dt Ôk(t) Ht, Ht := eit⇤

<latexit sha1_base64="7K6qEI4zwZ9aTe5b3CIGElOn2hA="></latexit>

• Traces rewritten by the spectral theorem (involving both minimal and non-minimal operators)

• Heat kernel expansion on a general manifold

[Benedetti, Groh, Machado, 
Saueressig 1012.3081 
(2010), Groh, Saueressig, 
Zanusso 1112.4856 (2011)]
[Christensen (1976), 
Fulling’s book (1989), 
Moretti (1999), Decanini, 
Folacci (2006), Parker, 
Toms’ book (2009)] 

Tr[Ht(⇤)] =
e
i⇡/4sgn(t)(2�d)

(4⇡|t|d/2)

✓
1 +

i

6
R̄t+ · · ·

◆

<latexit sha1_base64="cir1H5zSY+Bf3tOrpT1ZLha+3o0="></latexit>

2.

• Admissable trajectories: flow to real valued dimensionful coupling constants when k → 0

Price to pay: complex flow.



ASQG model

• Use Lorentzian heat kernel with the cutoff function and solve the proper time integrals 

• Ansatz 

where we specialized to the gauge

�̄0
k(ĝ, ḡ) := { 1

GN,k

Z
ddx [� det(g)]1/2[R[g]� 2⇤k � kGN,k

2
gµ⌫ �µ⌫ ]}g=ḡ+ĝ

<latexit sha1_base64="zyvPdlQa7w0EAJ1gWAV0cO16dtw="></latexit>

[Baldazzi, Falls, 
Ferrero 2112.02118 
(2021)]

�I = kI , s.t. I
µ = kI,µ = const. and µ⌫ := SIJ

I
µ

J
⌫ = �µ⌫

<latexit sha1_base64="rHHUT3Ay9CMM4aVKXcuznR58iFQ="></latexit>

k@k�k =
1

2i
Tr{[k@kRk] P

�1
k (1� [(Rk + Uk) P

�1
k ] + [((Rk + Uk) P

�1
k ]2)
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• Order of expansion of the RHS 

3.

Im,n =

Z 1

0
dt1 · · · dtm

e�t21�t�2
1 · · · e�t2m�t�2

m

(t1 + · · ·+ tm)n
,

Jm,n =

Z 1

0
dt1 · · · dtm

d
dt1

(e�t21�t�2
1 ) · · · e�t2m�t�2

m

(t1 + · · ·+ tm)n
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ASQG model: results
•  At the level of our truncation, the coupling constant  is not flowing and the flow of the gravitational couplings 

completely disentangles

κk

k@k�k = �4�k + ⌘N�k � g

4⇡

1

2�k

✓
(2� ⌘N )

✓
I1,2 +

1

2�k

✓
I2,2 � 5I1,3 +

4

3
�kI1,2

◆

+
1

(2�k)2

✓
I3,2 + 2

✓
I2,2 � 5I1,3 +

4

3
�kI1,2

◆
� i

16

9
�2
kI1,2 +

2

3
I1,3

◆◆

+2

✓
J1,2 +

1

2�k

✓
J2,2 � 5J1,3 +

4

3
�kJ1,2

◆

+
1

(2�k)2

✓
J3,2 + 2

✓
I2,2 � 5J1,3 +

4

3
�kJ1,2

◆
� i

16

9
�2
kJ1,2 +

2

3
J1,3

◆◆◆
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k@kgk = 2gk � g2k
2⇡

1

2�k

✓
(2� ⌘N )

✓
i

6
I1,1 +

1

2�k

✓
i

6
I2,1 + 3I1,2 + i

2

9
�kI1,1 � i

5

12
I1,2

◆

+
1

(2�k)2

✓
i

6
I3,1 + 2

✓
i

6
I2,1 + 3I2,2 + i

2

9
�kI2,1 � i

5

12
I2,2

◆
� i

8

27
I1,1 +

3

2
I1,3 + i

1

18
�kI1,2

◆◆

+2

✓
i

6
J1,1 +

1

2�k

✓
i

6
J2,1 + 3J1,2 + i

2

9
�kJ1,1 � i

5

12
J1,2

◆

+
1

(2�k)2

✓
i

6
J3,1 + 2

✓
i

6
J2,1 + 3J2,2 + i

2

9
�kI2,1 � i

5

12
J2,2

◆
� i

8

27
J1,1 +

3

2
J1,3 + i

1

18
�kJ1,2

◆◆◆
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• Beta functions:

3.



ASQG model: results
• UV fixed point 

• Critical exponents

�⇤ = 0.460 + 0.050 i , g⇤ = 1.013 + 0.420 i

<latexit sha1_base64="rhbUYd1wFW/plK4vQKNlN1UxiZ4="></latexit>

✓1 = 12.24� 0.07 i , ✓2 = 0.95 + 0.017 i
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two relevant directions

very close to the Reuter’s fixed point

• Projection into real and imaginary part:

3.



ASQG model: results
• Admissible trajectories: 

we found trajectories 

with  

  

which flow into the fixed 

point in the UV

Im [Gk=0] = 0 , Im [⇤k=0] = 0

<latexit sha1_base64="+EU1N6kbTtIJjalA0L7/WLD4N6M="></latexit>

• The effective action can 

be argued to be a 

complete definition of 

the theory.

3.



Conclusions
• CQG: input how to define the effective average action 

1. State underlying the Hamiltonian theory 

2. Restiction on correlation functions of the true dofs 

• ASQG: systematic procedure 

1. Well defined construction of the effective action 

2. Machinery to compute correlators of the Hamiltonian theory 

• Einstein-Klein-Gordon theory as a showcase model to demonstrate that 

ASQG and CQG can be fruitfully combined 

• Techn. development: regularized Lorentzian heat kernel proper time 

• Results: UV fixed point 

    Existence of admissible trajectories

Outlook
• Classification of Lorentzian cutoff 

functions 

• Numerical analysis of the 

admissible trajectories 

• Incorporation of ghost matrix term 

• Higher order truncations 

• More realistic matter coupling 

where the Euclidean version is 

possible


