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INTRODUCTION AND MOTIVATIONS

Operationally, subsystems are distinguished by subalgebras of physically accessible observables

What if no external relatum is available and/or there is tension between locality and gauge-invariance?

often relative to external frame, e.g. the Lab, or to notion of locality of a background spacetime (external to the fields of interest). 


[Zanardi ’01; Zanardi, Lidar, Lloyd ’03] 

In constrained/gauge systems and gravity:

Kinematical notion of subsystems generically not inherited at gauge-inv. level;


Non-local gauge-invariant observables;

Partitioning vs. cross-boundary observables. 
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[Donnelly, Freidel, Francois, Geiller, Gomes, Pranzetti, Riello, 
Speranza, Speziale, Wieland, Carrozza, Eccles, Höhn,…] 


(edge modes)



INTRODUCTION AND MOTIVATIONS

Operationally, subsystems are distinguished by subalgebras of physically accessible observables

What if no external relatum is available and/or there is tension between locality and gauge-invariance?

Use internal reference frames

& relational observables 

Gauge-inv. subsystems depend on the 
relational observables accessible in 

the chosen internal frame

[Ahmad Ali, Galley, Höhn, Lock, Smith ’21;

de la Hamette, Galley, Höhn, Loveridge, Müller ’22;

Höhn, Kotecha, FMM ’23;

Carrozza, Höhn, Kirklin, FMM to appear]

often relative to external frame, e.g. the Lab, or to notion of locality of a background spacetime (external to the fields of interest). 


Consequences:   frame-dependent gauge-inv. properties of subsystems + alternative proposal for entanglement entropy

[Zanardi ’01; Zanardi, Lidar, Lloyd ’03] 

In constrained/gauge systems and gravity:

Kinematical notion of subsystems generically not inherited at gauge-inv. level;


Non-local gauge-invariant observables;

Partitioning vs. cross-boundary observables. 
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Idea:

[Donnelly, Freidel, Francois, Geiller, Gomes, Pranzetti, Riello, 
Speranza, Speziale, Wieland, Carrozza, Eccles, Höhn,…] 


(edge modes)

MULTIPLE CHOICES
SUBSYSTEM RELATIVITY



PLAN OF THE TALK

Illustration of subsystem relativity in a simple mechanical toy model example

Split kinematical DoFs into system of interest S + frame R  

Subsystem gauge-invariantly defined via relational observables relative to chosen frame  

Different frames identify distinct subalgebras of relational observables 

Comparison between subsystem entropy with constraints via center construction 

Different assignment of gauge invariant subalgebras   Different notion of entropy  (proper entanglement entropy?) 

Generic finite dimensional constrained/gauge systems and gauge field theory 

S

R



EXAMPLES OF SUBSYSTEM RELATIVITY

Special relativity with tetrads frames [de la Hamette, Galley, Höhn, Loveridge, Müller ’21;

Höhn, Kotecha, FMM ’23]
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Finite-dim. quantum systems: external-frame independent description of DoF of interest

Subregions in gauge theories and gravity:   edge modes frames 

relative to the remaining DoFs (used as internal frame) 
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equilibrium and non-equilibrium themodynamics
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[Carrozza, Höhn, Kirklin, FMM to appear][Carrozza, Höhn ’21;


Carrozza, Eccles, Höhn ’22]

Observer dependence of gravitational entropy  

[De Vuyst, Eccles, Höhn, Kirklin ’24]

Regulatisation of gravitational entropy via introduction of observer

(from Type III to Type II algebras) 
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[Chandrasekaran, Longo, Pennington, Witten ’22; Kudler-Flam, Leutheusser, 
Satishchandran ’23; Jensen, Sorce, Speranza ’23; Freidel, Gesteau to appear]



Kinematical factorisation into subsystems (e.g. absolute positions/relative to external frame)
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Physical/external-frame-indep. factorisation into subsystems (e.g. translation invariant relative distances)

MAIN MESSAGE IN A NUTSHELL

(Total) system of particles with translation invariance:



Kinematical factorisation into subsystems (e.g. absolute positions/relative to external frame)
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reorientation (change of state) of internal frame 


description relative to internal frames changed
(relations between the frame and the other particles are changed) 

description of remaining particles relative to external frame unchanged
(absolute positions of the other particles unchanged) 

Kinematical factorisation into subsystems (e.g. absolute positions/relative to external frame)
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Kinematical factorisation into subsystems (e.g. absolute positions/relative to external frame)
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Description of S relative to R1 invariant under reorientations of R2, but relative to R2 it changes since relations between S and R2 change 

S

R1
R2
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Aphys
S|R1

6= Aphys
S|R2

Different internal frames identify 
distinct relational notions of subsystems

Kinematical factorisation into subsystems (e.g. absolute positions/relative to external frame)

<latexit sha1_base64="OQtkk39M2Muu7I4uaxngowG6qik=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElUbS+bJJTzmdzt0ZEUX6BFio6RMvvUPAv2CYFJEw1mtnVzo4fKWnJdT+d3NLyyupafr2wsbm1vVPc3avbMDYCayJUoWn6YFFJjTWSpLAZGYTAV9jwR9ep33hAY2Wo72gcYSeAgZZ9KYBSqa3xvlssuWU3A18k3oyU2AzVbvGr3QtFHKAmocDaludG1JmAISkUTgvt2GIEYgQDbCVUQ4C2M8myTvlRbIFCHqHhUvFMxN8bEwisHQd+MhkADe28l4r/ea2Y+pedidRRTKhFeoikwuyQFUYmJSDvSYNEkCZHLjUXYIAIjeQgRCLGSSuFpA9v/vtFUj8pe+fls9vTUuVq1kyeHbBDdsw8dsEq7IZVWY0JNmRP7Jm9OI/Oq/PmvP+M5pzZzj77A+fjG8hnktE=</latexit> 6=

Physical/external-frame-indep. factorisation into subsystems (e.g. translation invariant relative distances)

MAIN MESSAGE IN A NUTSHELL



Description of S relative to R1 invariant under reorientations of R2, but relative to R2 it changes since relations between S and R2 change 

S

R1
R2
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Internal relations to S are invariant under reorientations of both frames

(frame-independent relational observables) 
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!

<latexit sha1_base64="DVRufC5NcZixEswh6sbL8yor2RM=">AAACB3icdVDLSgNBEJz1GeMrmqOXwSB4Wnbz9hb04lHBqJCE0Dt24pDZ2WWmVwkhH+BXeNWTN/HqZ3jwX9zECCpap6Kqm66uIFbSkue9OXPzC4tLy5mV7Ora+sZmbmv73EaJEdgUkYrMZQAWldTYJEkKL2ODEAYKL4LB0cS/uEFjZaTPaBhjJ4S+lj0pgFKpm8u3VaT7CntkZP+awJjotpsreG6xWi37Je65Na9SOSimxC+V6+Ua911vigKb4aSbe29fRSIJUZNQYG3L92LqjMCQFArH2XZiMQYxgD62UqohRNsZTcOP+V5igSIeo+FS8amI3zdGEFo7DIN0MgS6tr+9ifiX10qoV++MpI4TQi0mh0gqnB6ywsi0FeRX0iARTJIjl5oLMECERnIQIhWTtKZs2sfX0/x/cl50/apbOS0XGoezZjJsh+2yfeazGmuwY3bCmkywIbtnD+zRuXOenGfn5XN0zpnt5NkPOK8fFIKaRQ==</latexit> !

<latexit sha1_base64="DVRufC5NcZixEswh6sbL8yor2RM=">AAACB3icdVDLSgNBEJz1GeMrmqOXwSB4Wnbz9hb04lHBqJCE0Dt24pDZ2WWmVwkhH+BXeNWTN/HqZ3jwX9zECCpap6Kqm66uIFbSkue9OXPzC4tLy5mV7Ora+sZmbmv73EaJEdgUkYrMZQAWldTYJEkKL2ODEAYKL4LB0cS/uEFjZaTPaBhjJ4S+lj0pgFKpm8u3VaT7CntkZP+awJjotpsreG6xWi37Je65Na9SOSimxC+V6+Ua911vigKb4aSbe29fRSIJUZNQYG3L92LqjMCQFArH2XZiMQYxgD62UqohRNsZTcOP+V5igSIeo+FS8amI3zdGEFo7DIN0MgS6tr+9ifiX10qoV++MpI4TQi0mh0gqnB6ywsi0FeRX0iARTJIjl5oLMECERnIQIhWTtKZs2sfX0/x/cl50/apbOS0XGoezZjJsh+2yfeazGmuwY3bCmkywIbtnD+zRuXOenGfn5XN0zpnt5NkPOK8fFIKaRQ==</latexit>  
!

<latexit sha1_base64="DVRufC5NcZixEswh6sbL8yor2RM=">AAACB3icdVDLSgNBEJz1GeMrmqOXwSB4Wnbz9hb04lHBqJCE0Dt24pDZ2WWmVwkhH+BXeNWTN/HqZ3jwX9zECCpap6Kqm66uIFbSkue9OXPzC4tLy5mV7Ora+sZmbmv73EaJEdgUkYrMZQAWldTYJEkKL2ODEAYKL4LB0cS/uEFjZaTPaBhjJ4S+lj0pgFKpm8u3VaT7CntkZP+awJjotpsreG6xWi37Je65Na9SOSimxC+V6+Ua911vigKb4aSbe29fRSIJUZNQYG3L92LqjMCQFArH2XZiMQYxgD62UqohRNsZTcOP+V5igSIeo+FS8amI3zdGEFo7DIN0MgS6tr+9ifiX10qoV++MpI4TQi0mh0gqnB6ywsi0FeRX0iARTJIjl5oLMECERnIQIhWTtKZs2sfX0/x/cl50/apbOS0XGoezZjJsh+2yfeazGmuwY3bCmkywIbtnD+zRuXOenGfn5XN0zpnt5NkPOK8fFIKaRQ==</latexit>  
!

<latexit sha1_base64="GF+AQ+53k05H2qBQJasv9yFI7Ec="></latexit>

Aphys
S|R1

\ Aphys
S|R2

6= ;

Kinematical factorisation into subsystems (e.g. absolute positions/relative to external frame)

<latexit sha1_base64="OQtkk39M2Muu7I4uaxngowG6qik=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElUbS+bJJTzmdzt0ZEUX6BFio6RMvvUPAv2CYFJEw1mtnVzo4fKWnJdT+d3NLyyupafr2wsbm1vVPc3avbMDYCayJUoWn6YFFJjTWSpLAZGYTAV9jwR9ep33hAY2Wo72gcYSeAgZZ9KYBSqa3xvlssuWU3A18k3oyU2AzVbvGr3QtFHKAmocDaludG1JmAISkUTgvt2GIEYgQDbCVUQ4C2M8myTvlRbIFCHqHhUvFMxN8bEwisHQd+MhkADe28l4r/ea2Y+pedidRRTKhFeoikwuyQFUYmJSDvSYNEkCZHLjUXYIAIjeQgRCLGSSuFpA9v/vtFUj8pe+fls9vTUuVq1kyeHbBDdsw8dsEq7IZVWY0JNmRP7Jm9OI/Oq/PmvP+M5pzZzj77A+fjG8hnktE=</latexit> 6=

Physical/external-frame-indep. factorisation into subsystems (e.g. translation invariant relative distances)

MAIN MESSAGE IN A NUTSHELL

Gauge-inv. properties of subsystems such as correlations, entropies, dynamics (open 
vs. closed), equilibrium and non-eq. thermodynamics contingent on the internal frame

[Höhn, Kotecha, FMM ’23]

Different internal frames identify 
distinct relational notions of subsystems



RELATIONAL vs CENTER CONSTRUCTION

N+M particles in 1D with translation invariance    
<latexit sha1_base64="+QG29Pk/wo9TMk+ZK00vMPhCY3A=">AAACBHicbVDLSgNBEJyNrxhfqx69DAYhooRd8YUgBDzoMYp5QBLC7KQTh8w+mOkNhCVXv8KrnryJV//Dg//i7roHTaxTUdVNV5cTSKHRsj6N3Nz8wuJSfrmwsrq2vmFubtW1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGV4lfmMESgvfu8dxAB2XDTzRF5xhLHVN8/qy1HYZPjgOvTukB/tds2iVrRR0ltgZKZIM1a751e75PHTBQy6Z1i3bCrATMYWCS5gU2qGGgPEhG0Arph5zQXeiNPmE7oWaoU8DUFRImorweyNirtZj14knk5B62kvE/7xWiP3zTiS8IETweHIIhYT0kOZKxJUA7QkFiCxJDlR4lDPFEEEJyjiPxTDuqBD3YU9/P0vqR2X7tHxye1ysXGTN5MkO2SUlYpMzUiE3pEpqhJMReSLP5MV4NF6NN+P9ZzRnZDvb5A+Mj2+mSZZa</latexit>

G = (R,+)
<latexit sha1_base64="3/UGfsCNYh++iM9+XCJ/joWNdck="></latexit>

Aphys = {q2 � q1, . . . , qN+M � q1, p2, . . . , pN+M}
<latexit sha1_base64="r6C9BENsjbsTIJzOPfIQcef6Q9k=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBDEQ9gVXwiC4MVjBKNCNoTesY2Ds7PDTK8Y1v0HP8Gv8Konb+JVD/6LmxjBV52Kqm66qyKjpCPff/OGhkdGx8ZLE+XJqemZ2crc/LFLUiuwIRKV2NMIHCqpsUGSFJ4aixBHCk+iy/2ef3KF1slEH1HXYCuGjpbnUgAVUruyWm9nIeE1ZZRQnt+ExskvxVx0XZ6HFnRH4a7frlT9mt8H/0uCAamyAertynt4log0Rk1CgXPNwDfUysCSFArzcpg6NCAuoYPNgmqI0bWyfqacL6cOKOEGLZeK90X8vpFB7Fw3jorJGOjC/fZ64n9eM6Xz7VYmtUkJtegdIqmwf8gJK4uykJ9Ji0TQ+xy51FyABSK0koMQhZgW7ZWLPoLf6f+S47VasFnbOFyv7u0MmimxRbbEVljAttgeO2B11mCC3bJ79sAevTvvyXv2Xj5Hh7zBzgL7Ae/1A0EVpIc=</latexit>

Ptot| physi = 0



RELATIONAL vs CENTER CONSTRUCTION

N+M particles in 1D with translation invariance    
<latexit sha1_base64="+QG29Pk/wo9TMk+ZK00vMPhCY3A=">AAACBHicbVDLSgNBEJyNrxhfqx69DAYhooRd8YUgBDzoMYp5QBLC7KQTh8w+mOkNhCVXv8KrnryJV//Dg//i7roHTaxTUdVNV5cTSKHRsj6N3Nz8wuJSfrmwsrq2vmFubtW1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGV4lfmMESgvfu8dxAB2XDTzRF5xhLHVN8/qy1HYZPjgOvTukB/tds2iVrRR0ltgZKZIM1a751e75PHTBQy6Z1i3bCrATMYWCS5gU2qGGgPEhG0Arph5zQXeiNPmE7oWaoU8DUFRImorweyNirtZj14knk5B62kvE/7xWiP3zTiS8IETweHIIhYT0kOZKxJUA7QkFiCxJDlR4lDPFEEEJyjiPxTDuqBD3YU9/P0vqR2X7tHxye1ysXGTN5MkO2SUlYpMzUiE3pEpqhJMReSLP5MV4NF6NN+P9ZzRnZDvb5A+Mj2+mSZZa</latexit>

G = (R,+)
<latexit sha1_base64="3/UGfsCNYh++iM9+XCJ/joWNdck="></latexit>

Aphys = {q2 � q1, . . . , qN+M � q1, p2, . . . , pN+M}

Center construction     

Assign “regional’’/internal gauge-inv. algebras to kinematical complements   

<latexit sha1_base64="p3zqd6pZxqpq2vV13ZpFn7GGTBQ=">AAACKHicbVC7TsNAEDzzJrwClDQnIiQKiOyIV4PEo6FCIAggxZG1PhY4cbYvd2skZOVH+AS+ghYqOkRBw5dgmwjxmmpuZld7M6FW0pLrvjp9/QODQ8Mjo5Wx8YnJqer0zIlNUiOwKRKVmLMQLCoZY5MkKTzTBiEKFZ6G17uFf3qDxsokPqZbje0ILmN5IQVQLgXVFT8CuhKg+HZwtOlnnaCx3Am8Jf88IbvUCfbLl/5SdLDvd4Nqza27Jfhf4vVIjfVwEFTf8m2RRhiTUGBty3M1tTMwJIXCbsVPLWoQ13CJrZzGEKFtZ2W6Ll9ILVDCNRouFS9F/L6RQWTtbRTmk0UW+9srxP+8VkoXG+1MxjoljEVxiKTC8pAVRua1IT+XBomg+DlyGXMBBojQSA5C5GKa91jJ+/B+p/9LThp1b62+erhS29rpNTPC5tg8W2QeW2dbbI8dsCYT7I49sEf25Nw7z86L8/o52uf0dmbZDzjvH0o4pRk=</latexit>

AS = {q2 � q1, . . . , qN � q1, p1, . . . , pN}
<latexit sha1_base64="+L6cx0XCfyShCh+MvlkjAHCazVw="></latexit>

AS̄ = (AS)
0 = {qN+2 � qN+1, . . . , qN+M � qN+M�1, pN+1, . . . , pN+M}

Non-trivial center   
<latexit sha1_base64="n7rPE4mrF1h4tlLxS+g3BDL4YUU="></latexit>

ZS = AS \ (AS)
0 6= C1

Algebra generated by         and its combatant is a strict subalgebra of 
<latexit sha1_base64="FyJl4UbrdJA4/lvn78rpvtTwhR0=">AAAB/nicdVDLSgNBEJyN7/iKevQyGARPy67GbPAU8eJR0RghCaF3bOOQ2QczvUJYAn6FVz15E6/+igf/xd01gorWqajqpqvLj5U05DhvVmlqemZ2bn6hvLi0vLJaWVu/MFGiBbZEpCJ96YNBJUNskSSFl7FGCHyFbX94lPvtW9RGRuE5jWLsBTAI5bUUQJnU7QZANwIUP+yf9StVx3ZqNbfhccfe8xqO28hI3au5nstd2ylQZROc9Cvv3atIJAGGJBQY03GdmHopaJJC4bjcTQzGIIYwwE5GQwjQ9NIi85hvJwYo4jFqLhUvRPy+kUJgzCjws8k8o/nt5eJfXieh60YvlWGcEIYiP0RSYXHICC2zMpBfSY1EkCdHLkMuQAMRaslBiExMsnbKWR9fT/P/ycWu7dbt/dNatXkwaWaebbIttsNc5rEmO2YnrMUEi9k9e2CP1p31ZD1bL5+jJWuys8F+wHr9AJ0wlg8=</latexit>

AS

<latexit sha1_base64="+RtRrbZbrza2qsnnPY8lbY7c8M0="></latexit>

Aphys

<latexit sha1_base64="r6C9BENsjbsTIJzOPfIQcef6Q9k=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBDEQ9gVXwiC4MVjBKNCNoTesY2Ds7PDTK8Y1v0HP8Gv8Konb+JVD/6LmxjBV52Kqm66qyKjpCPff/OGhkdGx8ZLE+XJqemZ2crc/LFLUiuwIRKV2NMIHCqpsUGSFJ4aixBHCk+iy/2ef3KF1slEH1HXYCuGjpbnUgAVUruyWm9nIeE1ZZRQnt+ExskvxVx0XZ6HFnRH4a7frlT9mt8H/0uCAamyAertynt4log0Rk1CgXPNwDfUysCSFArzcpg6NCAuoYPNgmqI0bWyfqacL6cOKOEGLZeK90X8vpFB7Fw3jorJGOjC/fZ64n9eM6Xz7VYmtUkJtegdIqmwf8gJK4uykJ9Ji0TQ+xy51FyABSK0koMQhZgW7ZWLPoLf6f+S47VasFnbOFyv7u0MmimxRbbEVljAttgeO2B11mCC3bJ79sAevTvvyXv2Xj5Hh7zBzgL7Ae/1A0EVpIc=</latexit>

Ptot| physi = 0

Entropy associated to local subalgebra (not entanglement entropy)  

<latexit sha1_base64="+K2SbLu3Ucgcj44QRuvb9hXpBI4="></latexit>

SvN(S) =
X

z

pzSvN(⇢
z
S) + H({pz})

[Casini, Huerta, Rosabal ’13; 
Donnelly ’11, ’14;

Van Acoleyen, Bultinck, 
Haegeman, Marien, Scholz, 
Verstraete ’15,…] 

classical Shannon

<latexit sha1_base64="Rkc6NCOyFmos/yEZCJd5iNlpR4o="></latexit>

AS _AS̄ =
M

z

Az
S ⌦Az

S̄ ⇢ Aphys



RELATIONAL vs CENTER CONSTRUCTION

N+M particles in 1D with translation invariance    
<latexit sha1_base64="+QG29Pk/wo9TMk+ZK00vMPhCY3A=">AAACBHicbVDLSgNBEJyNrxhfqx69DAYhooRd8YUgBDzoMYp5QBLC7KQTh8w+mOkNhCVXv8KrnryJV//Dg//i7roHTaxTUdVNV5cTSKHRsj6N3Nz8wuJSfrmwsrq2vmFubtW1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGV4lfmMESgvfu8dxAB2XDTzRF5xhLHVN8/qy1HYZPjgOvTukB/tds2iVrRR0ltgZKZIM1a751e75PHTBQy6Z1i3bCrATMYWCS5gU2qGGgPEhG0Arph5zQXeiNPmE7oWaoU8DUFRImorweyNirtZj14knk5B62kvE/7xWiP3zTiS8IETweHIIhYT0kOZKxJUA7QkFiCxJDlR4lDPFEEEJyjiPxTDuqBD3YU9/P0vqR2X7tHxye1ysXGTN5MkO2SUlYpMzUiE3pEpqhJMReSLP5MV4NF6NN+P9ZzRnZDvb5A+Mj2+mSZZa</latexit>

G = (R,+)
<latexit sha1_base64="3/UGfsCNYh++iM9+XCJ/joWNdck="></latexit>

Aphys = {q2 � q1, . . . , qN+M � q1, p2, . . . , pN+M}

Relational construction     

Assign “regional’’/internal gauge-inv. algebras to kinematical complements   

<latexit sha1_base64="p3zqd6pZxqpq2vV13ZpFn7GGTBQ=">AAACKHicbVC7TsNAEDzzJrwClDQnIiQKiOyIV4PEo6FCIAggxZG1PhY4cbYvd2skZOVH+AS+ghYqOkRBw5dgmwjxmmpuZld7M6FW0pLrvjp9/QODQ8Mjo5Wx8YnJqer0zIlNUiOwKRKVmLMQLCoZY5MkKTzTBiEKFZ6G17uFf3qDxsokPqZbje0ILmN5IQVQLgXVFT8CuhKg+HZwtOlnnaCx3Am8Jf88IbvUCfbLl/5SdLDvd4Nqza27Jfhf4vVIjfVwEFTf8m2RRhiTUGBty3M1tTMwJIXCbsVPLWoQ13CJrZzGEKFtZ2W6Ll9ILVDCNRouFS9F/L6RQWTtbRTmk0UW+9srxP+8VkoXG+1MxjoljEVxiKTC8pAVRua1IT+XBomg+DlyGXMBBojQSA5C5GKa91jJ+/B+p/9LThp1b62+erhS29rpNTPC5tg8W2QeW2dbbI8dsCYT7I49sEf25Nw7z86L8/o52uf0dmbZDzjvH0o4pRk=</latexit>

AS = {q2 � q1, . . . , qN � q1, p1, . . . , pN}
<latexit sha1_base64="+L6cx0XCfyShCh+MvlkjAHCazVw="></latexit>

AS̄ = (AS)
0 = {qN+2 � qN+1, . . . , qN+M � qN+M�1, pN+1, . . . , pN+M}

Non-trivial center   
<latexit sha1_base64="n7rPE4mrF1h4tlLxS+g3BDL4YUU="></latexit>

ZS = AS \ (AS)
0 6= C1

Algebra generated by         and its combatant is a strict subalgebra of 
<latexit sha1_base64="FyJl4UbrdJA4/lvn78rpvtTwhR0=">AAAB/nicdVDLSgNBEJyN7/iKevQyGARPy67GbPAU8eJR0RghCaF3bOOQ2QczvUJYAn6FVz15E6/+igf/xd01gorWqajqpqvLj5U05DhvVmlqemZ2bn6hvLi0vLJaWVu/MFGiBbZEpCJ96YNBJUNskSSFl7FGCHyFbX94lPvtW9RGRuE5jWLsBTAI5bUUQJnU7QZANwIUP+yf9StVx3ZqNbfhccfe8xqO28hI3au5nstd2ylQZROc9Cvv3atIJAGGJBQY03GdmHopaJJC4bjcTQzGIIYwwE5GQwjQ9NIi85hvJwYo4jFqLhUvRPy+kUJgzCjws8k8o/nt5eJfXieh60YvlWGcEIYiP0RSYXHICC2zMpBfSY1EkCdHLkMuQAMRaslBiExMsnbKWR9fT/P/ycWu7dbt/dNatXkwaWaebbIttsNc5rEmO2YnrMUEi9k9e2CP1p31ZD1bL5+jJWuys8F+wHr9AJ0wlg8=</latexit>

AS

<latexit sha1_base64="+RtRrbZbrza2qsnnPY8lbY7c8M0="></latexit>

Aphys

<latexit sha1_base64="r6C9BENsjbsTIJzOPfIQcef6Q9k=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBDEQ9gVXwiC4MVjBKNCNoTesY2Ds7PDTK8Y1v0HP8Gv8Konb+JVD/6LmxjBV52Kqm66qyKjpCPff/OGhkdGx8ZLE+XJqemZ2crc/LFLUiuwIRKV2NMIHCqpsUGSFJ4aixBHCk+iy/2ef3KF1slEH1HXYCuGjpbnUgAVUruyWm9nIeE1ZZRQnt+ExskvxVx0XZ6HFnRH4a7frlT9mt8H/0uCAamyAertynt4log0Rk1CgXPNwDfUysCSFArzcpg6NCAuoYPNgmqI0bWyfqacL6cOKOEGLZeK90X8vpFB7Fw3jorJGOjC/fZ64n9eM6Xz7VYmtUkJtegdIqmwf8gJK4uykJ9Ji0TQ+xy51FyABSK0koMQhZgW7ZWLPoLf6f+S47VasFnbOFyv7u0MmimxRbbEVljAttgeO2B11mCC3bJ79sAevTvvyXv2Xj5Hh7zBzgL7Ae/1A0EVpIc=</latexit>

Ptot| physi = 0

<latexit sha1_base64="+K2SbLu3Ucgcj44QRuvb9hXpBI4="></latexit>

SvN(S) =
X

z

pzSvN(⇢
z
S) + H({pz})

[Casini, Huerta, Rosabal ’13; 
Donnelly ’11, ’14;

Van Acoleyen, Bultinck, 
Haegeman, Marien, Scholz, 
Verstraete ’15,…] 

Assign gauge-inv. algebras via complements relative to R  

No gauge-invariant data missing

Proper entanglement entropy

Locality defined relationally (non-local combinations of        kinematical DoFs)

generically frame dependent

<latexit sha1_base64="Jz2CEYx+PtQwCVfU0VOwZKnYAHw="></latexit>

Aphys
S|R = {q1 � qR, . . . , qN � qR, p1, . . . , pN}

<latexit sha1_base64="B0uDfPLc6YZd29N4uFArVT7iBME=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVaFINJRBIQ8psaL1ZRNOOT90t0aKrHwELVR0iJavoeBfsI0LSJhqNLOrnR0vUtKQbX9aS8srq2vrpY3y5tb2zm5lb79twlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7nJ/M4jaiPD4J6mEbo+jAM5kgIolTrNvgeaNweVql2zc/BF4hSkygo0BpWv/jAUsY8BCQXG9Bw7IjcBTVIonJX7scEIxATG2EtpAD4aN8njzvhxbIBCHqHmUvFcxN8bCfjGTH0vnfSBHsy8l4n/eb2YRlduIoMoJgxEdoikwvyQEVqmPSAfSo1EkCVHLgMuQAMRaslBiFSM02LKaR/O/PeLpH1acy5q53dn1fp10UyJHbIjdsIcdsnq7JY1WIsJNmFP7Jm9WIn1ar1Z7z+jS1axc8D+wPr4BliHk6I=</latexit>

SS̄

<latexit sha1_base64="iUnjcZUDm+peZdMlJ4HQECNml/w="></latexit>

Aphys
S|R _Aphys

S̄|R = Aphys

<latexit sha1_base64="viO6Erbnf4UAprj9RTb4qUJJoUY="></latexit>

Aphys
S̄|R = {qN+2 � qR, . . . , qN+M � qR, pN+2, . . . , pN+M}

classical Shannon

<latexit sha1_base64="D3h77FivUfABzbGN8MaBJusCRMI="></latexit>

SvN(⇢S|1) = �Tr(⇢S|1 log ⇢S|1)

Bigger subalgebras associated with subsystems

“regional”/internal algebras appear as the frame-indep. data 
<latexit sha1_base64="/T+yKpihASU8dBN8pKXW2tV2hOk="></latexit>

Aphys
S|R1

\Aphys
S|R2

= AS

Entropy associated to local subalgebra (not entanglement entropy)  

Center construction     

<latexit sha1_base64="Rkc6NCOyFmos/yEZCJd5iNlpR4o="></latexit>

AS _AS̄ =
M

z

Az
S ⌦Az

S̄ ⇢ Aphys



INTERNAL DYNAMICAL REFERENCE FRAMES

Dynamical frame associated with (gauge) symmetry group G

frame configurations associated to group elements

[Krumm, Höhn, Müller ’20, ’21;

de la Hamette, Galley, Höhn, Loveridge, Müller ’21;

Carrozza, Höhn ’21;

Carrozza, Eccles, Höhn ’22;

Höhn, Kotecha, FMM ’23]

Split the total DoFs into a (SUB)SYSTEM OF INTEREST (subgroup of particle, subregion,…) and FRAME DoFs (constructed from the complement)

Total system + action of some (unimodular) gauge group G

subsystem “as non-invariant as possible” under G-action 
to be used to parametrise the orbits of G

G-frame:



INTERNAL DYNAMICAL REFERENCE FRAMES

Edge modes as group-valued “internalised” external frames

(via e.g. Wilson lines originating in the complement)  

Dynamical frame associated with (gauge) symmetry group G

frame configurations associated to group elements

subsystem “as non-invariant as possible” under G-action 
to be used to parametrise the orbits of G

Quantum reference frames:    generalised coherent states

<latexit sha1_base64="EcmWgy4VsZkHfJBbY7aEQRNGFis="></latexit>

|'(g)iR ! UR(g
0)|'(g)iR = |'(g0g)iR ,

Z

G
dg |'(g)ih'(g)|R = 1R

not necessarily orthogonal/perfectly 
distinguishable orientations

left G-action

Total system + action of some (unimodular) gauge group G

G-frame:

[Krumm, Höhn, Müller ’20, ’21;

de la Hamette, Galley, Höhn, Loveridge, Müller ’21;

Carrozza, Höhn ’21;

Carrozza, Eccles, Höhn ’22;

Höhn, Kotecha, FMM ’23]

Split the total DoFs into a (SUB)SYSTEM OF INTEREST (subgroup of particle, subregion,…) and FRAME DoFs (constructed from the complement)

E.g.



INTERNAL DYNAMICAL REFERENCE FRAMES

Edge modes as group-valued “internalised” external frames

(via e.g. Wilson lines originating in the complement)  

Dynamical frame associated with (gauge) symmetry group G

frame configurations associated to group elements

Quantum reference frames:    generalised coherent states

<latexit sha1_base64="EcmWgy4VsZkHfJBbY7aEQRNGFis="></latexit>

|'(g)iR ! UR(g
0)|'(g)iR = |'(g0g)iR ,

Z

G
dg |'(g)ih'(g)|R = 1R

not necessarily orthogonal/perfectly 
distinguishable orientations

left G-action

Total system + action of some (unimodular) gauge group G

Gauge transf. acts from left on both system and frame DoFs

Symmetries = frame reorientations by right action (with        ) 
<latexit sha1_base64="aKwFQEwnIWWvgMovfCh+4N7nK/Q=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAmUkGsogkYeUmGh92YQj54fu1kjByj/QQkWHaPkbCv4F26SAhKlGM7va2fEiJQ3Z9qe1sLi0vLJaWCuub2xubZd2dpsmjLXAhghVqNseGFQywAZJUtiONILvKWx5o8vMbz2gNjIMbmgcoevDMJADKYBSqTm8TY6dSa9Utit2Dj5PnCkpsynqvdJXtx+K2MeAhAJjOo4dkZuAJikUTord2GAEYgRD7KQ0AB+Nm+RpJ/wwNkAhj1BzqXgu4u+NBHxjxr6XTvpAd2bWy8T/vE5Mgws3kUEUEwYiO0RSYX7ICC3TGpD3pUYiyJIjlwEXoIEIteQgRCrGaS/FtA9n9vt50jypONXK2fVpuVadNlNg++yAHTGHnbMau2J11mCC3bMn9sxerEfr1Xqz3n9GF6zpzh77A+vjG9Gdk1Q=</latexit>

g�1

Relational frame-dressed observables:
<latexit sha1_base64="tbIsqfCPmZ76YnQ/DfFq/nVStZQ=">AAACHXicbVC7TsNAEDzzJrwClDQnIqSkILIRrwaEREMHSBiQkhCtj4055Xy27tZIyOQb+AS+ghYqOkSLKPgXHJOC1xSr0cyudneCRElLrvvuDA2PjI6NT0yWpqZnZufK8wunNk6NQF/EKjbnAVhUUqNPkhSeJwYhChSeBd39vn92jcbKWJ/QTYKtCEItO1IA5VK7XDtsZ51bv1cNaztVP7zIVr1erahNMhJ0qNDI8Ip4p12uuHW3AP9LvAGpsAGO2uWP5mUs0gg1CQXWNjw3oVYGhqRQ2Cs1U4sJiC6E2MiphghtKyte6vGV1ALFPEHDpeKFiN8nMoisvYmCvDMCurK/vb74n9dIqbPdyqROUkIt+otIKiwWWWFknhXyS2mQCPqXI5eaCzBAlAfBQYhcTPPwSnke3u/v/5LTtbq3Wd84Xq/s7Q6SmWBLbJlVmce22B47YEfMZ4LdsQf2yJ6ce+fZeXFev1qHnMHMIvsB5+0T+iChbQ==</latexit>

Of |U (g) = (Ug
�1)�1

. f

<latexit sha1_base64="EmQ6PUMdommyzy+vZZbDaOUPxFo="></latexit>

OfS ,R(g) =

Z

G
dg0 URS(g

0)
⇣
|'(g)ih'(g)|R ⌦ fS

⌘
U

†
RS(g

0)

value of f when frame is in orientation   (relational obs. as in Rovelli, Dittrich, Thiemann,…)
<latexit sha1_base64="O8qfsvXjpYM1ZkCQOtveHfmH7ws=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZJi2roruHHZgn1AG8pkeluHTh7M3Agl9Avc6sqduPWDXPgvJjGCip7V4Zx7ueceL5JCo2W9GaW19Y3NrfJ2ZWd3b/+genjU12GsOPR4KEM19JgGKQLooUAJw0gB8z0JA29xlfmDO1BahMENLiNwfTYPxExwhqnUnU+qNcu8tCzHrlPLtHJkxHGadoPahVIjBTqT6vt4GvLYhwC5ZFqPbCtCN2EKBZewqoxjDRHjCzaHUUoD5oN2kzzoip7FmmFII1BUSJqL8H0jYb7WS99LJ32Gt/q3l4l/eaMYZy03EUEUIwQ8O4RCQn5IcyXSBoBOhQJEliUHKgLKmWKIoARlnKdinFZSSfv4epr+T/p1026YTvei1m4VzZTJCTkl58QmTdIm16RDeoQTIPfkgTwasfFkPBsvn6Mlo9g5Jj9gvH4AqSaRmQ==</latexit>g

subsystem “as non-invariant as possible” under G-action 
to be used to parametrise the orbits of G

G-frame:

[Krumm, Höhn, Müller ’20, ’21;

de la Hamette, Galley, Höhn, Loveridge, Müller ’21;

Carrozza, Höhn ’21;

Carrozza, Eccles, Höhn ’22;

Höhn, Kotecha, FMM ’23]

Split the total DoFs into a (SUB)SYSTEM OF INTEREST (subgroup of particle, subregion,…) and FRAME DoFs (constructed from the complement)

E.g.



RELATIVITY OF SUBSYSTEMS [Höhn, Kotecha, FMM ’23]

Observables describing S relative to R1 invariant under reorientations of R2, but relative to R2 it changes since relations between S and R2 change
(and viceversa) 

<latexit sha1_base64="faeJ9uk3m8GAEdmKJ9DF0N1vxT4="></latexit>

Aphys
S|R1

6= Aphys
S|R2

Different frames identify distinct relational observable subalgebras inside total gauge inv. algebra

[Carrozza, Höhn, Kirklin, FMM to appear]

Non-trivial overlap
<latexit sha1_base64="GF+AQ+53k05H2qBQJasv9yFI7Ec="></latexit>

Aphys
S|R1

\ Aphys
S|R2

6= ;

Internal relations to S

(invariant under reorientations of both frames)

Relational obs. of 
S relative to R2

Relational obs. of 
S relative to R1

Different relational ways to refer to a kinematical subsystem 
(different frames identify different gauge inv. subsystems) 

<latexit sha1_base64="aGzE81xVEeMmsvggq9Zk39OI+9s="></latexit>

Aphys ' Aphys
R2|R1

⌦Aphys
S|R1

' Aphys
R1|R2

⌦Aphys
S|R2

Inequivalent factorisations of total algebra relative to the two frames

(not in general the same as factorisations across kinematical DoFs) 

For finite-systems & ideal frames: 



OUTLOOK

CONCLUSION

We discussed internal dynamical frames in finite-dim. (quantum) systems and (classical) gauge field theories (edge modes)

Gauge-invariant/relational notion of subsystems depend on the frame frame-relativity of (gauge-invariant) properties of subsystems 

Alternative proposal for entanglement entropy in constrained systems and gauge theories ? 

Gravitational subregions

Quantum gravity: 

Diffeo-inv. & relationalism in full QG and gravitational entropy [ongoing work with M. Bruno, E. Colafranceschi, and C. Rovelli] 


minisuperspaces,… [with F. Sartini and P. A. Höhn] 


Subsystem relativity in gauge theory (quantum) 
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{[work in progress with S. Carrozza, P. A. Höhn, and J. Kirklin


+ work in progress with P. A. Höhn, L. Marchetti, J. De Vuyst] 


Relational subsystems in spin networks, entanglement & quant. therm. in LQG 



OUTLOOK

CONCLUSION

We discussed internal dynamical frames in finite-dim. (quantum) systems and (classical) gauge field theories (edge modes)

Gauge-invariant/relational notion of subsystems depend on the frame frame-relativity of (gauge-invariant) properties of subsystems 

Gravitational subregions

Quantum gravity: 

Relational subsystems in spin networks, entanglement & quant. therm. in LQG 

Diffeo-inv. & relationalism in full QG and gravitational entropy

minisuperspaces,… [with F. Sartini and P. A. Höhn] 


[ongoing work with M. Bruno, E. Colafranceschi, and C. Rovelli] 


Subsystem relativity in gauge theory (quantum) 
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{[work in progress with S. Carrozza, P. A. Höhn, and J. Kirklin


+ work in progress with P. A. Höhn, L. Marchetti, J. De Vuyst] 


Alternative proposal for entanglement entropy in constrained systems and gauge theories ? 
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