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A NIGHTMARE SCENARIO FOR  THE LHC?

No new partic
les b

eyond the 

Higgs b
oson so

 far



AN OPPORTUNITY TO TRY SOMETHING NEW

Absence of clear signal of physics beyond the Standard  Model (SM) puts an added value on precision studies of SM processes  
and suggests to focus on a systematic discovery-through-precision program at the LHC.

If we have a solid theory that allows us to describe with confidence the expected outcomes of hard LHC collisions, differences 
between predictions and measurements  can be attributed to effects of physics beyond the SM.



AN OPPORTUNITY TO TRY SOMETHING NEW

One can not emphasize enough that the actual usefulness  of this statement depends on the quality of the theory that one uses.
If the Higgs boson production rate in hadron collisions would have been  measured in the early 1990s before QCD radiative 
corrections to Higgs production in gluon fusion were computed,  it would have been claimed that we observe physics beyond 
the Standard Model … GGF

GLUON FUSION - INCLUSIVE CROSS SECTION

▸ LHC predictions demand effects beyond pure EFT 

▸ Mass corrections & EWK effects

~88.2%

Anastasiou, Duhr, Dulat, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger

The good news is that we are definitely passed  comparisons within ``factors of two’’.  Nowadays, when we say ``precision LHC 
physics’’, we talk about  systematic comparisons between predictions and measurements at a few percent  level…
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PROTONS VS QUARKS AND GLUONS? 

LQCD =
X

q̄j
⇣
iD̂ �mj

⌘
qj �

1

4
Ga

µ⌫G
a,µ⌫

If we want to do precision physics at the LHC, we have to  explain why it is possible  to describe  collisions of protons starting 
from a Lagrangian that contains quarks and gluons.   The explanation rests of 3 pillars. 

  

Introduction

● The goal of hadron collider physics program (Tevatron, LHC) is to discover and study 

physics beyond the Standard Model in the  mass range 100 GeV - few TeV 

● To produce that heavy final states, we require rare short-distance processes where both 

protons disintegrate and all momenta transfers are large. These processes can be 

understood using factorization and asymptotic freedom.

● A major role in  such an understanding  is played by parton-parton scattering that is 

described by  perturbative QCD.

                                           

1) Asymptotic freedom which implies that the QCD coupling constant is small at 
short distances; 

2) Collinear factorization which implies that only quark/gluon momenta 
distributions in a proton are relevant for the description of hard collisions; 

3) ``Soft fragmentation of quarks and gluons into observable hadrons’’ — allows 
to define cross sections in terms of energy flows (jets) associated with primary 
quarks and gluons. 
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d�hard =

Z
dx1 dx2fi(x1)fj(x2) d�ij(x1, x2, {pfin}) OJ({pfin})



FIXED ORDERS VS POWER CORRECTIONS

The above considerations work only up to power corrections which are proportional to the ratio of the non-perturbative parameter  
of QCD                and a typical hard scale in a given process.

Conversely,  this discussion implies that  on the theory side it should be possible to reach  a (few) percent precision for generic 
LHC observables.  This is the goal of the LHC precision program.  Achieving this requires solid NNLO/N3LO theory of hard 
parton collisions in the context of perturbative QCD,  supplemented with reliable  knowledge of parton distribution functions.

Nc

⇣↵s

⇡

⌘2
⇠ ⇤QCD

Q
, ⇤QCD ⇠ 0.3 GeV, Q ⇠ 30 GeV
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We can use this formula to estimate how far  we can go with the perturbative expansion in QCD  before we have to start paying 
attention to non-perturbative effects.

.

We find that two or three orders in the perturbative expansion in QCD  (NNLO and/or N3LO) can be studied without 
worrying about non-perturbative effects; however, it does not make sense to continue with even higher order pQCD 
computations without addressing generic non-perturbative corrections (provided that n=1) in the factorization formula. 

d�ij = d�ij,LO

�
1 + ↵s �ij,NLO + ↵2

s �ij,NNLO + ...
�
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d�hard =

Z
dx1 dx2fi(x1)fj(x2) d�ij(x1, x2, {pfin}) OJ({pfin})

�
1 +O(⇤n

QCD/Q
n)
�
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⇤QCD
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FIXED ORDER

To compute                correction to a process with N partons at leading order  we require

These integrations are complex since, when taken separately, the individual contributions exhibit singularities (soft and collinear) 
which only disappear once the different contributions are combined.   This requires the development of the so-called subtraction or 
slicing schemes that allow one to compute partonic cross sections. 

.1) a k-loop correction to N-parton scattering amplitude;

d�ij = d�ij,LO

�
1 + ↵s �ij,NLO + ↵2

s �ij,NNLO + ...
�
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O(↵k
s )

2) a (k-1) -loop correction to (N+1)-parton scattering amplitude;

3) a (k-2) -loop correction to (N+2)-parton scattering amplitude;

4) a  0 -loop (tree)  (N+k)-parton scattering amplitude.

…….

Z

Z

Z

Z
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d�n V +

Z
d�n+g R = finite

Once amplitude are known, they have to be integrated over phase spaces subject to kinematic constraints. 



PRECISION PHYSICS REQUIRES HIGHLY-DEVELOPED THEORY

Modern NLO computations describe realistic final states and include quantum interferences.  They incorporate  electroweak 
corrections and are often matched to parton showers allowing one to simulate realistic events.   

An opportunity to perform high-precision physics studies at the LHC,  with an idea  of using gains in precision for a potential 
discovery of New Physics,  provides a  strong motivation for  continuous  improvements in  the theory of hard hadron 
collisions.  As the result,  during the past decade, we have witnessed a very impressive progress in that direction.

NNLO QCD computations have become available for many interesting processes.  Results are obtained for realistic fiducial 
cross sections.  Typically, the agreement between theory and experiment is improved once  NNLO QCD theory is employed. 

First N3LO QCD computations appeared (Higgs cross section and rapidity distribution in gluon fusion, Drell-Yan cross 
section and rapidity distirbutions).  These results  stress-test  applications of perturbative QCD for hadron collisions.



STEADY PROGRESS WITH PERTURBATIVE COMPUTATIONS

A graphic illustration of what I just said shows very impressive progress with NNLO and N3LO computations, as well as the 
current  multiplicity frontiers (               for NNLO and              for N3LO computations). 

Preamble 

21

❖ We have an advanced technology already available both from the theoretical and the experimental side.


❖ This serves for deeply testing our knowledge of fundamental interactions. 


❖ Different applications to explore different “corners of the SM”.


[G. Salam]

Chiara Signorile-Signorile                                                                                                                                                                                      Precision calculations for the SM                                                        
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These “frontiers” occur for  different reasons:  lack of understanding of how to efficiently compute loops with large number of 
external partons (NNLO) and lack of understanding how subtractions of infra-red singularities should be organized (N3LO).
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ULTA-HIGH PRECISION MEASUREMENTS AT THE LHC

Unfortunately, explaining this would have meant giving a very technical talk which is not ideal. Instead, I decided to talk 
about  poster children of high-precision physics program  at the LHC namely measurements of the top quark mass,  the W 
boson mass and the strong coupling  constant, that  one can call ``ultra-precise’’.   

Overcoming these technical challenges is very important  to ensure further advances in  the precision physics program at the 
LHC.  We have seen in the past that  such advances  often force us to develop a deeper understanding of  theoretical 
foundations of perturbative quantum field theories in general and  of the Standard Model and QCD in particular.  

The three observables that I want to talk about are very special; their measurements  are  driven by  physics interests (important 
quantities!) and superb experimental capabilities.  However, because of extremely high precision, they are very challenging  from 
a theoretical point of view (I am sure an experimentalist would say the same … ) , so that thinking about them reveals important  
subtleties and emphasizes required  extensions of  the precision physics program that I outlined earlier.

These are not the only measurements (results) that the precision physics  program has delivered — many things that we now 
know, from parton distribution functions, to Higgs properties and its couplings to gluons, photons and quarks, to top quark 
physics, are directly  related to our ability to properly describe partonic cross sections and simulate events in a self-consistent 
way.  This  should not be taken for granted since even  a decade ago the situation was quite different. 



THE TOP QUARK MASS

The top quark mass is being measured with higher and higher precision.  But: can we use the measured value of the top-
quark mass measurements to argue about physics, for example the  consistency of the SM and or  the stability of electroweak 
vacuum? 

Fate of the vacuum

Thus, the lifetime of the Standard Model universe is

⌧SM =

✓
�

V

◆�1/4

= 10139
+102
�51 years (6.27)

That is, to 68% confidence, 1088 < ⌧SM
years

< 10291. To 95% confidence 1058 < ⌧SM
years

< 10549.
To be more clear about what the lifetime means, we can ask a related question: what is

the probability that we would have seen a bubble of decaying universe by now? Using the
space-time volume of our past lightcone [15], (V T )

light-cone
= 0.15

H
4
0
= 3.4 ⇥ 10166 GeV�4 and

the Hubble constant H0 = 67.4 km

s Mpc
= 1.44 ⇥ 10�42 GeV, the probability that we should

have seen a bubble by now is

P =
�

V
(V T )

light-cone
= 10�516

�409
+202 (6.28)

Since the bubbles expand at the speed of light, chances are if we saw such a bubble we would
have been destroyed by it; thus it is reassuring to find the probability of this happening to
be exponentially small.

The phase diagrams in the mt/mh and mt/↵s planes are shown in Fig. 2. In these
diagrams, the boundary between metastability and instability is fixed by P = 1, where P is
the probability that a bubble of true vacuum should have formed without our past lightcone,
as in Eq. (6.28). The boundary between metastability and instability is determined by the
gauge-invariant consistent procedure detailed Section 6.2 (and in [17, 38]). Although the
absolute stability boundary is close to the condition �

? = 0 in Eq. (6.14), it is systematically
higher and a better fit to the curve for �? = �0.0013.

Varying one parameter holding the others fixed, we find that the range of mpole

t , mpole

h
or

↵s for the SM to be in the metastability window are

171.18 <
m

pole

t

GeV
< 177.68, 129.01 >

m
pole

h

GeV
> 111.66, 0.1230 > ↵s(mZ) > 0.1077

(6.29)
Numbers on the left in these ranges are for absolute stability and on the right for metasta-
bility.

To be absolutely stable, the bounds on the parameters are
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Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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(To rule out absolute stability: reduce top quark mass uncertainty below 250 MeV)

State of the art: [Andreassen, 
Frost, Schwartz ’17]

Uncertainty equal parts mt, 
αs, threshold corrections
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4

t
/8⇡2 (right). The grey shadings cover values of the RG scale above the

Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/
p
8⇡.
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SM Higgs quartic runs negative in UV, 
implying metastability/instability[Buttazzo et al. 1307.3536]

[Andreassen, Frost, Schwartz ’17]

[Cabibbo, Maiani, Parisi, Petronzio, '79; 
Hung '79; Lindner 86; Sher '89; …]

Stable EW vacuum requires 

11
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⌧SM =

✓
�

V

◆�1/4

= 10139
+102
�51 years (6.27)

That is, to 68% confidence, 1088 < ⌧SM
years

< 10291. To 95% confidence 1058 < ⌧SM
years

< 10549.
To be more clear about what the lifetime means, we can ask a related question: what is

the probability that we would have seen a bubble of decaying universe by now? Using the
space-time volume of our past lightcone [15], (V T )

light-cone
= 0.15

H
4
0
= 3.4 ⇥ 10166 GeV�4 and

the Hubble constant H0 = 67.4 km

s Mpc
= 1.44 ⇥ 10�42 GeV, the probability that we should

have seen a bubble by now is

P =
�

V
(V T )

light-cone
= 10�516

�409
+202 (6.28)

Since the bubbles expand at the speed of light, chances are if we saw such a bubble we would
have been destroyed by it; thus it is reassuring to find the probability of this happening to
be exponentially small.

The phase diagrams in the mt/mh and mt/↵s planes are shown in Fig. 2. In these
diagrams, the boundary between metastability and instability is fixed by P = 1, where P is
the probability that a bubble of true vacuum should have formed without our past lightcone,
as in Eq. (6.28). The boundary between metastability and instability is determined by the
gauge-invariant consistent procedure detailed Section 6.2 (and in [17, 38]). Although the
absolute stability boundary is close to the condition �

? = 0 in Eq. (6.14), it is systematically
higher and a better fit to the curve for �? = �0.0013.

Varying one parameter holding the others fixed, we find that the range of mpole

t , mpole

h
or

↵s for the SM to be in the metastability window are

171.18 <
m

pole

t

GeV
< 177.68, 129.01 >

m
pole

h

GeV
> 111.66, 0.1230 > ↵s(mZ) > 0.1077

(6.29)
Numbers on the left in these ranges are for absolute stability and on the right for metasta-
bility.

To be absolutely stable, the bounds on the parameters are

m
pole

t

GeV
< 171.18 + 0.12

 
m

pole

h
/GeV� 125.09

0.24

!
+ 0.43

✓
↵s(mZ)� 0.1181

0.0011

◆
+ (th.)

+0.17
�0.35

m
pole

h

GeV
> 129.01 + 1.2

 
m

pole

t /GeV� 173.1

0.6

!
+ 0.89

✓
↵s(mZ)� 0.1181

0.0011

◆
+ (th.)

+0.34
�0.72

↵s(mZ) > 0.1230 + 0.0016

 
m

pole

t /GeV� 173.1

0.6

!
+ 0.0003

 
m

pole

h
/GeV� 125.09

0.24

!
+ (th.)

+0.0005
�0.0010

(6.30)
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Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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(To rule out absolute stability: reduce top quark mass uncertainty below 250 MeV)

State of the art: [Andreassen, 
Frost, Schwartz ’17]

Uncertainty equal parts mt, 
αs, threshold corrections

�� =
1

16⇡2
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4

t
/8⇡2 (right). The grey shadings cover values of the RG scale above the

Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/
p
8⇡.
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SM Higgs quartic runs negative in UV, 
implying metastability/instability[Buttazzo et al. 1307.3536]

[Andreassen, Frost, Schwartz ’17]

[Cabibbo, Maiani, Parisi, Petronzio, '79; 
Hung '79; Lindner 86; Sher '89; …]

<latexit sha1_base64="so1/d2NsRtvWqJDaOrhupi5RjAg="></latexit>

mt = 172.52± 0.33 GeV



THE TOP QUARK MASS

The top quark mass is being measured with higher and higher precision.  But: can we use the measured value of the top-
quark mass measurements to argue about physics, for example the  consistency of the SM and or  the stability of electroweak 
vacuum? 

12

<latexit sha1_base64="so1/d2NsRtvWqJDaOrhupi5RjAg="></latexit>

mt = 172.52± 0.33 GeV

To make the discussion more structured, this  question can be split into 
three separate questions:  

1) is the top quark mass a well-defined parameter ?  

2) do we model physics of hadron collisions — that we know and 
understand — well  enough,  so that we do not bias the top quark 
mass extraction? 

3)  do we pay enough attention to subtle details and to poorly 
understood aspects of hadron collisions, so that we do not compromise 
extractions of the top quark mass from experimental data? 
 



THE TOP QUARK MASS PARAMETER REQUIRES A DEFINITION 

We  think about the top quark mass as a parameter of the Lagrangian and define it according to a particular renormalization 
``scheme’’.  Depending on the choice of scale and the exact definition, we get different mass parameters from MS-bar to low-
scale short-distance masses (kinetic, potential-subtracted, 1S etc.).  These short-distance masses can be determined with a much 
higher precision than the pole mass.

G(p,m) ⇠ 1

p2 �m2
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In quantum field theory , particle masses are inferred from poles of  propagators.  This does not work for quarks  beyond fixed-
order perturbation theory (confinement).   Obscure issue for the top quark since it is very heavy and very unstable (top is the 
only quasi-free quark, as we often say). 

mpole = mbare +
4

3

1Z

0

d3~k

4⇡2

↵s(|~k|)
~k2

w(|~k|,m)
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w(|~k|,m) ⇡ 1, |~k|  m
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MODELLING TOP QUARK PRODUCTION AND DECAY

Values of the top quark mass are extracted  from two types of observables at the LHC:   ``inclusive quantities’’ (i.e. total cross 
sections) and exclusive distributions of particles from top decays whose kinematic properties are related to the top quark 
mass. 

Theoretical modelling involves NNLO QCD predictions fot top-quark production processes (few percent precision) and NLO 
QCD predictions for top-like final states matched to parton showers (O(10) percent precision).    

Such a precision for generic observables is not high enough to determine the top quark mass with a O(100) MeV precision. 
Need to look for observables with the strong dependence on       . 

POWHEGBOX RES+OpenLoops/bb4l-slPOWHEGBOX RES+OpenLoops/bb4l-sl

bb4l-sl LHE
bb4l-sl NLOPS

0 50 100 150 200 250 300

10�3

10�2

10�1

pp ! e+ne jjbb̄ @ 13 TeV NB = 2

me+ jb [GeV]

ds
/d

m
[p

b/
G

eV
]

R = 0.5R = 0.5

bb4l-sl

hvq+STwtch-DS

0 50 100 150 200 250 300
0.5

1

1.5

2

pp ! e+nedūbb̄
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Figure 11: Distribution in the invariant mass me+jb
of the positron and the hardest b jet. Same

acceptance cuts, predictions and ratios as in Fig. 9.

below resonance, while above resonance it is similar. This suggests that b-jet contamination is
dominated by ISR, which is handled in a similar way in the different generators. Finally, we observe
that shower effects in the invariant-mass distribution of the hadronically decaying anti-top quark
(Fig. 10d) are quite similar as in the case of the leptonically decaying top (Fig. 10c). Thus, the
sizeable shower corrections to the invariant mass of the hadronic W� (Fig. 10b) seem to have little
impact on the reconstructed mass of the hadronic anti-top. This is most likely due to the fact that,
inside a hadronic t ! Wb ! jjb decay, the radiation that is emitted from the b quark which
contaminates the reconstructed hadronic W boson (or vice versa) does not have any impact on the
reconstructed top-quark momentum.

Finally, in Fig. 11 we present the distribution in the invariant mass of the positron and the
b jet, i.e. the visible decay products of the leptonically decaying top quark. At LO, this observable
features a kinematic edge at m2

e+ jb
= m

2
t � m

2

W
' (152GeV)2, which can be exploited for

top-quark mass measurements or in order to design cuts that suppress backgrounds due to on-shell
top-quark production. In the region above the edge, which is entirely populated by events with QCD
radiation, we observe that bb4l-sl and hvq+STwtch are both strongly sensitive to shower radiation.
This suggests that the observed NLOPS/LHE corrections are dominated by ISR, which is handled
in a similar way in the different generators. In the region below the edge, the impact of the shower
is much less pronounced. For R = 0.5, in hvq+STwtch it can reach 20%, while bb4l-sl is largely
insensitive to the parton shower.

9.5 Off-shell vs on-shell generators

In Figs. 12–14 we compare predictions of the off-shell bb4l-sl generator and its on-shell coun-
terparts, hvq+STwtch, for the same set of observables investigated in Sect. 9.4. In addition, in
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FIG. 1: NNLO QCD predictions for the fiducial (top) and
inclusive selections (bottom) of the normalized ��`` distri-
bution versus ATLAS data [20]. Uncertainty bands are from
7-point scale variation.

III. RESULTS

In this work we calculate two di↵erential distributions,
namely, the two leptons’ angular di↵erence in the trans-
verse plane ��`` and their rapidity di↵erence |�⌘``|.

We have two selection criteria for each distribution.
The first one, called inclusive, does not assume any se-
lection cuts. The second one, called fiducial, is based on
the ATLAS selection cuts [20]: an electron and a muon
of opposite electric charge with pT > 27(25) GeV for the
harder (softer) lepton and |⌘| < 2.5. In addition, we re-
quire at least two jets (at least one of which is a b-flavored
jet) with pT > 25 GeV and |⌘| < 2.5. All jets are defined
with the anti-kT algorithm [64] with R = 0.4.

The normalized fiducial and inclusive ��`` and |�⌘``|
distributions are shown in fig. 1 and fig. 3, respectively.
Each curve is normalized with respect to the correspond-
ing visible cross-section, i.e. the integral under it equals
unity. The ��`` distribution is compared with the pub-
lished ATLAS data [20]; the |�⌘``| one is not since the
corresponding data has not been published yet.

A number of observations can be made from fig. 1.
The most interesting feature is the di↵erent behavior of
the NNLO/NLO ��`` K-factor between the fiducial and
inclusive cases. With respect to the inclusive case, in
the fiducial case the K-factor is much larger, the NNLO
distribution is in good agreement with data and the scale
uncertainty is much larger. Notably, the NNLO inclusive
prediction does not agree well with data.

Since both the fiducial and inclusive data originate

from the same measurement it is not a priori clear why
the NNLO calculation would agree with only one of them.
In our view the most plausible explanation for this dis-
crepancy lies in the extrapolation of the fiducial measure-
ment to the full phase space.

Such a conclusion should not come as a complete sur-
prise since the extrapolation to full phase space is per-
formed with event generators that have accuracy di↵erent
than the one in the present work. In fact an early indica-
tion about the importance of higher order corrections in
top quark production came from the long standing top
quark pT discrepancy, namely, that NLO-accurate event
generators do not model well the LHC top quark pT dis-
tribution while the NNLO QCD correction significantly
improves the agreement with data.

A. Anatomy of higher order corrections to ��``

In the following we o↵er a detailed analysis quantifying
a number of possible contributions to this observable. We
show that they are too small to a↵ect the behavior of this
observable in the SM.
Is the NNLO correction large? NLO analyses [20] in-

dicate that higher order e↵ects are likely not going to
bridge the 3.2� discrepancy with the ATLAS ��`` data.
Yet we see that the NNLO QCD prediction agrees well
with data in the fiducial region. From this one cannot
directly conclude that the NNLO correction is unusually
large. The reason is that our NNLO prediction uses scales
di↵erent than the ones in most event generators.

For our preferred choice of scales we find that the fidu-
cial NNLO/NLO K-factor is no larger than 5%. This
is perfectly reasonable NNLO correction which, more-
over, is consistent with the NLO scale uncertainty band.
The NLO/LO K-factor is larger by a factor of about 3.
In the inclusive case one observes smaller K-factors and
less scale variation which is reasonable to expect since
the observable is more inclusive. We note that in both
cases the smallness of the LO uncertainty band is due to a
cancellation between the normalization factor and is not
representative of the true uncertainty in the di↵erential
distribution.

We conclude that the behavior of ��`` is consistent
with good perturbative convergence. The NNLO cor-
rection plays an important role: in the fiducial case it
reduces the scale uncertainty by more than a factor of
two and modifies the slope of the theory prediction in a
direction that improves the agreement with data.
Choice of scales. All calculations in this work are per-

formed with three scales: the one in eq. (3) as well as
µF,R = mt and µF,R = mt/2. As can be seen in fig. 2
the result with scale mt/2 behaves similarly to the one
in eq. (3) and is even closer to data. On the other hand,
the calculation with scale mt has larger NNLO/NLO K-
factor and the agreement with data in the fiducial case
is not as good as for the other two scales.

To understand this behavior we recall that the scale
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Top quark mass extractions from cross sections rely on its strong sensitivity on        and (high-order) perturbative predictions  for 
the top-pair production cross section.  They reach an impressive precision of about 700 MeV. 

The best that we can do currently is to estimate the sensitivity of various observables to infra-red physics,  including  those that 
play a role in the extraction of the top quark mass.

SUBTLE (NON-PERTURBATIVE) EFFECTS  

<latexit sha1_base64="EgqlwngHx8086oFYbpcR4uv+PAQ="></latexit>
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However,  if  there are linear power corrections to cross sections, the 
extraction of the top quark mass becomes biased.   It is important to realize 
that, at this point, we cannot deduce from first principles whether such linear 
power corrections  exist.. 
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SUBTLE (NON-PERTURBATIVE)  EFFECTS AND INFRA-RED SENSITIVITY 16

Perturbative computations in QFTs with massless particles (QCD, QED) cannot be performed for final states with fixed 
multiplicities because individual contributions exhibit logarithmic sensitivity to infra-red physics.  We can make this explicit by 
exploring how perturbative predictions depend on the  fictitious photon or  gluon mass.  

We can use fictitious gluon mass to probe the sensitivity of  observables related to top quark physics — including the total cross 
sections —  to infra-red effects.  This may give us an idea about the robustness of the top quark mass determinations from cross 
sections.

However, in the proper combination of loop and real-emission corrections, infra-red divergencies disappear allowing  us to claim 
that properly defined perturbative cross sections are not sensitive to infra-red physics. This is the essence of Kinoshita-Lee-
Naunberg theorem.
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LINEAR POWER CORRECTIONS WITHIN THE RENORMALON MODEL 17

The fictitious gluon-mass dependence can be related to                       corrections computed within the renormalon model where 
perturbatively-induced Landau singularity in the running QCD coupling constant is the only source of non-perturbative effects. 
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Within this model, one needs to compute NLO QCD corrections to a process of interest (top quark pair production) in a theory 
with massive gluons, assume that the gluon mass is the smallest parameter in the problem and expand the cross section or an 
observable to linear terms in the gluon mass.   Such linear terms are then easily translated to                      corrections. 

A caveat: this set up has been extensively used  for processes which do not contain gluons at leading order, i.e. non-abelian 
vertices are not allowed through NLO QCD.  Its modification can be applied to top quark pair production in quark collisions  
where this requirement can be lifted;  processes with on-shell gluons at tree level cannot be studied using these methods. 
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TOP QUARK PAIR PRODUCTION AND LINEAR POWER CORRECTIONS 18

One  finds that there are no linear power corrections to top quark pair production cross section  provided that it  is expressed 
through one of the short distance masses;  linear corrections are present if the cross section is written in terms of the pole mass. 

Makarov, K.M. , Nason, Oczelik

Linear power corrections do exist in kinematic distributions. In general, shifts are not large but they become enhanced and reach 
a few percent  close to edges of the allowed kinematic regions.   Linear power corrections are not universal and exhibit non-
trivial dependencies on kinematic variables even in a such a simple case as top quark pair production.
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Figure 8: Non-perturbative shifts in top quark transverse momentum, lab-frame rapidity

and tt̄ invariant mass distributions at the Tevatron for the qq̄ ! tt̄ process. The center-of-

mass energy is set to
p

s = 1.8 TeV. The upper pane shows the leading order distribution.

The lower pane shows the ratio ��NP/d�LO = [d�LO(v + �vNP) � d�LO(v)]/d�LO for an

observable v a↵ected by a non-perturbative shift �vNP. See text for details.

7 Conclusions

In this paper we computed linear non-perturbative O(⇤QCD) corrections to top quark pair

production in hadron collisions under the assumption that qq̄ ! tt̄ is the dominant par-

tonic channel. Our starting point is the renormalon model. Traditionally, the renormalon

calculus is used to compute linear power corrections to processes without gluons at the tree

level, which is clearly not the case for the tt̄ production in hadron collisions. However, we

have argued that, for quark initiated partonic processes, i.e. for qq̄ ! tt̄, the renormalon

calculus is still applicable, because of the large virtuality of the gluon in the Born diagram.

We have shown how to compute the linear power corrections e�ciently using a gener-

alisation of the Low-Burnett-Kroll theorem to processes with colour charges. In this case,

the first subleading soft corrections can be written in terms of colour-correlated matrix

elements, in a form that exhibits the dipole structure typical of soft radiation. We have

further shown that, for inclusive total cross sections expressed through a short-distance
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and tt̄ invariant mass distributions at the Tevatron for the qq̄ ! tt̄ process. The center-of-

mass energy is set to
p

s = 1.8 TeV. The upper pane shows the leading order distribution.

The lower pane shows the ratio ��NP/d�LO = [d�LO(v + �vNP) � d�LO(v)]/d�LO for an

observable v a↵ected by a non-perturbative shift �vNP. See text for details.
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production in hadron collisions under the assumption that qq̄ ! tt̄ is the dominant par-

tonic channel. Our starting point is the renormalon model. Traditionally, the renormalon

calculus is used to compute linear power corrections to processes without gluons at the tree

level, which is clearly not the case for the tt̄ production in hadron collisions. However, we

have argued that, for quark initiated partonic processes, i.e. for qq̄ ! tt̄, the renormalon

calculus is still applicable, because of the large virtuality of the gluon in the Born diagram.

We have shown how to compute the linear power corrections e�ciently using a gener-

alisation of the Low-Burnett-Kroll theorem to processes with colour charges. In this case,

the first subleading soft corrections can be written in terms of colour-correlated matrix

elements, in a form that exhibits the dipole structure typical of soft radiation. We have

further shown that, for inclusive total cross sections expressed through a short-distance
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Figure 5: Plot of �NP [pt?] /pt? as function of ⌧ . The global factor of ↵s/(2⇡) ⇡�/mt has

been set to one.

6 Applications to simple kinematic distributions

In this section we compute the linear power corrections to three simple observables – the top

quark transverse momentum, the top quark rapidity and the tt̄ invariant mass – focusing on

the process qq̄ ! tt̄ with no additional colour-neutral particles in the final state. Complete

formulas for other processes e.g. qq̄ ! tt̄ + X and e+e� ! tt̄ + X are given in Appendix

B.

The well-known expressions for the top quark transverse momentum, its rapidity in

the partonic center-of-mass frame and the tt̄ invariant mass read

pt? =
q

pµt g?,µ⌫p⌫t , yt =
1

2
ln

pq̄pt
pqpt

, stt̄ = (pt + pt̄)
2, (6.1)

where

gµ⌫? =
pµq p⌫q̄ + pµq̄ p⌫q

pqpq̄
� gµ⌫ . (6.2)

Applying the formalism of Section 5 and defining ⌧ = 4m2
t /stt̄, we find
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�
, (6.4)

�NP [stt̄]

stt̄
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2⇡
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2CF (1 � ⌧) � CA ⌧ cosh (2yt) + (3CA � 8CF ) ⌧ sinh (2yt)

�
. (6.5)

Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors

and on the kinematics of the underlying qq̄ ! tt̄ process. To visualise them, we display the

shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative

around the partonic threshold and that the sign is driven by the non-Abelian Casimir CA.
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Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors

and on the kinematics of the underlying qq̄ ! tt̄ process. To visualise them, we display the

shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative

around the partonic threshold and that the sign is driven by the non-Abelian Casimir CA.
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Results for the Tevatron where quark annihilation channel dominates.

Hence, to visualise the shifts in yt and stt̄, we use two-dimensional plots in ⌧ and cos ✓, see

Figs. 6 - 7.

A peculiar feature of these shifts is that they induce forward-backward asymmetry

in tt̄ production. This is obvious from the presence of sinh(2yt) terms in eqs. (6.4, 6.5).

Moreover, these yt-odd shifts are again enhanced in the threshold region. To see this, we

expand eq. (6.4) around threshold, ⌧ = 1, and find
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Comparing this shift with the shift of pt? in the threshold region, we observe that the

relative shifts are, in fact, identical and determined by the same colour factors involving

both CF and CA,

lim
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�NP[yt]

yt
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�NP [pt?]

pt?
. (6.9)

In contrast to this, the relative shift for the tt̄ invariant mass in the threshold region is

constant and involves only the non-Abelian colour factor,
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mt
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In the opposite ⌧ = 0 limit which correspond to the high-energy regime, we note that,

while the shift in yt vanishes, the relative shifts of pt? and stt̄ are purely “Abelian” and

can be related to the shift in the mass redefinition as follows

�NP [mt]

mt
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2
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We have also computed the non-perturbative shifts for basic top-quark kinematic dis-

tributions in the pp̄ ! tt̄ process at the Tevatron; the results are shown in Fig. 8. To

assign a numerical value to the product of ↵s and the gluon mass �, we assume that the

non-perturbative shift in the value of the top quark pole mass is 200 MeV [41–43]. Then,

using eq. (4.29) we obtain

↵s� =
0.4 GeV

CF
= 0.3 GeV. (6.12)

Furthermore, we employ the central value of the NNPDF31 lo as 0118 parton distribution

function [44], take mt = 172.5 GeV and set the factorisation and the renormalisation scales

to µF = µR = mt.8

We observe (c.f. Fig. 8) that non-perturbative corrections in pt? and stt̄ distributions

can be significant in the corresponding threshold regions. Although in pt? distribution

large e↵ects are confined to a region which ends about 5 GeV above the pt?-threshold,

for the tt̄ invariant mass distribution O(1%) e↵ects appear in a broader interval of the

invariant masses that extends to about 450 GeV. Non-perturbative corrections to the

rapidity distribution are small at central rapidities but become larger at |yt| > 1.5 where

the leading order rapidity distribution starts to decrease rapidly.
8
The numerical value of the top quark mass is chosen for the illustration purposes only. In principle,

as we mentioned several times in the text, we must use a short-distance top quark mass to ensure that

O(⇤QCD) corrections to the total cross section vanish.
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Figure 5: Plot of �NP [pt?] /pt? as function of ⌧ . The global factor of ↵s/(2⇡) ⇡�/mt has

been set to one.
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Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors

and on the kinematics of the underlying qq̄ ! tt̄ process. To visualise them, we display the

shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative

around the partonic threshold and that the sign is driven by the non-Abelian Casimir CA.
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TOP QUARK MASS FROM KINEMATIC LIKELIHOODS

An analytic study of a parton shower-like  description of a mass-sensitive  observable may help  to develop a better 
understanding of subtleties that the use of parton showers entails. A study of a boosted top jets is an excellent example of  that. 

TOP

Anti-TOP

19

The most precise measurements of the  top quark mass come from studying complex events  where kinematics of top quark 
decay products and the mass of the decaying top quark are strongly correlated.   Non-perturbative effects are simulated with 
parton showers but there are no theoretical arguments that ensure that parton showers are up to the task at the required 
level of precision.   This problem remains unsolved. 

Hoang, Plätzer, Samitz

One interesting twist of this is  the suggestion that in such measurements the so-called Monte-Carlo (MC) top quark mass is 
measured. This suggestion  led to a lot of confusion of what this means and how the MC mass is related to familiar top 
quark mass parameters, such as the top quark pole mass. 
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Top-jet

Invariant mass of the boosted top jet is an observable from which the top quark mass is determined. 

hsi =
Z

ds s J(s,Q2,m2)
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RADIATION FROM BELOW THE SHOWER CUTOFF

This integral can be rewritten in the spirit of parton showers by introducing the hard cut-off on the transverse momentum of 
emitted gluons and  and treated the radiation from below the cut-off as a ``hadronisation’’ effect. 

20
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What is the proper interpretation of the first two terms:   hadronization of massless jets and a cut-off dependent mass 
parameter OR a mass- and cut-off dependent hadronization and the cut-off independent mass parameter?  The conclusion 
about what exactly one extracts from an MC-based measurement depends on the details of hadronization models. 

Invariant mass of the boosted top jet is an observable from which the top quark mass is determined. 
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This  discussion calls for a better understanding of non-perturbative hadronization models and how they play together with 
the perturbative radiation off massive quarks since hadronization models and perturbative radiation together should give 
results that are independent of       .    

The “Monte Carlo mass”  appears to be  a relatively simple concept.    Indeed, if we  infer the mass of a top quark  by studying 
the amount of radiation that this object produces and if we restrict the amount of resolved radiation that is allowed in parton 
showers (above the cut-off),  and use quark-mass independent hadronization model, then  linear dependence of the extracted 
mass parameter on the cut-off should be expected:
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mMC
t = mpole

t + 350 +300
�360 MeV

Finally,  these considerations were addressed by a dedicated study by the ATLAS collaboration. They extracted the top 
quark  mass  from boosted top events.  Their result (note that   sign difference with the analytic result above…) is somewhat 
inconclusive 

Numerically, the difference between the Monte-Carlo mass and the pole mass is about 400 MeV which is not negligible at the 
current level of precision.
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mt = 172.52± 0.33 GeV , PDG



THE MASS OF THE W-BOSON 22

Measurements of the W mass have a long history.  They started with the threshold scan at LEP2 and with the studies at 
the Tevatron Run I and Run II.    At the LHC, the W mass was measured  by the ATLAS collaboration.  A new (legacy) 
measurement by the CDF collaboration also appeared recently; the reported W mass value is very different from other 
high-precision results.

Hadron colliders already play  and will continue to play the leading role in measuring the W mass.  Precision achieved 
in the EW fit sets the target precision for future LHC measurements. 

CDF

<latexit sha1_base64="cnbYEi5ESDaxzj2zngrWMb8FjDM="></latexit>

80433± 9 MeV

LHCb
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Figure 4: Same as figure 3, but for W+ production.
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Process �N
3
LO [pb] �(PDF) [%] �(PDF + ↵S) [%] �(PDF-TH) [%]

W+H 0.883 ±1.59 ±1.80 ±1.45

W�H 0.558 ±1.76 ±1.93 ±1.64

ZH 0.785 ±1.82 ±1.99 ±1.54

Table 4: Total cross section for associated Higgs production at N3LO in QCD, at
a 13 TeV pp collider for a fixed central scale choice µ0 = MV + MH . The PDF set
PDF4LHC15 nnlo mc has been used. The symmetrical PDF, PDF+↵S, and PDF-TH
uncertainties (in percent) are also given.

5 Comparison of N3LO predictions

In this paper, we have collected phenomenological predictions for a range of diverse
processes computed to N3LO in perturbative QCD. While quantum corrections a↵ect
each process in a unique way and their particular form is subject to the kinematic
restrictions placed on the process, it is informative to use this range of processes to
learn about the qualitative features of perturbative corrections at this order (see also
ref. [103]). The processes considered here fall in the category of production processes
- two highly energetic initial-state partons undergo a scattering process to produce a
specific final state. They are paratypical examples of a much larger range of scattering
processes studied at the LHC. The universality of QCD radiation leads us to expect
similar features of N3LO corrections in other processes that have not yet been calculated
at the same perturbative order. In particular, examples are multi-boson production
processes, like the cross section to produce two Z or W bosons.

Q [GeV] ��N
3
LO ��NNLO �(scale) �(PDF + ↵S) �(PDF-TH)

gg ! Higgs mH 3.5% 30% +0.21%

�2.37%
±3.2% ±1.2%

bb̄ ! Higgs mH -2.3% 2.1% +3.0%

�4.8%
±8.4% ±2.5%

NCDY
30 -4.8% �0.34% +1.53%

�2.54%

+3.7%

�3.8%
±2.8%

100 -2.1% �2.3% +0.66%

�0.79%

+1.8%

�1.9%
±2.5%

CCDY(W+)
30 -4.7% �0.1% +2.5%

�1.7%
±3.95% ±3.2%

150 -2.0% �0.1% +0.5%

�0.5%
±1.9% ±2.1%

CCDY(W�)
30 -5.0% �0.1% +2.6%

�1.6%
±3.7% ±3.2%

150 -2.1% �0.6% +0.6%

�0.5%
±2% ±2.13%

Table 5: Results for production processes obtained with n3loxs. For details, see the
discussion in the main text.

In Table 5 we compare predictions for N3LO predictions for Higgs production in
gluon- and bottom-quark-fusion and charged- and neutral-current Drell-Yan production.

33

Baglio, Duhr, Mistlberger, Szafron 

It is important to realise that within the standard theory  that is used to describe hard processes at hadron colliders, even the 
most advanced results do not come close to the required (0.1 permile) accuracy.  Existing theoretical framework cannot be 
used to  predict even the simplest observables with a precision which is better than a few percent. 



THE W BOSON MASS MEASUREMENT 24

50 60 70 80 90 100
0

1

2

3

4

5

6

20 30 40 50 60
0.0

0.5

1.0

1.5

2.0

2.5

3.0

p?
<latexit sha1_base64="+tR7xAWWqX0tFv9KE+0hdRlGyGk=">AAAB7nicbVA9SwNBEJ2LXzF+Ra3EZjEIVuHORsuAjWUE8wHJce5tJsmSvb1ld08IR2prGwtFbP09dv4bNx+FJj4YeLw3w8y8WAlurO9/e4W19Y3NreJ2aWd3b/+gfHjUNGmmGTZYKlLdjqlBwSU2LLcC20ojTWKBrXh0M/Vbj6gNT+W9HSsMEzqQvM8ZtU5qqairUKuoXPGr/gxklQQLUqmdPEUPAFCPyl/dXsqyBKVlghrTCXxlw5xqy5nASambGVSUjegAO45KmqAJ89m5E3LulB7pp9qVtGSm/p7IaWLMOIldZ0Lt0Cx7U/E/r5PZ/nWYc6kyi5LNF/UzQWxKpr+THtfIrBg7Qpnm7lbChlRTZl1CJRdCsPzyKmleVgO/Gty5NGowRxFO4QwuIIArqMEt1KEBDEbwDK/w5invxXv3PuatBW8xcwx/4H3+AKO9kTs=</latexit><latexit sha1_base64="MVgen7UcVzxXDqtrLXaIgM1wgd8=">AAAB7nicbVC7SgNBFJ2NrxhfUSuxcDAIVmHXRsuAjWUE84BkWWYnd5MhszPDzKwQltTWNhaK2Po96fwOf8DJo9DEAxcO59zLvffEijNjff/LK6ytb2xuFbdLO7t7+wflw6OmkZmm0KCSS92OiQHOBDQssxzaSgNJYw6teHg79VuPoA2T4sGOFIQp6QuWMEqsk1oq6irQKipX/Ko/A14lwYJUaidPkZycfdej8qTbkzRLQVjKiTGdwFc2zIm2jHIYl7qZAUXokPSh46ggKZgwn507xhdO6eFEalfC4pn6eyInqTGjNHadKbEDs+xNxf+8TmaTmzBnQmUWBJ0vSjKOrcTT33GPaaCWjxwhVDN3K6YDogm1LqGSCyFYfnmVNK+qgV8N7l0aNTRHEZ2ic3SJAnSNaugO1VEDUTREz+gVvXnKe/HevY95a8FbzByjP/A+fwA+iZMu</latexit><latexit sha1_base64="MVgen7UcVzxXDqtrLXaIgM1wgd8=">AAAB7nicbVC7SgNBFJ2NrxhfUSuxcDAIVmHXRsuAjWUE84BkWWYnd5MhszPDzKwQltTWNhaK2Po96fwOf8DJo9DEAxcO59zLvffEijNjff/LK6ytb2xuFbdLO7t7+wflw6OmkZmm0KCSS92OiQHOBDQssxzaSgNJYw6teHg79VuPoA2T4sGOFIQp6QuWMEqsk1oq6irQKipX/Ko/A14lwYJUaidPkZycfdej8qTbkzRLQVjKiTGdwFc2zIm2jHIYl7qZAUXokPSh46ggKZgwn507xhdO6eFEalfC4pn6eyInqTGjNHadKbEDs+xNxf+8TmaTmzBnQmUWBJ0vSjKOrcTT33GPaaCWjxwhVDN3K6YDogm1LqGSCyFYfnmVNK+qgV8N7l0aNTRHEZ2ic3SJAnSNaugO1VEDUTREz+gVvXnKe/HevY95a8FbzByjP/A+fwA+iZMu</latexit><latexit sha1_base64="BxwsuyvbIxQLCiz7ZWIGWYuMoTE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBmwsYxgPiA5wt5mLlmyt7fs7gnhyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvUoIb6/vfXmlre2d3r7xfOTg8Oj6pnp51TJpphm2WilT3ImpQcIlty63AntJIk0hgN5reLfzuE2rDU/loZwrDhI4ljzmj1kldNRwo1GpYrfl1fwmySYKC1KBAa1j9GoxSliUoLRPUmH7gKxvmVFvOBM4rg8ygomxKx9h3VNIETZgvz52TK6eMSJxqV9KSpfp7IqeJMbMkcp0JtROz7i3E/7x+ZuNGmHOpMouSrRbFmSA2JYvfyYhrZFbMHKFMc3crYROqKbMuoYoLIVh/eZN0buqBXw8e/FqzWcRRhgu4hGsI4BaacA8taAODKTzDK7x5ynvx3r2PVWvJK2bO4Q+8zx9zP4+c</latexit>

d�

dp?
<latexit sha1_base64="8ax0l5U69UmQ09zK/OqAB5z7G1o=">AAACD3icbVC7SgNBFL0bXzG+opY2g8FgFXZttLAI2FhGcJNANoTZyWwyZGZ3mJkVwrJ/YOMf+A02ForY2tr5N04eiCYeuHDmnHuZe08oOdPGdb+cwsrq2vpGcbO0tb2zu1feP2jqJFWE+iThiWqHWFPOYuobZjhtS0WxCDlthaOrid+6o0qzJL41Y0m7Ag9iFjGCjZV65WoQKUyyLFAC9XMUaDYQOP95y14gqZJ5r1xxa+4UaJl4c1KpX/rVRwBo9MqfQT8hqaCxIRxr3fFcaboZVoYRTvNSkGoqMRnhAe1YGmNBdTeb3pOjE6v0UZQoW7FBU/X3RIaF1mMR2k6BzVAvehPxP6+Tmuiim7FYpobGZPZRlHJkEjQJB/WZosTwsSWYKGZ3RWSIbUDGRliyIXiLJy+T5lnNc2vejU2jDjMU4QiO4RQ8OIc6XEMDfCBwD0/wAq/Og/PsvDnvs9aCM585hD9wPr4Bz9OenQ==</latexit><latexit sha1_base64="NVA1x1Jsd3EOlMXDgA/BrmpqAFs=">AAACD3icbVC7TsMwFHV4lvIKMLJYVFRMVcICA0MlFsYikbZSE0WO47RW7cSyHaQqyh+w8BN8AAsDCLGysvEjzLgPIWg50pWOz7lXvvdEglGlHefTWlpeWV1br2xUN7e2d3btvf22ynKJiYczlsluhBRhNCWeppqRrpAE8YiRTjS8HPudWyIVzdIbPRIk4Kif0oRipI0U2nU/kQgXhS85jEvoK9rnqPx5i9AXRIoytGtOw5kALhJ3RmrNC6/+4H8VrdD+8OMM55ykGjOkVM91hA4KJDXFjJRVP1dEIDxEfdIzNEWcqKCY3FPCY6PEMMmkqVTDifp7okBcqRGPTCdHeqDmvbH4n9fLdXIeFDQVuSYpnn6U5AzqDI7DgTGVBGs2MgRhSc2uEA+QCUibCKsmBHf+5EXSPm24TsO9Nmk0wRQVcAiOwAlwwRlogivQAh7A4A48gmfwYt1bT9ar9TZtXbJmMwfgD6z3bz/PoHA=</latexit><latexit sha1_base64="NVA1x1Jsd3EOlMXDgA/BrmpqAFs=">AAACD3icbVC7TsMwFHV4lvIKMLJYVFRMVcICA0MlFsYikbZSE0WO47RW7cSyHaQqyh+w8BN8AAsDCLGysvEjzLgPIWg50pWOz7lXvvdEglGlHefTWlpeWV1br2xUN7e2d3btvf22ynKJiYczlsluhBRhNCWeppqRrpAE8YiRTjS8HPudWyIVzdIbPRIk4Kif0oRipI0U2nU/kQgXhS85jEvoK9rnqPx5i9AXRIoytGtOw5kALhJ3RmrNC6/+4H8VrdD+8OMM55ykGjOkVM91hA4KJDXFjJRVP1dEIDxEfdIzNEWcqKCY3FPCY6PEMMmkqVTDifp7okBcqRGPTCdHeqDmvbH4n9fLdXIeFDQVuSYpnn6U5AzqDI7DgTGVBGs2MgRhSc2uEA+QCUibCKsmBHf+5EXSPm24TsO9Nmk0wRQVcAiOwAlwwRlogivQAh7A4A48gmfwYt1bT9ar9TZtXbJmMwfgD6z3bz/PoHA=</latexit><latexit sha1_base64="oTBDWT0jMb9Qearp944n7yfObXc=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKmGBsRILY5HoQ2qiyHGc1qrtWLaDVEX5AxZ+hYUBhFhZ2fgb3DZC0HKkKx2fc69874klo9p43pezsrq2vrFZ26pv7+zu7bsHh12d5QqTDs5Ypvox0oRRQTqGGkb6UhHEY0Z68fh66vfuidI0E3dmIknI0VDQlGJkrBS5Z0GqEC6KQHGYlDDQdMhR+fOWUSCJkmXkNrymNwNcJn5FGqBCO3I/gyTDOSfCYIa0HvieNGGBlKGYkbIe5JpIhMdoSAaWCsSJDovZPSU8tUoC00zZEgbO1N8TBeJaT3hsOzkyI73oTcX/vEFu0quwoELmhgg8/yjNGTQZnIYDE6oINmxiCcKK2l0hHiEbkLER1m0I/uLJy6R70fS9pn/rNVqtKo4aOAYn4Bz44BK0wA1ogw7A4AE8gRfw6jw6z86b8z5vXXGqmSPwB87HN6pJnQY=</latexit>

M? =
q
2p?,e+p?,⌫(1� cos�e+⌫)

<latexit sha1_base64="5T5MRtYwSYyqv5o3uBFdN7oaXkg="></latexit><latexit sha1_base64="pIt1DkLgijF1thBCF8u0YoxwXy8="></latexit><latexit sha1_base64="pIt1DkLgijF1thBCF8u0YoxwXy8="></latexit><latexit sha1_base64="+cxtJGBq69pMk2TFm9sgZSnssPM="></latexit>

d�

dM?
<latexit sha1_base64="3X4Bvu+PNvA+r/bvrFF9uQ5CelI=">AAACD3icbVDLSsNAFL2pr1qrRl26GSyKq5K4UVwV3LgRKtgHNCVMppN26EwSZiZCCfkDN/6KGxeKdOvWnZ/gXzh9INp64MKZc+5l7j1BwpnSjvNpFVZW19Y3ipulrfL2zq69t99UcSoJbZCYx7IdYEU5i2hDM81pO5EUi4DTVjC8mviteyoVi6M7PUpoV+B+xEJGsDaSb594ocQkyzwpUC9HnmJ9gfOf943vJVQmuW9XnKozBVom7pxUapdf5TEA1H37w+vFJBU00oRjpTquk+huhqVmhNO85KWKJpgMcZ92DI2woKqbTe/J0bFReiiMpalIo6n6eyLDQqmRCEynwHqgFr2J+J/XSXV40c1YlKSaRmT2UZhypGM0CQf1mKRE85EhmEhmdkVkgE1A2kRYMiG4iycvk+ZZ1XWq7q1JowYzFOEQjuAUXDiHGlxDHRpA4AGe4AVerUfr2XqzxrPWgjWfOYA/sN6/AWcpnxI=</latexit><latexit sha1_base64="grrL5EPdBjF8nysKWbUMeeWinbk=">AAACD3icbVC7SgNBFJ2NrxijrlraDAbFKuzaKFYBGxshgnlAdgmzs7PJkJnZZWZWCMs21jb+io2FIoKVrZ2lpX/h5IFo4oELZ865l7n3BAmjSjvOh1VYWFxaXimultbK6xub9tZ2U8WpxKSBYxbLdoAUYVSQhqaakXYiCeIBI61gcDbyW9dEKhqLKz1MiM9RT9CIYqSN1LUPvEginGWe5DDMoadoj6P8533R9RIik7xrV5yqMwacJ+6UVGqnX+VX7/Om3rXfvTDGKSdCY4aU6rhOov0MSU0xI3nJSxVJEB6gHukYKhAnys/G9+Rw3yghjGJpSmg4Vn9PZIgrNeSB6eRI99WsNxL/8zqpjk78jIok1UTgyUdRyqCO4SgcGFJJsGZDQxCW1OwKcR+ZgLSJsGRCcGdPnifNo6rrVN1Lk0YNTFAEu2APHAIXHIMaOAd10AAY3IJ78AierDvrwXq2XiatBWs6swP+wHr7BsBToNQ=</latexit><latexit sha1_base64="grrL5EPdBjF8nysKWbUMeeWinbk=">AAACD3icbVC7SgNBFJ2NrxijrlraDAbFKuzaKFYBGxshgnlAdgmzs7PJkJnZZWZWCMs21jb+io2FIoKVrZ2lpX/h5IFo4oELZ865l7n3BAmjSjvOh1VYWFxaXimultbK6xub9tZ2U8WpxKSBYxbLdoAUYVSQhqaakXYiCeIBI61gcDbyW9dEKhqLKz1MiM9RT9CIYqSN1LUPvEginGWe5DDMoadoj6P8533R9RIik7xrV5yqMwacJ+6UVGqnX+VX7/Om3rXfvTDGKSdCY4aU6rhOov0MSU0xI3nJSxVJEB6gHukYKhAnys/G9+Rw3yghjGJpSmg4Vn9PZIgrNeSB6eRI99WsNxL/8zqpjk78jIok1UTgyUdRyqCO4SgcGFJJsGZDQxCW1OwKcR+ZgLSJsGRCcGdPnifNo6rrVN1Lk0YNTFAEu2APHAIXHIMaOAd10AAY3IJ78AierDvrwXq2XiatBWs6swP+wHr7BsBToNQ=</latexit><latexit sha1_base64="gVFepPG7MHaUebM3VCgxSMmPAwQ=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWbc6LLgxo1QwT6gU4ZMJtOGJpmQZIQyzB+48VfcuFDErVt3/o1pO4i2Hrhwcs695N4TSUa18bwvp7Kyura+Ud2sbW3v7O65+wcdnWYKkzZOWap6EdKEUUHahhpGelIRxCNGutH4aup374nSNBV3ZiLJgKOhoAnFyFgpdE+DRCGc54HiMC5goOmQo+LnfRMGkihZhG7da3gzwGXil6QOSrRC9zOIU5xxIgxmSOu+70kzyJEyFDNS1IJME4nwGA1J31KBONGDfHZPAU+sEsMkVbaEgTP190SOuNYTHtlOjsxIL3pT8T+vn5nkcpBTITNDBJ5/lGQMmhROw4ExVQQbNrEEYUXtrhCPkA3I2AhrNgR/8eRl0jlv+F7Dv/XqzWYZRxUcgWNwBnxwAZrgGrRAG2DwAJ7AC3h1Hp1n5815n7dWnHLmEPyB8/ENdEic4w==</latexit>

The two observables have different sensitivity to experimental uncertainties and the quality of theoretical modelling. 

The W mass is extracted from observables that are very sensitive to its value.   An observable with the kinematic edge 
strongly correlated with the W mass  is  ideal as it is super-sensitive to mw  and does not require any theory, in the zeroth 
approximation. 

For the purpose of the W mass measurement, two variables with an edge have been used at hadron colliders.  They are the 
transverse mass and the transverse momentum of the charged  lepton.  In the simplest case (LO modelling and ideal 
detectors) these distributions have edges at mw and mw/2, respectively.  
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The two observables have different sensitivity to experimental uncertainties and the quality of theoretical modelling. 
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The W mass is extracted from observables that are very sensitive to its value.   An observable with the kinematic edge 
strongly correlated with the W mass  is  ideal as it is super-sensitive to mw  and does not require any theory, in the zeroth 
approximation. 

For the purpose of the W mass measurement, two variables with an edge have been used at hadron colliders.  They are the 
transverse mass and the transverse momentum of the charged  lepton.  In the simplest case (LO modelling and ideal 
detectors) these distributions have edges at mw and mw/2, respectively.  
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1) one must give up on using advanced theory to model relevant distributions. Instead, one measures Z-boson  distributions, 
parameterises them in a QCD-motivated way and transfers them to the W case arguing that QCD, to a large extent, does 
not distinguish between Z and W production. 

2) given the target precision of 0.1 permille, small effects that distinguish between Z and W distributions may become 
important; these effects need to be understood and modelled properly.  Electroweak and electroweak/QCD corrections to 
Z and W production are obvious examples of the potentially relevant effects.
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�[pb] channel µ = MW µ = MW /2 µ = MW /4

�LO 6007.6 5195.0 4325.9
��NLO,↵s

all ch. 508.8 1137.0 1782.2
qq̄0 1455.2 1126.7 839.2

qg/gq -946.4 10.3 943.0
��NLO,↵ all ch. 2.1 -1.0 -2.6

qq̄0 -2.2 -5.2 -6.7
q�/�q 4.2 4.2 4.04

��NNLO,↵s↵ all ch. -2.4 -2.3 -2.8
qq̄0/qq0 -1.0 -1.2 -1.0
qg/gq -1.4 -1.2 -2.1
q�/�q 0.06 0.03 -0.04
g�/�g -0.12 0.04 0.30

Table I: Fiducial cross sections for pp ! W+(e+⌫e) at the 13 TeV LHC for three different values of the renormalization
and factorization scales at different orders of perturbation theory. Contributions of different partonic channels are displayed
separately. See text for details.

VII. NUMERICAL RESULTS

We have implemented the above results for all the relevant partonic channels in a Fortran computer code that enables
the computation of mixed QCD-electroweak corrections to the production of an on-shell W± boson in proton collisions
at a fully-differential level. Tree-level decays of the W boson are included in the computation. Note that in this paper
we do not consider mixed corrections that originate from QCD corrections to W production followed by electroweak
corrections to W decay. Such corrections are, essentially, of NLO-type and, for this reason, are much easier to deal
with; in fact, they have already been studied in Ref. [48].9

We note that all the finite remainders of one-loop electroweak and QCD corrections that we require are computed
with OpenLoops [52–54]. The calculation of the two-loop finite remainder of the mixed QCD-EW corrections to the
Wqq̄

0 form factor is presented in Appendix B.

Before presenting selected results for the mixed QCD-electroweak corrections, we describe the various checks of the
calculation that we have performed to ensure its correctness. First, we checked all fully-resolved contributions by
using our code to compute cross sections and kinematic distributions for the process pp ! W +�+jet and comparing
the results with MADGRAPH [55] and MCFM [56]. Such a comparison has been performed separately for all the different
partonic channels that contribute to the above process allowing for a thorough check of our code.

Second, we have used our code to compute NLO QCD and NLO electroweak corrections to the processes pp ! W +�

and pp ! W + jet and checked the results of the calculation against MCFM and MADGRAPH, respectively. In both cases
excellent agreement for these NLO contributions was found.

Finally, we have checked some unresolved contributions by considering the limit of equal up and down quark charges
Qu = Qd and comparing the results with our earlier computation of mixed QCD-electroweak corrections to Z pro-
duction in proton collisions [29]. This check is particularly useful since, compared to the case of Z production, we
have modified the parametrization of the phase space and the partitions for the computation reported in this paper.

We now turn to the presentation of numerical results. We renormalize weak corrections in the Gµ scheme and use,
as input parameters, GF = 1.16639 ⇥ 10

�5
GeV

�2, MZ = 91.1876 GeV, MW = 80.398 GeV, Mt = 173.2 GeV

and MH = 125 GeV. We also use �W = 2.1054 GeV. The fine-structure constant that is obtained with this setup
is ↵EW = 1/132.338. We use the NNLO NNPDF3.1luxQED parton distribution functions [57–59] for all numerical
computations reported in this paper. The value of the strong coupling constant is provided as part of the PDF set.
Numerically, it reads ↵s(MZ) = 0.118.

Since we do not aim at performing extensive phenomenological studies in this paper, we apply very mild cuts on the
final state of the process pp ! W

+
(ē⌫) + X. We require that the transverse momentum of the positron p?,e and

9 Similarly, we do not consider mixed QCD-EW corrections to the decay process. These are also very simple since they only come from
the renormalization of the W ! l⌫ form factor.
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Figure 2: The impact of mixed QCD-electroweak corrections to pp ! W+(e+⌫) production at 13 TeV LHC on various kinematic
distributions including lepton rapidity and transverse momentum, the transverse momentum of the W -boson and the transverse
mass. NLO electroweak corrections are also shown. See text for details.

of the neutrino p?,miss are larger than 15 GeV and that the absolute value of the positron rapidity does not exceed
|ye| < 2.4. We also set the factorization and renormalization scales to be equal µR = µF = µ and choose µ = MW /2

as the central scale for our computations.

To present the results, we write the fiducial cross section as

�pp!W+ = �LO +��NLO,↵s
+��NLO,↵,+��NNLO,↵↵s

+ .... (130)

where the first term on the right hand side is the leading order cross section, the second term is the NLO QCD
contribution, the third term is the NLO electroweak contribution and the last one is the mixed QCD-electroweak
contribution. Ellipses in Eq.(130) stand for other contributions to the cross section, e.g. NNLO QCD ones.

We show the fiducial cross sections pp ! W + X, using the cuts described above, in Table I. It follows from this
table that NLO electroweak contributions are tiny – they modify the leading order cross section by just about �0.02

percent. For comparison, we note that NNLO QCD corrections are of the order of a few percent. We note that
the smallness of these corrections is partially related to our choice of the Gµ renormalization scheme which appears
to reduce the impact of electroweak corrections significantly. Although quite small as well, mixed QCD-electroweak
corrections turn out to be larger than the NLO electroweak ones, at least for the setup considered here.

The relative importance of mixed QCD-electroweak corrections, at least compared to NLO electroweak corrections,
is also apparent from the kinematic distributions shown in Fig. 2. These distributions are computed with the fiducial
cuts described above; results shown in Fig. 2 are obtained for µ = MW /2. The y-axes in the lower panes correspond
to bin-by-bin ratios of NLO electroweak and mixed QCD-electroweak contributions to NLO QCD cross sections

d�i =
d��i

d�LO + d��NLO,↵s

. (131)

In Fig. 2 we show the rapidity and transverse momentum distributions of the charged lepton as well as the transverse

Fiducial cross sections for the W+ boson production at the 13 TeV LHC computed with NNPDF3.1lixQED parton  
distribution functions and  employing on-shell renormalization scheme with GF as the input  parameter. Corrections to W 
decays are not included.

pl?, p
⌫
? > 15 GeV
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Mixed QCD-EW corrections are comparable to EW corrections (the consequence of GF input scheme). 

Mixed QCD-EW corrections are about 0.5 per mille; not obviously irrelevant for the extraction of the W mass at the LHC !
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It is difficult to study the impact of this corrections on the W-mass determination without including them into a full 
experimental analysis toolchain.  However, we can estimate their impact using a  simple observation that  values of 
moments of transverse momenta of the charged lepton from W and Z decays are correlated with Z and W masses. 

2

the extraordinary precision of the planned W -mass mea-
surement. Indeed, as we already mentioned, the W mass
is expected to be measured with a precision of about
O(10) MeV or 0.01 percent. It is perfectly clear that ex-
isting theoretical approaches, be they fixed order compu-
tations or parton showers or resummations, are not suit-
able for the description of any hadron-collider observable
with such precision.

This problem is usually overcome by exploiting similari-
ties between the production of Z and W bosons in hadron
collisions and by making use of the fact that the mass of
the Z boson has been measured very precisely at LEP.
The extraction of the W mass from studies of the lepton
distribution pl⊥ in the process pp → W +X → lνl+X re-
lies on these considerations and makes use of the fact that
a similar distribution in the process pp → Z+X → ll̄+X
can be used for calibration purposes. The underlying
theoretical assumption is that QCD effects in these two
processes are strongly correlated and, as a consequence, a
theoretical model “tuned” to describe the pl⊥ distribution
in the Z sample can be used with minimal modifications
to obtain precise predictions for the pl⊥ distribution in
the W case. This is the approach on which the analysis
of Ref. [5] as well as earlier measurements of the W mass
at the Tevatron are based.

Clearly, if one relies on using Z boson production for the
calibration, all effects that distinguish between the Z and
W cases must be estimated theoretically. As we already
mentioned, QCD corrections are expected to be largely
similar for W and Z production, although even in this
case the impact of different quark flavors in the initial
state [6–11] as well as of the gg → Zg contribution that
exists in Z production but not in the W case must be
investigated.

On the other hand, it is also clear that electroweak (EW)
corrections may affect the production of W and Z bosons
differently, potentially leading to uncorrelated effects of
these corrections on the pl⊥ spectra in Z and W samples.
If this does happen, any measurement of the W mass that
relies of the similarity of Z and W kinematic distributions
will be affected.

These considerations motivated extensive studies of the
NLO electroweak corrections [12–20] to the Z and W
production processes, as well as effects related to multi-
ple photon emissions [21–27] in Z and W decays. Their
impact on the W -mass determination has been studied
in detail, see Ref. [28] for a comprehensive review.

It was also recognized long ago that for the target pre-
cision of the W -mass measurement one has to go be-
yond NLO electroweak corrections and account for mixed
QCD-electroweak effects. Approximate O(αsαW ) cor-
rections are available in parton showers using a factor-
ized approach [29–31], and their impact on the W -mass
determination was also studied in Ref. [28]. However,
genuine mixed QCD-EW corrections were, until recently,
only known for initial-state QCD radiation and final-

state photon emission [32, 33] which are expected to give
the dominant contribution to the full QCD-EW correc-
tions. Their impact on W -mass determinations has been
studied in Refs. [28, 33].

The computation of the remaining mixed QCD-EW cor-
rections to the Z and W production processes was re-
cently completed [34–41]. The goal of this note is to
estimate how these corrections affect the value of the W
mass extracted from the transverse momentum distribu-
tion of a charged lepton.

Although in the experimental analyses [4, 5, 42] the mass
of the W boson is determined from fits to templates of pl⊥
distributions, here we adopt a simplified approach that
allows us to estimate the resulting mass shift in a simple
and transparent way. We believe that the simplicity and
transparency of our analysis justifies its use in a theo-
retical paper but we emphasize that, should corrections
turn out to be non-negligible, a more refined study of
the impact of mixed QCD-EW effects on the W -mass
extraction that better reflects the details of experimental
analyses will be required.

To estimate the impact of mixed QCD-electroweak cor-
rections on the W -mass measurement we make use of
the fact that the average transverse momentum of the
charged lepton in the Drell-Yan processes 〈pl,V⊥ 〉 (V =
Z,W ) is correlated with the mass of the respective gauge
boson. Indeed, it is straightforward to compute 〈pl,V⊥ 〉 at
leading order in perturbative QCD. The result, as a func-
tion of the lower cut on the lepton transverse momentum
pcut⊥ , is

〈pl,V⊥ 〉 = mV f

(

pcut⊥

MV

)

, (1)

where

f (r) =
3

32

r(5 − 8r2)

1− r2
+

15

64

arcsin
(√

1− 4r2
)

(1 − r2)
√
1− 4r2

. (2)

The function f(r) quantifies the dependence of the aver-
age momentum 〈pl,V⊥ 〉 on the pcut⊥ ; if no cut is imposed,

we obtain 〈pl,V⊥ 〉 = mV f(0) = 15π/128mV .

We note that for physical values of r, 0 < r < 0.5, the
function f(r) does not change strongly, 0.368 < f(r) <
0.5. Therefore, we expect that either the selection of
cuts can be optimized to enhance the similarity of the pl⊥
distributions in W and Z production, or that the effect of
cuts can be adequately predicted in perturbation theory.
Hence, we write the following formula for the W mass
extracted from measurements of average values of lepton
transverse momenta as

mmeas
W =

〈pl,W⊥ 〉meas

〈pl,Z⊥ 〉meas
mZ Cth. (3)

The theoretical correction factor Cth is determined by
comparing the value of the W mass obtained by follow-

3

V = Z V = W+

µ = mZ/4 µ = mZ/2 µ = mZ µ = mW /4 µ = mW /2 µ = mW

FV (0, 0; 1), [pb] 1273 1495 1700 7434 8810 10083
FV (1, 0; 1), [pb] 570.2 405.4 246.9 3502 2533 1580
FV (0, 1; 1), [pb] −5810 · 10−3

−6146 · 10−3
−6073 · 10−3

−1908 · 10−3 3297 · 10−3 10971 · 10−3

FV (1, 1; 1), [pb] −2985 · 10−3
−2033 · 10−3

−1236 · 10−3
−8873 · 10−3

−7607 · 10−3
−7556 · 10−3

FV (0, 0; pe⊥) [GeV · pb] 42741 50191 57073 220031 260772 298437
FV (1, 0; pe⊥) [GeV · pb] 23418 17733 12221 124487 95132 66090
FV (0, 1; pe⊥) [GeV · pb] −182.85 −192.77 −189.11 74.53 243.54 484.82
FV (1, 1; pe⊥) [GeV · pb] −163.87 −125.22 −92.05 −553.87 −482.0 −448.0

Table I: Inclusive cross sections and first moments of the positron transverse momentum distributions in pp → W+
→ νe+

and pp → Z → e−e+ at the 13 TeV LHC. Results are shown at leading order, for the next-to-leading order QCD and EW
corrections, and for the mixed QCD-electroweak corrections. See text for details.

ing this procedure within a particular theoretical frame-
work with the actual W mass mW used as an input in a
theoretical calculation. Therefore

Cth =
mW

mZ

〈pl,Z⊥ 〉th

〈pl,W⊥ 〉th
. (4)

If the theoretical framework used to compute Cth

changes, for example because a more refined theoretical
prediction for 〈pl⊥〉 becomes available, there is a shift in
the extracted value of the W mass mmeas

W . It evaluates
to

δmmeas
W

mmeas
W

=
δCth

Cth

=
δ〈pl,Z⊥ 〉th

〈pl,Z⊥ 〉th
−

δ〈pl,W⊥ 〉th

〈pl,W⊥ 〉th
. (5)

This equation shows clearly the role that the Z boson ob-
servables play in Eqs.(3,4). Indeed, it follows from Eq.(5)
that all effects that influence the lepton transverse mo-
mentum distributions in Z and W production and decay
in a similar way do not result in a shift in the measured
value of the W mass. However, if this is not the case, a
shift in the extracted value mmeas

W arises.

Eq.(5) provides the basis for our estimate of the impact
of the mixed QCD-electroweak corrections on the deter-
mination of the W mass. Indeed, the calculations re-
ported in Refs. [36, 39] allow us to compute average lep-
ton transverse momenta in Z and W production with
and without mixed QCD-electroweak corrections. Using
this information, we construct quantities that appear on
the right hand side of Eq.(5) and estimate the shift in
the extracted value of the W mass.

Before presenting the results, we briefly discuss the setup
of the calculation. We use the same input parameters
as described in Refs. [36, 39]. In particular, we adopt
the Gµ renormalization scheme and use GF = 1.16639 ·
10−5 GeV−2, mZ = 91.1876 GeV, mW = 80.398 GeV,
mH = 125 GeV and mt = 173.2 GeV. We work in
the narrow-width approximation and consider all quarks
but the top quark to be massless.2 For definiteness, we

2 We neglect the contribution of Feynman diagrams with internal

consider decays Z → e−e+ and W+ → νee+ and con-
sider the electrons as being massless. We employ the
NNLO NNPDF3.1luxQED [43–45] parton distributions
with αs(mZ) = 0.118. For our analysis, we focus on
Z and W+ production at the 13 TeV LHC and study
the transverse momentum distribution of the positron
e+. Since the contribution of QCD initial-state and EW
final-state corrections to the full mixed QCD-EW re-
sult and its impact on the W -mass determinations is
known [32, 33], we do not consider corrections to the
W → νee+ and Z → e−e+ decay subprocesses. In
other words, for our estimates we only consider mixed
QCD-EW corrections to the production sub-processes
pp → W/Z. As we have already said, this is the only
mixed QCD-electroweak contribution whose impact on
the W -mass determination is currently unknown.

For the sake of clarity, we begin by considering inclusive
quantities and do not apply any kinematic cuts. We write
the differential cross sections for Z and W production as

dσZ,W =
∑

i,j=0

αi
sα

i
Wdσi,j

Z,W , (6)

where αs and αW are the strong and electroweak cou-
plings, respectively. We also define weighted integrals

FZ,W (i, j,O) = αi
sα

i
W

∫

dσi,j
Z,W ×O, (7)

where O is a particular kinematic variable. With this no-
tation, the average transverse momentum of the positron
in the processes pp → Z + X → e−e+ + X and pp →
W+ +X → νee+ +X reads

〈pe
+,V

⊥ 〉th =

∑

ij

FV (i, j, pe
+

⊥ )

∑

ij

FV (i, j, 1)
. (8)

top quarks in the calculation of mixed QCD-electroweak two-
loop corrections Our result then only depends on mt through
the renormalization procedure, see Ref. [36] for details.
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Table I: Inclusive cross sections and first moments of the positron transverse momentum distributions in pp → W+
→ νe+

and pp → Z → e−e+ at the 13 TeV LHC. Results are shown at leading order, for the next-to-leading order QCD and EW
corrections, and for the mixed QCD-electroweak corrections. See text for details.

ing this procedure within a particular theoretical frame-
work with the actual W mass mW used as an input in a
theoretical calculation. Therefore

Cth =
mW

mZ

〈pl,Z⊥ 〉th

〈pl,W⊥ 〉th
. (4)

If the theoretical framework used to compute Cth

changes, for example because a more refined theoretical
prediction for 〈pl⊥〉 becomes available, there is a shift in
the extracted value of the W mass mmeas

W . It evaluates
to

δmmeas
W

mmeas
W

=
δCth

Cth

=
δ〈pl,Z⊥ 〉th

〈pl,Z⊥ 〉th
−

δ〈pl,W⊥ 〉th

〈pl,W⊥ 〉th
. (5)

This equation shows clearly the role that the Z boson ob-
servables play in Eqs.(3,4). Indeed, it follows from Eq.(5)
that all effects that influence the lepton transverse mo-
mentum distributions in Z and W production and decay
in a similar way do not result in a shift in the measured
value of the W mass. However, if this is not the case, a
shift in the extracted value mmeas

W arises.

Eq.(5) provides the basis for our estimate of the impact
of the mixed QCD-electroweak corrections on the deter-
mination of the W mass. Indeed, the calculations re-
ported in Refs. [36, 39] allow us to compute average lep-
ton transverse momenta in Z and W production with
and without mixed QCD-electroweak corrections. Using
this information, we construct quantities that appear on
the right hand side of Eq.(5) and estimate the shift in
the extracted value of the W mass.

Before presenting the results, we briefly discuss the setup
of the calculation. We use the same input parameters
as described in Refs. [36, 39]. In particular, we adopt
the Gµ renormalization scheme and use GF = 1.16639 ·
10−5 GeV−2, mZ = 91.1876 GeV, mW = 80.398 GeV,
mH = 125 GeV and mt = 173.2 GeV. We work in
the narrow-width approximation and consider all quarks
but the top quark to be massless.2 For definiteness, we

2 We neglect the contribution of Feynman diagrams with internal

consider decays Z → e−e+ and W+ → νee+ and con-
sider the electrons as being massless. We employ the
NNLO NNPDF3.1luxQED [43–45] parton distributions
with αs(mZ) = 0.118. For our analysis, we focus on
Z and W+ production at the 13 TeV LHC and study
the transverse momentum distribution of the positron
e+. Since the contribution of QCD initial-state and EW
final-state corrections to the full mixed QCD-EW re-
sult and its impact on the W -mass determinations is
known [32, 33], we do not consider corrections to the
W → νee+ and Z → e−e+ decay subprocesses. In
other words, for our estimates we only consider mixed
QCD-EW corrections to the production sub-processes
pp → W/Z. As we have already said, this is the only
mixed QCD-electroweak contribution whose impact on
the W -mass determination is currently unknown.

For the sake of clarity, we begin by considering inclusive
quantities and do not apply any kinematic cuts. We write
the differential cross sections for Z and W production as

dσZ,W =
∑

i,j=0

αi
sα

i
Wdσi,j

Z,W , (6)

where αs and αW are the strong and electroweak cou-
plings, respectively. We also define weighted integrals

FZ,W (i, j,O) = αi
sα

i
W

∫

dσi,j
Z,W ×O, (7)

where O is a particular kinematic variable. With this no-
tation, the average transverse momentum of the positron
in the processes pp → Z + X → e−e+ + X and pp →
W+ +X → νee+ +X reads

〈pe
+,V

⊥ 〉th =

∑

ij

FV (i, j, pe
+

⊥ )

∑

ij

FV (i, j, 1)
. (8)

top quarks in the calculation of mixed QCD-electroweak two-
loop corrections Our result then only depends on mt through
the renormalization procedure, see Ref. [36] for details.

A better theory changes the theoretical correction factor and leads to changes in the extracted value of the W mass.

No fiducial cuts: 
<latexit sha1_base64="Wou1chXyC+VgTiHawTeFydDQcZA="></latexit>

�mW = mW �mEW
W = 7 MeV

‣ QCD-electroweak effects are more important than the electroweak ones;

‣ Compensation mechanism between W and Z distribution is important;                                                                              shift 
in first moments taken separately are close to 50 MeV;

‣ PDF uncertainty has a very minor impact on these shifts; 

ATLAS cuts: 
<latexit sha1_base64="QTD9dGMnAmEwVwKpu+sb6ZnyDXU="></latexit>

�mW = mW �mEW
W = 17 MeV
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The strong coupling constant can be extracted from many measurements  at 
different energy scales, and then put to a common denominator by using 
renormalization group evolution

33 9. Quantum Chromodynamics
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Figure 9.2: Summary of determinations of –s(m2

Z) with uncertainty in the seven sub-fields as dis-
cussed in the text. The yellow (light shaded) bands and dotted lines indicate the pre-average values
of each sub-field. The dashed line and blue (dark shaded) band represent the final world average
value of –s(m2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination
including a simultaneous fit of PDFs.
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↵s(Mz) = 0.1180± 0.0009 the world average,  PDG, 2023

The most precise values of the strong coupling constant currently  come from  
lattice calculations  and studies of inclusive tau-lepton decays.

There also exist very precise determinations of the strong coupling constant 
from shape variables at LEP but the results are controversial because of unclear 
status of non-perturbative corrections in the three-jet region.  

Hadron collider determinations (LHC including) are typically not competitive 
since the already-achieved precision on the strong coupling is very high, O(1%).
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If one wants to make a competitive measurement of the strong coupling at the LHC, one needs to find a quantity which 

3

The running of the strong coupling is evaluated at four
loops [50, 51] consistently in all parts of the calcula-
tion. The PDFs are interpolated with LHAPDF [52],
and evolved at next-to-next-to-leading order (NNLO).
The number of active flavors is set to five in all the co-
e�cients entering the calculation, and in the evolution
of the PDFs. The predicted cross sections depend on
three unphysical scales: the renormalization scale µR,
the factorization scale µF , and the resummation scale Q,
which parameterizes the arbitrariness in the resumma-
tion procedure. The central value of the scales is set to
the invariant mass of the lepton pair m``

§. The elec-
troweak parameters are set according to the Gµ scheme,
in which the Fermi coupling constant GF, the W -boson
mass mW , and the Z-boson mass mZ are set to the input
values GF = 1.1663787·10�5 GeV�2, mW = 80.385 GeV,
mZ = 91.1876 GeV [1], whereas the weak-mixing angle
and the QED coupling are calculated at tree level.

The statistical analysis for the determination of
↵S(mZ) is performed with the xFitter framework [53].
The dependence of PDFs on the value of ↵S(mZ) is ac-
counted for by using corresponding ↵S-series of PDF sets.
The value of ↵S(mZ) is determined by minimizing a �2

function which includes both the experimental uncertain-
ties and the theoretical uncertainties arising from PDF
variations:

�2(�exp,�th) =

NdataX

i=1

⇣
�exp

i +
P

j �
exp

ij �j,exp � �th

i �
P

k �
th

ik�k,th

⌘2

�2

i

+
X

j

�2

j,exp +
X

k

�2

k,th . (5)

The correlated experimental and theoretical uncertain-
ties are included using the nuisance parameter vectors
�exp and �th, respectively. Their influence on the data
and theory predictions is described by the �exp

ij and �th

ik
matrices. The index i runs over all Ndata data points,
whereas the index j (k) corresponds to the experimen-
tal (theoretical) uncertainty nuisance parameters. The
measurements and the uncorrelated experimental uncer-
tainties are given by �exp

i and �i , respectively, and the
theory predictions are �th

i . At each value of ↵S(mZ),
the PDF uncertainties are Hessian profiled according to
Eq. (5) [54]. The parameter g of the Gaussian non-
perturbative form factor is left free in the fit by adding
g variations in Eq. (5) as an unconstrained nuisance pa-
rameter. The region of Z-boson transverse momentum

§
We note that within the transverse-momentum resummation for-

malism of Refs [42–44] the µR, µF , and Q scales have to be set of

the order of the hard scale of the process m`` and do not depend

on the transverse momentum of the Z boson.
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FIG. 1. Comparison of N3LO+N3LL DYTurbo predictions
to the measured Z-boson transverse-momentum distribution.
The settings of the pre- and post-fit predictions are ↵S(mZ) =
0.118, g = 0 GeV2, and ↵S(mZ) = 0.1185, g = 0.66 GeV2, re-
spectively. The dashed bands represent the PDF uncertainty
of the NNPDF4.0 PDF set.

pT < 30 GeV is considered in the fit. Initial-state ra-
diation of photons is estimated with Pythia8 [55] and
the AZ tune of parton shower parameters [18], and the
predictions are corrected with a bin-by-bin multiplicative
factor. The e↵ect on ↵S(mZ) of including these correc-
tions is �↵S(mZ) = �0.0006.
The determination of ↵S(mZ) with the NNLO¶

NNPDF4.0 PDF set [59] yields ↵S(mZ) = 0.1187, with
a statistical uncertainty of ±0.0007, a systematic exper-
imental uncertainty of ±0.0001, and a PDF uncertainty
of ±0.0004. The value of g determined in the fit is
g = 0.66± 0.05 GeV2⇤⇤, and the value of the �2 function
at minimum is 41 per 53 degrees of freedom. The pre-
and post-fit predictions are compared to the measured
Z-boson transverse-momentum distribution in Fig. 1.
Various alternative NNLO PDF sets are considered:
CT18 [60], CT18Z, MSHT20 [61], HERAPDF2.0 [62],
and ABMP16 [6]. The determined values of ↵S(mZ)
range from a minimum of 0.1178 with the ABMP16 PDF
set to a maximum of 0.1192 with the CT18Z PDF set.
The midpoint value in this range of ↵S(mZ) = 0.1185

¶
A fully consistent calculation would require PDFs at N

3
LO which

are currently not available. Uncertainties from missing higher

order PDFs have been studied in Refs. [56–58].
⇤⇤

When performing a fit with fixed value of g, the uncertainties

on ↵S(mZ) are reduced by 30%, yielding an estimate for the

uncertainty contribution from non-perturbative QCD e↵ects of

±0.0006.

Camarada, Ferrera, Schott

1) is proportional to the strong coupling constant;
2) can be predicted theoretically with a percent precision (NNLO and higher);
3) is independent  (nearly independent) on poorly-known parton distribution 

functions;
4) refers to low(er) region of hard momentum region;
5) does not suffer from unknown non-perturbative effects.

Inclusive Z transverse momentum distribution seems to fit the bill.
<latexit sha1_base64="HxuvFTz+ghWqt8hTqyu5Y1XMbu0="></latexit>
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A percent-level prediction for this observable requires us to employ  some of the 
most sophisticated theoretical tools and results that are currently available.
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↵s(mz) = 0.1183± 0.0009 ATLAS, 8 TeV data

ATLAS followed up on the proposal and obtained a very precise value of 
the strong coupling constant which is very well-compatible with the world 
average. 
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Let me summarize them:

1) N3LO QCD predictions for inclusive Z-boson production cross section and rapidity distribution;
2) NNLO QCD predictions for Z+jet production;
3) state-of-the-art transverse momentum  resummation formulas  that describe Z-boson transverse momentum 

distribution at small pt ;
4) electroweak corrections to Z+jet production; 
5) advanced knowledge of parton distribution functions; 
6) models for non-perturbative smearing at small transverse momenta.3.2 Total fiducial cross-section 3 RESULTS

Table 2.: Fiducial cuts for Z ! l+l� used in the CMS
13TeV analysis [3].

Lepton cuts qlT > 25GeV, |⌘l| < 2.4

Separation cuts 76.2GeV < ml+l� < 106.2GeV,

|yl+l� | < 2.4

and data at the highest order. Going from ↵2
s to ↵3

s

decreases uncertainties and improves agreement with
data noticeably at both large and small qT . In the
first bin 0GeV < qT < 1GeV we notice a relatively
large difference to the data, but this is also where one
would expect a non-negligible contribution from non-
perturbative effects. We note that the impact of the
corrections included in N4LLp is a noticeable shift in this
distribution, compared to N3LL’, as discussed further in
appendix B.

For the �⇤ distribution shown in fig. 4 results are over-
all very similar. For the transverse momentum distri-
bution we neglect matching corrections at ↵3

s below
qT < 5GeV. Here we correspondingly neglect them be-
low �⇤ < 5GeV/mZ ⇠ 0.05 and at lower orders below
�⇤ < 1GeV/mZ ⇠ 0.01, an overall per-mille level effect
in that region.

Since our resummation implementation is fully differ-
ential in the electroweak final state we can naturally
also present the transverse momentum distribution of
the final state lepton, see fig. 5. This is plagued by
a Jacobian peak at fixed-order and crucially requires
resummation. The higher-order ↵3

s corrections further
stabilize the results with smaller uncertainties.

3.2. Total fiducial cross-section

In table 3 we present total fiducial cross sections. Uncer-
tainties of the fixed-order NNLO (↵2

s) result, obtained
by taking the envelope of a variation of renormalization
and factorization scales by a factor of two, are partic-
ularly small at the level of 0.5% and do not improve
towards N3LO with large corrections. The resummation
improved results are obtained by integrating over the
matched qT spectrum shown in fig. 3. Uncertainties
of the resummation improved predictions are obtained
by taking the envelope of the variation of hard, low
and rapidity scales in the fixed-order and resummation

0

10

20

30

40

50

1 2 5 10 20 50 100 200 500

dσ
dq

T
 [p

b/
G

eV
]

αs

αs
2

αs
3

CMS

0.6

0.8

1.0

1.2

1.4

1 2 5 10 20 50 100 200 500

qT
l−l + [GeV]

ra
tio

 to
 C

M
S 

da
ta

Figure 3.: Differential transverse-momentum resumma-
tion improved predictions for the ql

�l+
T distri-

bution at order ↵s, ↵2
s and ↵3

s.

region. The matching uncertainty from the transition
function variation is quoted separately. We estimate the
effect of neglecting matching corrections at ↵3

s below
qT  5GeV to be less than 1 pb.

The resummation improved result at ↵s has large un-
certainties that stem from an insufficient order of the
resummation (N2LL), which still has substantial un-
certainties in the Sudakov peak region (c.f. fig. 3).
The results quickly stabilize, with less than a percent
difference between the central ↵2

s and ↵3
s predictions.

Nevertheless, the uncertainties we obtain are noticeably
larger than the fixed-order uncertainties. We further
observe that going from N3LL/↵2

s to N4LLp/↵3
s does not

reduce uncertainties as substantially as when going from
↵s to ↵2

s. This is because the resummation uncertainties
around the Sudakov peak region at small qT ⇠ 5GeV
do not improve dramatically.

While this behavior, of only moderately decreasing un-
certainties going from ↵2

s to ↵3
s, is consistent with the
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Neumann and Campbell

A percent-level prediction for this observable requires us to employ  some of the  most sophisticated theoretical tools and 
results that are currently available.

Duhr, Mistlberger, X. Chen, Gehrmann, Gehrmann-de Ridder, 
Glover, Zhu, Yang, Huss, Vita, Ebert, Luou,.  Boughezal, Focke, 
Liu, Petriello, Ellis, Giele, Campbell et al.
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A very unique thing that the LHC can do is to check the running of the coupling constant at the highest energies. A useful 
observable is the ratio of the three-jet to a two-jet rate since some systematic uncertainties cancel in the ratio.  NLO results 
known since quite some time.  Pushing them to the next level — NNLO — was an enormous adventure.   

Czakon, Mitov, Poncelet

Details: 
VV: two-loop five-point amplitude 


-  leading color approximation [Chicherin, Sotnikov ’20][Abreu et al. ’21] ( of the total cross section).


RR: seven-point amplitude tackled with the STRIPPER subtraction [Czakon ‘10][Czakon, Heymes ’14] 

Computational cost: 


Results: [Czakon, Mitov, Poncelet ’21] 

1. Scale dependence main theoretical uncertainty at NLO, reduced at NNLO.

2.  stabilises once NNLO QCD corrections are included

10 %

106CPUh

R3/2

Multijet processes 

26

ĤT = ∑
i∈partons

p⊥( ji)

HT = ∑
i∈jets

p⊥( ji) A central goal is to demonstrate the feasibility of three-
jet computations with NNLO precision… the enormous 

computational cost of the calculation ( ) 
makes it clear that further refinements in the handling 
of real radiation contributions to NNLO calculations are 

desirable. [Czakon, Mitov, Poncelet 2106.05331]

∼ 106CPUh

Chiara Signorile-Signorile                                                                                                                                                                                      Precision calculations for the SM                                                        
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R3/2 =
d�3j

d�2j
⇠ ↵s(p?,j)

CMS, 7 TeV [ NLO theory] 
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↵s = 0.115± 0.006

Two-loop amplitudes: Chicherin, Sotnikov, Abreu et al.

Computational cost: 10^6 CPU hours.

Subtraction scheme: Czakon

Interesting physics to explore and main difficulties 

❖ Theory-data comparison of differential  multi-jet rates provides information about perturbative QCD and modelling jet production


❖ Ratio of three-to-two jet rates sensitive to parton splittings and then to  (in the ratio some systematic uncertainties cancel, 
as from PDFs) [CMS 1304.7498][ATLAS 1805.04691] 

 

❖ Main bottleneck:                                                                                                                                                                                       
 Involved calculation: 5 coloured partons at the Born level, 7 coloured partons for the double real, 2loop-5point amplitudes 

αs

R3/2(X, μR, μF) = dσ3(μR, μF)/dX
dσ2(μR, μF)/dX

→

Multijet processes 
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SUMMARY

Eventually, we will also have to face the issue of understanding more systematically non-perturbative and other 
subtle effects at hadron colliders.  We already see the need to do this  when discussing  quantities measured with 
ultra-high precision, for example the top quark mass. 

High-precision investigation of the outcomes of hard hadron collisions continues to be one of the focus points   of the LHC 
physics program.  In addition to excellent experimental capabilities, this requires theory that can relate the  SM Lagrangian to 
predictions for proton collisions with controllable precision.

Our ability to  do that increased trmendously during the past decade thanks to theoretical advances in QCD perturbation 
theory.

Nevertheless, reaching a few percent precision  for generic processes  continues to be challenging and requires further 
advances with computing loop amplitudes, improved efficiency of subtraction schemes, improving parton shower event 
generators and ensuring  reliability of PDF fits. 


