
The Gravitational Field of a 
Spatially Non-Local 

Quantum Superposition
by 


 R. Ligez, R. B. MacKenzie, V. Massart,                 
M.B. Paranjape, U. Yajnik


arXiv: 2110.13866 [gr-qc]  

https://arxiv.org/abs/2110.13866


• We are interested in determining what is the gravitational 
field of a massive particle in a quantum mechanical wave 
function that is in a spatially non-local superposition. 


• Normally we can compute the classical potential of a given 
particle with an interaction, however, this is not an 
unambiguous procedure.


• Such a calculation is obtained from the scattering 
amplitude in the non-relativistic limit. 


• Finding the gravitational behaviour of a spatially non-local 
superposition is interesting for questions of quantum 
gravitational behaviour, collapse of the quantum 
mechanical wave function and quantum decoherence.


• The Schrödinger-Newton theory posits that the potential 
corresponds to a classical superposition of the gravitational 
potential of half the mass at each position of the non-local 
superposition.



Schrödinger-Newton Theory
• The S-N theory posits that the quantum mechanical wave 

function of a particle in the presence of gravitational 
interactions feels a gravitational self potential that is 
proportional to the gravitational potential created by a 
mass density corresponding to the probability density of 
the particle’s wave function itself.  This gives rise to a non-
linear, non-local Schrödinger equation for the wave 
function of the particle. 


• ie.
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Problems with the S-N formalism
• Diosi has pointed out 4 paradoxes that arise if 

one embraces the S-N formalism:

• 1.) Action at a distance

• 2.) Superluminal telegraphy

• 3.) Unsuitable superposition

• 4.) Breakdown of the statistical interpretation

• I cannot go into the details of these problems, 

please look at the paper by Diosi:
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standard quantum mechanics and relativity, N. Gisin proved in 1990 that any (deterministic)
nonlinear Schrödinger equation would allow for superluminal communication. This is by now
the most spectacular and best known anomaly. We discuss further anomalies, simple but
foundational, less spectacular but not less dramatic.
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We discuss major difficulties encountered by nonlinear modifications of the Schrödinger equation.
Before we enter the subject, we make it clear that nonlinear Schrödinger equations and nonlinear
effective modifications of quantum mechanics are widely used in physics as approximate means.
Most typical is the mean-field approximation. It yields the nonlinear Hartree-Fock equation [1]
so basic for many-electron systems, and it yields the semi-classical Einstein equation [2] which
is indispensable in quantum cosmology. These are approximate (effective) nonlinear quantum
mechanics. One can, on the contrary, consider nonlinear modification of quantum mechanics at
the fundamental level. As early as in 1952, Jánossy proposed [3] that a simple state-dependent
potential ensure localized stationary wave function of a free quantum particle (of mass M):
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Probing the gravitational field
• The simplest thing to try to compute would be the 

gravitational potential of a non-local 
superposition.


• However this is an ambiguous concept.

• Normally, one can extract the potential from the 

non-relativistic limit of the scattering amplitude. 

• One computes the amplitude say:

290 Lowest-Order Gravitational Interactions 

, 
PI 

PI pz 

Figure 14.3 Lowest-order graviton-exchange force. 

the Fourier transform of (14.42) leads to the static potential (recall (11.68)) 

V(r) = --1-fd3ke-ik.rr.iv(NR)= _f2m1m2 +-!I203(r). 
4111). m2 f 8nr 

(14.43) 

We of course recognize the first term in (14.43) as the attractive newtonian 
potential, justifying our initial choice of f2 = 8nG. The second term in 
(14.43) is analogous to the quantum correction to the Coulomb or nucIear 
force. It is repulsive, independent of particIe masses, and can only be 
measured for bound (quantum) s-states. (It would appear not to be present 
for a spin-O graviton force.) As might be expected, the graviton-exchange 
potential between particles with spin modifies (14.43) with spin-orbit and 
spin-spin terms as weIl. Moreover, the velocity-dependent corrections to 
(14.43) generate the general-relativistic, "post-newtonian" modifications of 
the cIassical equation of motion of a particIe in a gravitational field (Corinal-
desi, 1956). 

Antimatter Forces. It is occasionally conjectured that by analogy with em 
forces, the sign of the matter-antimatter gravitational force ought to be 
opposite that of the matter-matter force (Le., repulsive). This analogy is 
incorrect because it is the (even) spin of the exchange particIe and not its 
mass (both photon and graviton are massless) which determines the sign of 
the force. We have leamed in Chapters 6 and 10 that CPT symmetry re-
quires incoming particles of momentum p to be replaced by outgoing anti-
particles of momentum - p (rather than changing the sign of the coupling e 
in em Feynman graphs). SimiIarly, the matter stress-energy tensor 
(p'l I p) must be replaced by the antirnatter stress-energy tensor 
( - p I I - p') in the Feynman rules. Then the quadratic nature of 
depending in the spinless matter case on the product of momentum factors 
such as Pv leads to the general relation 

(14.44) 

the stress-energy tensor always being symmetrie in the indices Jl and v. Since 
the antirnatter and matter stress-energy tensors are always of the same sign, 
the corresponding static potentials due to (even-spin) graviton exchange are 



Gravitons
• Gravitons correspond to quantization of the 

small fluctuations about a Minkowski 
background


• interaction:

• amplitude

gµ⌫ = ⌘µ⌫ + hµ⌫ @�@�hµ⌫ = 0

mechanically vibrating the base at the appropriate frequency, approximately 600Hz. The

neutrons can be lifted to say the third excited level using the mechanical pumping method.

Pumping at the resonant frequency for the transition between the first and third levels

asymptotically will populate each of these levels equally. But then there will be a population

inversion with respect to the second excited level. Thus spontaneous emission of a graviton

from a transition from the third to the second level, and the subsequent stimulated emission

of gravitons could yield significant, laser type amplification of the gravitational wave.

QUANTUM GRAVITONS AND THE AMPLITUDE FOR SPONTANEOUS AND

STIMULATED EMISSION

In a zero order approximation, gravitons correspond to the non-interacting excitations

of the quantized, linearized Einstein equations. These equations describe the free field

dynamics of a massless spin 2 field. The quantization is trivial and well understood. The

quantum gravitational field corresponds to the tensor hµ⌫ , which can be decomposed into

its Fourier modes
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where ✏µ⌫ is the polarization tensor for massless spin two particles and the operators A
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and A(~k) satisfy the simple algebra of annihilation and creation operators
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These operators respectively create and destroy one free graviton of momentum ~k. The

frequency satisfies k0 = |~k| which is appropriate for a massless particle.

The gravitational field of the graviton, interacts with the system of ultra-cold neutrons

by distorting the space-time in which the neutron is immersed. The ambient space-time is

that which corresponds to the gravitational field of the earth. This space-time is simply the

Schwarzschild geometry
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where the symbol � stands for the earth. Superimposed on this space-time is that of the

gravitational wave of the graviton
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2 � (1 + h(x� ct))dy2 � (1� h(x� ct))dz2 (4)
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Calculation of the potential from 
the non-relativistic limit

• the amplitude for non-relativistic potential scattering 
in the first Born approximation is given by


• therefore the potential can be found from the inverse 
Fourier transform of the scattering amplitude


• while the differential scattering cross section is 
given by 

1.2 The Born approximation

1.2 The Born approximation

If the potential is weak we can assume that the eigenstates are only slightly modified
by V , and so we can replace | (±)i in (5) by |ki.

f
(1)(k0,k) = � 1

4⇡
(2⇡)3

2m

~2
hk0|V |ki. (6)

This is known as the Born approximation. Within this approximation we have the
simple result that

f
(1)(k0,k) / hk0|V |ki.

Up to some constant factors, the scattering amplitude is found by squeezing the
perturbing potential V between incoming and the outgoing momentum eigenstates
of the free-particle Hamiltonian.

Expanding out (6) in the position representation (by insertion of a couple of com-
pleteness relations

R
d
3
x
0 |x0ihx0|) we can write

f
(1)(k0,k) = � 1

4⇡
2m

~2

Z
d
3
x
0
e
i(k�k0)·x0

V (x0).

This result is telling us that scattering amplitude is proportional to the 3d Fourier
transform of the potential. By scattering particles from targets we can measure
d�

d⌦ , and hence infer the functional form of V (r). This result is used, for example,
in the nuclear form factor (Section ??).

2 Virtual Particles

One of the insights of subatomic physics is that at the microscopic level forces are
caused by the exchange of force-carrying particles. For example the Coulomb force
between two electrons is mediated by excitations of the electromagnetic field – i.e.
photons. There is no real ‘action at a distance’. Instead the force is transmitted
between the two scattering particles by the exchange of some unobserved photon or
photons. The mediating photons are emitted by one electron and absorbed by the
other. It’s generally not possible to tell which electron emitted and which absorbed
the mediating photons – all one can observe is the net e↵ect on the electrons.

Other forces are mediated by other force-carrying particles. In each case the mes-
senger particles are known as virtual particles. Virtual particles are not directly
observed, and have properties di↵erent from ‘real particles’ which are free to prop-
agate.

To illustrate why virtual particles have unusual properties, consider the elastic scat-
tering of an electron from a nucleus, mediated by a single virtual photon. We can
assume the nucleus to be much more massive than the electron so that it is approx-
imately stationary. Let the incoming electron have momentum p and the outgoing,
scattered electron have momentum p0. For elastic scattering, the energy of the

e
�

e
�

e
�

�

e
�
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1.1 Scattering amplitudes

Far from the scattering centre we can write

|x� x0| =
p

r2 � 2rr0 cos↵+ r02

= r

s

1� 2
r0

r
cos↵+

r02

r2

⇡ r � r̂ · x0

where ↵ is the angle between the x and the x0 directions.

It’s safe to replace the |x�x0| in the denominator in the integrand of (4) with just
r, but the phase term will need to be replaced by r� r̂ · x0. So we can simplify the
wave function to
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which we can write as
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f(k0,k)

�
.

This makes it clear that we have a sum of an incoming plane wave and an outgoing
spherical wave with amplitude f(k0,k) given by

f(k0,k) = � 1
4⇡

(2⇡)3
2m

~2
hk0|V | (±)i. (5)

We will ignore the interference between the first term which represents the orig-
inal ‘plane’ wave and the second term which represents the outgoing ‘scattered’
wave, which is equivalent to assuming that the incoming beam of particles is only
approximately a plane wave over a region of dimension much smaller than r.

We then find that the partial cross-section d� — the number of particles scattered
into a particular region of solid angle per unit time divided by the incident flux2 —
is given by

d� =
r
2|jscatt|
|jincid| d⌦ = |f(k0,k)|2 d⌦.

This means that the di↵erential cross section is given by the simple result

d�

d⌦
= |f(k0,k)|2.

The di↵erential cross section is simply the mod-squared value of the scattering
amplitude.

2Remember that the flux density is given by j = ~
2im [ ⇤r �  r ⇤].
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Potential from amplitudes
• for example from the gravitational 

scattering of two massive particles


• we have the non-relativistic amplitude 


• which gives the Newton potential

p3

„1, k1

p4

p2

g(q)

La fonction d’onde spatiale la plus simple d’une particule en superposition est la super-
position de deux gaussiennes centrées en +r0 et ≠r0 respectivement. Elle est donc propor-
tionnelle, dans l’espace des coordonnées, à ces deux gaussiennes

„1(x) ≥ e≠(x≠r0)2
/(2‡

2)) + e≠(x+r0)2
/(2‡

2)). (4.3.1)

La normalisation et la section e�cace font appel à la fonction d’onde dans l’espace des
impulsions. Une simple transformée de Fourier donne

„1(k1) ≥ e≠ ‡
2

2 |k1|2
1
eik1·r0 + e≠ik1·r0

2
. (4.3.2)

La normalisation est ensuite trouvée en imposant que la probabilité totale, c’est-à-dire l’in-
tégrale de la norme au carré de „1 soit égale à un,

|„1(k1)|2 = N (‡, r0)e≠‡
2|k1|2

1
2 + e2ik1·r0 + e≠2ik1·r0

2
. (4.3.3)

⁄
|„1(k1)|2

d3k1
(2fi)3 = 1 ≠æ N (‡, r0) = (4fi‡2)3/2

2
1

1 + e≠r
2
0/‡2 . (4.3.4)

Cette fonction d’onde au carré est paire, ce qui veut dire qu’elle est invariante sous le chan-
gement de signe de k1. Cela implique que

⁄
k1|„1(k1)|2d3k1 = 0. (4.3.5)

Cette symétrie va permettre de simplifier les expressions impaires en k1.
Notre deuxième choix consiste à ce que la particule k2 soit une onde plane centrée en p2.
Ce choix permet de grandement simplifier l’expression de la section e�cace e�ective, car
la fonction de Wigner se réduit à une fonction delta (4.2.3). Le corrélateur des particules
devient

L(b, k1, k2) = ‡3
2

fi3/2 v(k1, k2)(2fi)3”(3)(b)|„1(k1)|2(2fi)3”(k2 ≠ p2). (4.3.6)

La fonction de delta sur b met en avant l’absence d’interférence entre les deux fonctions
d’onde et simplifie grandement la probabilité de di�usion. Elle devient

dW = ‡3
2

fi3/2

⁄ d3k1
(2fi)3 |TP W (k1, p2)|2|„1(k1)|2(2fi)4”(4)(k1 + p2 ≠ p3 ≠ p4)

d3p3
(2fi3)

d3p4
(2fi)3 (4.3.7)

94

d’interaction qui est
Lint = 1

2hµ‹Tµ‹(„, ÷µ‹) (4.1.6)

En précisant le lagrangien du champ scalaire libre, on peut calculer le tenseur énergie-
impulsion associé. Ensuite il faut simplement intégrer par partie pour pouvoir mettre „„hµ‹

en évidence et l’on trouve, en imposant comme toujours la symétrie du vertex sous le chan-
gement µ ¡ ‹, l’expression suivante pour le vertex scalaire-graviton

Vµ‹(k, kÕ) = ≠iŸ(kµkÕ
‹

+ k‹kÕ
µ

≠ ÷µ‹(k · kÕ)) (4.1.7)

où il est important de noter que Ÿ =
Ô

8fiG contrairement aux chapitres précédents où l’on
avait Ÿ = 8fiG. Ce choix est fait pour suivre la notation de la littérature sur le sujet. Il
s’explique par le fait que la constante de couplage est

Ô
8fiG.

Ces règles de Feynman permettent de facilement calculer l’amplitude et ensuite la section
e�cace d’une di�usion gravitationnelle ou son potentiel. En e�et, le potentiel peut être
identifié à la transformée de Fourier de l’amplitude dans la limite non relativiste. Calculons
donc cette dernière dans le cas d’une di�usion entre deux scalaires de masse et d’impulsion
(m1, k1) et (m2, k2) qui di�usent vers (m1, k3) et (m2, k4) respectivement . L’amplitude
est simplement la contraction de deux vertex avec le propagateur du graviton dans le cas
gravitationnel,

M = Vµ‹(k1, k3)Dµ‹–—V–—(k2, k4

= ≠
Ÿ2

2q2 (k1µk3‹ + k1‹k3µ ≠ ÷µ‹(k1 · k3))Dµ‹–—(q)(k2–k4— + k2—k4– ≠ ÷–—(k2 · k4)) (4.1.8)

Le calcul est long de prime abord, mais on peut utiliser l’approximation non relativiste, pour
en première approximation avoir k1µ ƒ m1÷0µ et pareillement pour les autres momenta. Elle
prend dans ce cas la forme

MNR(q) = ≠
Ÿ2

2|q|2

1
2m2

1m
2
2
2

. (4.1.9)

Ce qui nous permet de retrouver le potentiel de Newton

V (r) = 1
4m1m2

⁄
MNR(q)eiq·rd3r = ≠

Ÿ2m1m2
8fi|r|

(4.1.10)

où l’on a inclus la normalisation 1Ô
2E12E22E32E4

qui donne le facteur 4m1m2 au dénominateur4.
Un autre exemple intéressant pour vérifier la validité de cette approche consiste à calculer la
déviation de la lumière par le soleil. On peut approximer le soleil par un champ scalaire non-
relativistique de masse M et le photon par un scalaire sans masse d’énergie Ê. L’amplitude

4Elle provient en fait de la normalisation que l’on a en théorie des champs ou chaque intégrale sur l’espace
vient avec un facteur (1/

Ô
2E) pour être invariante de Lorentz.
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Potential from amplitudes
• We can try the same for a scattering from a non-local wave 

function.  We still use:


• With the initial and final momentum space wave functions:


• which corresponds to the scattering that does not affect the 
non-local superposition, one finds

Il reste à calculer la luminosité totale dans notre cas afin d’obtenir la section e�cace e�ective.
La di�érence de vitesse vaut

v(k1, k2) ƒ 1 ≠
k1z

M
+ O(M≠3). (4.3.8)

La luminosité totale se simplifie en

L = ‡3
2

fi3/2

⁄ d3k1
(2fi)3 d3r

A

1 ≠
k1z

M

B

n1(r, k1, t) = ‡3
2

fi3/2

⁄ d3p1
(2fi)3

A

1 ≠
k1z

M

B

|„1(k1)|2 (4.3.9)

= ‡3
2

fi3/2 (4.3.10)

où l’on a utilisé la normalisation de la fonction d’onde et sa parité.
La section e�cace e�ective,

d‡e�. =
⁄ d3k1

(2fi)3 |TP W (k1, p2)|2|„1(k1)|2(2fi)4”(4)(k1 + p2 ≠ p3 ≠ p4)
d3p3
(2fi)3

d3p4
(2fi)3 . (4.3.11)

est donc très proche de la forme usuelle. La seule di�érence vient de la dépendance explicite
en la fonction d’onde de l’état superposé, |„1(k1)|2.
C’est cette formule qui est appliquée à la di�usion gravitationnelle dans l’article trois.

4.4. Potentiel gravitationnel d’une particule superposée

En complément de cette section e�cace, il est instructif de calculer le potentiel d’un
scalaire en superposition. Considérons le cas suivant : la forme de notre fonction d’onde
d’état superposé reste inchangée par la di�usion du scalaire sans masse. C’est un cas logique,
car le concept de potentiel ne décrit pas la source de ce potentiel et ne varie pas après qu’il
y ait eu une di�usion dessus. Cela revient en fait à considérer l’approximation où très peu
d’impulsions sont échangées entre les deux scalaires.
Les fonctions d’ondes de l’état superposé avant, „1 et après, „3, sont donc identiques,

„1(k1) = (4fi‡2)3/4
Ô

2
eik1·r0 + e≠ik1·r0
Ô

1 + e≠|r0|2/‡2 e≠ ‡
2

2 |k1|2 (4.4.1)

„3(k3) = (4fi‡2)3/4
Ô

2
eik3·r0 + e≠ik3·r0
Ô

1 + e≠|r0|2/‡2 e≠ ‡
2

2 |k3|2 . (4.4.2)

Dans la section précédente, on a calculé le potentiel de Newton en considérant la transfor-
mée de Fourier de l’amplitude d’une di�usion gravitationnelle. Néanmoins nous avons dû
ajouter un facteur de normalisation pour reproduire ce potentiel. Le potentiel est déduit de
l’approximation de Born et prend la forme générale

È„f |iT |„iÍ = ≠iṼ (q)(2fi)”(Ei ≠ Ef ) (4.4.3)

avec q le momentum du graviton et „i/f les fonctions d’onde initiales/finales. Le choix
particulier de „1 et de „3 fait ci-dessus et la deuxième particule, choisie comme étant juste
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„1(k1) = (4fi‡2)3/4
Ô

2
eik1·r0 + e≠ik1·r0
Ô

1 + e≠|r0|2/‡2 e≠ ‡
2

2 |k1|2 (4.4.1)

„3(k3) = (4fi‡2)3/4
Ô

2
eik3·r0 + e≠ik3·r0
Ô

1 + e≠|r0|2/‡2 e≠ ‡
2

2 |k3|2 . (4.4.2)

Dans la section précédente, on a calculé le potentiel de Newton en considérant la transfor-
mée de Fourier de l’amplitude d’une di�usion gravitationnelle. Néanmoins nous avons dû
ajouter un facteur de normalisation pour reproduire ce potentiel. Le potentiel est déduit de
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È„f |iT |„iÍ = ≠iṼ (q)(2fi)”(Ei ≠ Ef ) (4.4.3)

avec q le momentum du graviton et „i/f les fonctions d’onde initiales/finales. Le choix
particulier de „1 et de „3 fait ci-dessus et la deuxième particule, choisie comme étant juste
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une onde plane, donnent l’équation

Ṽ (q) =
⁄ d3k1

(2fi)3 „1(k1)„3(k1 ≠ q)Èk1 ≠ q, p4|k1, p2Í

4Ô
‘1‘2‘3‘4

-----
NR

ƒ ≠Ÿ2 MÊ

2|q|

⁄
d3k1(4fi‡2)3/2 (1 + e2ik1·r0)e≠iqr0 + (1 + e≠2ik1·r0)eiqr0

1 + e≠|r0|2/‡2 e≠‡
2|k1|2e≠‡

2k1qe≠‡
2
/2|q|2

= ≠Ÿ2 MÊ

|q|2
cos (q · r0) + cos (2q · r0)e≠|r0|2/‡

2

1 + e≠|r0|2/‡2 e≠ ‡
2

4 |q|2 (4.4.4)

Le potentiel en termes des coordonnées spatiales est obtenu par une transformée de Fourier.
On obtient

V (r) ƒ ≠
Ÿ2MÊ

1 + e≠|r0|2/‡2

⁄
d3q

e≠ ‡
2

4 |q|2

|q|2

A
eiq·(r+r0) + eiq·(r≠r0)

2 + eiq·(r+2r0) + eiq·(r≠2r0)

2 e≠|r0|2/‡
2
B

= ≠
GMÊ

1 + e≠|r0|2/‡2
1
2

A
1

|r + r0|
+ 1

|r ≠ r0|
+ e≠|r0|2/‡

2

|r + 2r0|
+ e≠|r0|2/‡

2

|r ≠ 2r0|

B

. (4.4.5)

Le terme gaussien e≠ ‡
2

4 |q|2 peut-être sorti de l’intégrale sous forme de’une exponentielle de
laplacien. Celle-ci ne contribue pas ”loin" de la charge, elle est égale à 1 plus des fonctions
delta de Dirac et leurs dérivées.
Ce résultat est intriguant. L’exponentielle du Laplacien multiplie la solution et va contribuer
comme juste l’identité plus une série infinie de fonctions delta et ses dérivées centrées en ±r0

et ±2r0 et ce pour chaque terme respectivement.
Ce potentiel tend vers le potentiel de Schrödinger-Newton dans la limite où le rayon de
la superposition est grand par rapport à la variance des gaussiennes. Il reste néanmoins
di�érent, en particulier pour des cas plus limites où |r0| ≥ ‡.
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• which in position space is:


• However this result is not meaningful.  The choice of final 
state is arbitrary.  The non-relativistic limit for the 
scattering does not make sense.  The momenta implied in 
the wave function of the superposition are widely spread, 
and the non-relativistic limit for one pair of scattering 
momenta is not so for another pair.


• The final state could be the rigid scattering of the 
superposition, or it could have various excitations, 
rotations or just a momentum eigenstate etc. All different 
choices give different forms for the potential.


• To escape this quandary we will compute the inclusive 
differential cross-section, which is unambiguous.
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Amplitude for scattering from a 
spatially non-local wave function

• We need to use a more sophisticated formalism to 
describe the scattering.


• This has been described by the work of Kotkin et al 
and Korvalets which describe the scattering cross 
section in terms of wave packets.


• They compute scattering cross sections for particles 
in non-trivial wave functions.



Scattering of wave packets
• Kotkin et al and Korvalets give a proper formalism for scattering of 

wave packets.  They show the cross section is described through the 
probability of scattering, given by


• where the generalized cross section is given by


• where the particle correlation is given by 


• Then the cross section is:


• Where the luminosity is:

probabilité de di�usion, dW , dépend de la section e�cace (généralisé) d‡(b, k1,2) et de
l’interférence entre leurs fonctions de Wigner, le corrélateur des particules L(b, k1,2). Le
paramètre b représente le paramètre d’impact et va prendre en compte le chevauchement
entre les fonctions de Wigner. Cela donne

dW =
⁄ d3k1

(2fi)3
d3k2
(2fi)3

d3b

(2fi)3 d‡(b, k1,2)L(b, k1,2) (4.2.4)

avec

d‡(p1, p2, b) = (2fi)4” (‘1(k1 + b/2) + ‘2(k2 ≠ b/2) ≠ ‘f ) ”(3)(k1 + k2 ≠ pf ) (4.2.5)

◊ TP W (k1 + b/2, k2 ≠ b/2)T ú
P W

(id.) 1
v(k1, k2)

�f

d3pf

(2fi)3 (4.2.6)

L(k1, k2, b) = v(k1, k2)
⁄

d3r d3R dteib·Rn1(r, k1, t)n2(r + R, k2, t) (4.2.7)

où l’on a défini TP W comme étant l’amplitude avec ses termes de normalisation dans le cas
du même processus pour des ondes planes. La section e�cace e�ective, la généralisation
de la section e�cace à des fonctions d’onde non planes, correspond à cette probabilité de
di�usion divisée par la luminosité totale, L,

d‡e�. = dW

L
, (4.2.8)

et la luminosité totale correspond à l’intégrale sur les impulsions du corrélateur des particules,

L =
⁄ d3k1

(2fi)3
d3k2
(2fi)3 dtd3rv(k1, k2)n1(r, k1, t)n2(r, k2, t). (4.2.9)

Ces formules générales s’appliquent essentiellement à tous les cas possibles de fonctions
d’ondes des particules physiques.
Il est cependant utile de considérer un cas particulier qui est celui traité dans le troisième
article. Ce cas est celui de la di�usion d’un scalaire sans masse décrit par une onde plane
sur une particule scalaire massive qui se trouve dans une superposition spatiale.

4.3. Di�usion d’une onde plane sur une superposition

spatiale

Considérons ce cas de la di�usion gravitationnelle d’un scalaire sans masse, k2 centré en
p2, sur un scalaire massif, (M, k1), dans une superposition spatiale décrite par la fonction
d’onde „1(k1), comme représentée sur le diagramme de Feynman ci-dessous.
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Il est cependant utile de considérer un cas particulier qui est celui traité dans le troisième
article. Ce cas est celui de la di�usion d’un scalaire sans masse décrit par une onde plane
sur une particule scalaire massive qui se trouve dans une superposition spatiale.

4.3. Di�usion d’une onde plane sur une superposition

spatiale

Considérons ce cas de la di�usion gravitationnelle d’un scalaire sans masse, k2 centré en
p2, sur un scalaire massif, (M, k1), dans une superposition spatiale décrite par la fonction
d’onde „1(k1), comme représentée sur le diagramme de Feynman ci-dessous.
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Scattering of wave packets
• Where various elements in the expressions before are: 

J
H
E
P
0
3
(
2
0
1
7
)
0
4
9

correlator :

dW = |Sfi|2
Nf+2∏

f=3

V
d3pf
(2π)3

=

∫
d3p1
(2π)3

d3p2
(2π)3

d3k

(2π)3
dσ(k,p1,2)L(2)(k,p1,2),

dσ(k,p1,2) = (2π)4 δ
(
ε1(p1 + k/2) + ε2(p2 − k/2)− εf

)
δ(3)(p1 + p2 − pf )

×T (pw)
fi (p1 + k/2,p2 − k/2)T ∗

fi
(pw)(p1 − k/2,p2 + k/2)

1

υ(p1,p2)

Nf+2∏

f=3

d3pf
(2π)3

,

L(k,p1,2) = υ(p1,p2)

∫
dt d3r d3ReikR n1(r,p1, t)n2(r +R,p2, t), (2.1)

where

υ(p1,p2) =

√
(p1p2)2 −m2

1m
2
2

ε1(p1)ε2(p2)
=
√
(u1 − u2)2 − [u1 × u2]2,

εf =

Nf+2∑

i=3

εi(pi), ε(p) =
√
p2 +m2, pf =

Nf+2∑

i=3

pi, u1,2 = p1,2/ε1,2(p1,2), (2.2)

the amplitudes

T (pw)
fi =

M (pw)
fi√

2ε12ε2
Nf+2∏
f=3

2εf

no longer depend on the normalization volume V , and n(r,p, t) is a (bosonic part of a)

particle’s Wigner function with the following properties:
∫
d3r n(r,p, t)= |ψ(p, t)|2,

∫
d3p

(2π)3
n(r,p, t)= |ψ(r, t)|2,

∫
d3p

(2π)3
d3r n(r,p, t)=1. (2.3)

Note that in this approach we do not need fermionic Wigner functions (see, for exam-

ple, [49, 50]), because the spin parts of all wave functions are factorized and enter into the

amplitude T (pw)
fi . That is why the Wigner functions that we shall use in this paper are

Lorentz scalars.

The function dσ(0,p1,2) coincides with a conventional definition of the plane-wave

cross section. The dependence on k appears because of translational non-invariance of

the Wigner function and in the plane-wave case this invariance is recovered (see below).

For the well-normalized Wigner functions, the probability (2.1) represents an unambiguous

quantity in a sense that it does not depend on the auxiliary normalization variables, such as

V and T . When making a comparison with the plane-wave case, it is convenient, however,

to define also the effective cross section by dividing the probability by a luminosity factor L,

dσ =
dW

L
, L =

∫
d3p1
(2π)3
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(2π)3

d3k

(2π)3
L(k,p1,2) =

=

∫
d3p1
(2π)3

d3p2
(2π)3

dtd3r υ(p1,p2)n1(r,p1, t)n2(r,p2, t). (2.4)

Note that the quantities dW,L, and dσ are Lorentz-invariant, whereas the correlator is not.
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Scattering from a non-local wave 
function continued

• where:


• and the amplitude corresponds to the Feynman diagram

wave packets „1(k1), these wave packets are not highly peaked on any specific momentum as
noted above. We will be interested in the inclusive scattering cross section for the massless
particle, p2 æ p4, while the non-trivial wave packet will in principle scatter to all possible
allowed final states, which will be integrated over.

It is most convenient to consider the wave function of the scattered massive particle,
that was initially in the spatially nonlocal wave function, to be scattered to wave functions
that are eigenstates of momentum p3 and to integrate over this momentum, as these do
correspond to a complete set of final states. In practice, the integration is of course not
required as energy-momentum conservation for given k1, p2, p4 fixes the value of p3. Thus
the scattering will give rise to final momenta k1 æ p3 and p2 æ p4 with integration over
k1 smeared with wave function „1(k1) understood. Then straightforwardly simplifying the
formula in [113], to the case of a particle in a momentum eigenstate scattering on a particle
in a non-trivial wave packet, we find

d‡ =
⁄ d3k1

(2fi)3 |TP W ({k1,p2} æ {p3,p4}) |
2
|„1(k1)|2(2fi)4”(4)(k1 + p2 ≠ p3 ≠ p4)

d3p3
(2fi)3

d3p4
(2fi)3

(2.3)
where the plane wave amplitude TP W ({k1,p2} æ {p3,p4}) is given by

TP W ({k1,p2} æ {p3,p4}) = M ({k1,p2} æ {p3,p4})
Ô

2‘12‘22‘32‘4
(2.4)

with M ({k1,p2} æ {p3,p4}) the invariant matrix element for the momentum space scattering
process [6], and ‘i the energy of particle i. We note the usual factor of |v1 ≠ v2| in the particle
flux simplifies to unity, the velocity of the massless particle, because of the assumed symmetry
of the wave function „1(k1).

The normalized wave function for the particle of type 1, which is taken to be spatially
nonlocal, in momentum space has the form

|„1(k1)|2 = 4
1
fi‡2

23/2
e≠‡

2|k1|2 2 + e2ir·k1 + e≠2ir·k1

1 + e≠|r|2/(‡2) (2.5)

where ‡ is the width of a Gaussian wave packet that is superposed at spatial position r and
≠r.

3. The 1-graviton exchange scattering amplitude

The amplitude is easily computed using the linearized gravitational theory and sub-
sequent graviton propagator and matter vertices, following Donoghue [115, 116] (see also
[93,95,96,109,111,117]), as prescribed by the Feynman diagram Fig. (1)
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p3

„1, k1

p4

p2

q

Fig. 1. 1-graviton exchange scattering

Applying momentum conservation, we get for the amplitude

M = (≠i)2Ÿ2(kµ

1 p‹

3 + k‹

1pµ

3 ≠ (p2 · p4)÷µ‹)(÷µ–÷‹— + ÷µ—÷‹– ≠ ÷µ‹÷–—)(p–

2 p—

4 + p—

2 p–

4 ≠ (p2 · p4)÷–—)
2q2

= Ÿ2 [2(k1 · p2)(k1 · p4) + (k1 · p2)(p2 · p4) ≠ (k1 · p4)(p2 · p4) ≠ (p2 · p4)2]
p2 · p4

(3.1)

= Ÿ2

1 ≠ p̂2 · p̂4

5
2M2

≠ 2Mk1 · (p̂2 + p̂4) + M(Ê2 ≠ Ê4)(1 ≠ p̂2 · p̂4) + 2|k1|
2

+ 2(k1 · p̂2)(k1 · p̂4) ≠ k1 · (Ê2p̂2 ≠ Ê4p̂4)(1 ≠ p̂2 · p̂4) ≠ Ê2Ê4(1 ≠ p̂2 · p̂4)2
6

(3.2)

where Ÿ is the gravitational coupling constant, Ê2 and Ê4 are short hand notation for p0
2 and p0

4
and the momentum transfer is q = p3 ≠k1 = p2 ≠p4 with q2 = ≠2p2 ·p4 = ≠2Ê2Ê4(1≠ p̂2 · p̂4)
as p2 and p4 are massless and on shell.

4. The scattering cross section

The amplitude must now be folded in with the wave function, the energy denominators
and factors of 2fi as in Eqn. (2.3) and then integrated over d3p3 which removes the spatial
delta functions and integrated over dÊ4 which removes the temporal delta function yielding
the di�erential scattering cross section

d‡

d�4
=

⁄ d3k1
29fi5 |„1(k1)|2

|M|
2

‘1Ê2‘3Ê4

Ê2
4

|f Õ
”
(Ê4)|

. (4.1)

The energy conserving delta function is given by ”(f”(Ê4)) = ”(‘1 + Ê2 ≠ ‘3 ≠ Ê4) where the
complications arise because ‘3 =

Ò
M2 + (k1 + (p2 ≠ Ê4(p̂4)2. ‘1 =

Ò
M2 + k2

1 is the energy
of the Fourier component corresponding to momentum k1 of the spatially nonlocal particle
wave function and Ê2 is the energy of the incoming massless particle. The full expression for
the cross section is a complicated, unenlightening jumble, however its multipole expansion
does shed some light on the gravitational interaction.
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Scattering cross section
• The scattering cross section is unambiguous and given by:


• We essentially have to smear the momentum state cross 
section with the wave function of the non-local 
superposition (in momentum space).


• We compute the inclusive cross section for the 
gravitational scattering of a massless particle on a spatially 
non-local wave function of a massive particle, scattering to 
any final state for the massive particle and a specific 
momentum (scattering angle) for the massless particle. 
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Multi-pole expansion of the 
scattering cross section

• The cross section is a complicated mess which we can 
write as:


• Then we can expand the integrand:


• Which yields for the cross section:


• where

5. Multipole expansion of the scattering cross section

We can write the cross section Eqn.(4.1) as

d‡

d�4
=

⁄ d3k1
29fi5 |„1(k1)|2g(k1) |M|

2 (5.1)

and then g(k1) |M|
2 admits an expansion in powers of k1 as

g(k1) |M|
2 = g(k1) |M|

2
---
k1=0

+ 1
2 ˆki

1
ˆkj

1

1
g(k1) |M|

22---
k1=0

ki

1k
j

1 + · · · (5.2)

where the terms odd in k1 are absent due to symmetry. Then the scattering cross section
admits the multipole expansion

d‡

d�4
=–

⁄
|„1(k1)|2

d3k1
(2fi)3 + —ij

⁄
k1ik1j|„1(k1)|2

d3k1
(2fi)3 (5.3)

= – + —ij”ij

3

⁄
|k1|

2
|„1(k1)|2

d3k1
(2fi)3 + —ij

⁄ A

k1ik1j ≠
|k1|

2

3 ”ij

B

|„1(k1)|2
d3k1
(2fi)3 + · · ·

(5.4)

= – + —ij”ij

3

A
3

2‡2 ≠
|r|

2

‡4
1

1 + e|r|2/‡2

B

+ —ij

A
|r|

2

3 ”ij ≠ rirj

B
1

‡4 (1 + e|r|2/‡2) (5.5)

where evidently – = 1
26fi2 g(k1) |M|

2
---
k1=0

and —ij = 1
27fi2 ˆki

1
ˆkj

1

1
g(k1) |M|

22---
k1=0

and where
we have used the integral

⁄
k1ik1j|„1(k1)|2

d3k1
(2fi)3 = ”ij

2‡2 ≠
rirj

‡4
1

1 + e|r|2/‡2 . (5.6)

The leading terms in the expansion about k1 = 0 are found after a somewhat tedious
calculation. For the second derivative we will use:

ˆki

1
ˆkj

1

1
g(k1) |M|

22---
k1=0

=

M
2ˆki

1
ˆkj

1
g + 2M(ˆki

1
gˆkj

1
M + ˆkj

1
gˆki

1
M) + 2g(ˆki

1
Mˆkj

1
M + Mˆki

1
ˆkj

1
M)

---
k1=0

(5.7)

We will need the expression for Ê4 obtained from the energy conservation delta function
Ê4 = ‘1 + Ê2 ≠ ‘3, and its derivatives. We find that the leading terms in the expansion in
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4

The scattering cross section

The amplitude must now be folded in with the wave function, the energy denominators and factors of 2⇡ as in Eqn.
(10) and then integrated over d

3
p3 (which removes the spatial delta functions) and d!4 (which removes the temporal

delta function), yielding the differential scattering cross section
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The energy conserving delta function is given by �(f�(!4)) = �(✏1 + !2 � ✏3 � !4) where the complications arise
because ✏3 =

p
M2 + (k1 + (p2 � !4(p̂4)2. ✏1 =

p
M2 + k2

1 is the energy of the Fourier component corresponding to
momentum k1 of the spatially nonlocal particle wave function and !2 is the energy of the incoming massless particle.
The full expression for the cross section is a complicated, unenlightening jumble; however its multipole expansion does
shed some light on the gravitational interaction.

Multipole expansion of the scattering cross section

We can write the cross section from Eqn. (11) as

d�

d⌦4
=

1�
1 + 3

4M2�2 + o(e�r20/�
2)
�
Z

d
3
k1

29⇡5
|�1(k1)|2g(k1) |M|2 (12)

(we will drop the exponentially small terms in the prefactor in the following) and then g(k1) |M|2 admits an expansion
in powers of k1. It is important to always remember that the true small parameter that we take is |~k1|/M . The
Taylor expansion is
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where the terms odd in k1 are absent due to symmetry and due to the fact that there is no physical, negative mass
and correspondingly the dipole term can always be removed by a judicious choice of the origin of coordinates. Then
the scattering cross section admits the following multipole expansion
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These leading terms in the expansion about k1 = 0 are found after a somewhat tedious calculation. For the second
derivative we will use:
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We relegate the calculations to an appendix since they are neither enlightening nor do they hold any great physical
interpretation. Putting everything together, we find

↵ =
1�

1 + 3
4M2�2

� 
4
M

2

16⇡2(1� p̂2 · p̂4)2
(19)

5

�
ij =

1�
1 + 3

4M2�2

�
⇣


4

16⇡2(1� p̂2 · p̂4)2

⌘
(�ij + 3p̂2ip̂2j) (20)

The term ↵ gives exactly the limiting small momentum transfer gravitational deflection of a massless particles from
a massive particle, [20].

Discussion and Conclusions

The term proportional to ↵, the lowest order monopole term, corresponds to the scattering cross section from
a single point particle of mass M , the analog of the Rutherford/Thompson cross section of a massless particle
scattering from a point like Newtonian potential. We see that the higher-order terms coming from the �
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�ij =
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6, in Eqn. (16) contribute to the monopole. These contributions are not exponentially

suppressed (one should not forget that �ij is down by a factor of (~/c)2). This does however means that the scattering
cross section is able to probe the non point like nature of the gravitating source. This addition to the monopole
contribution is given by
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Our most surprising result is that the actual quadrupole-type contribution is interestingly, nothing like what would
be expected if the gravitational field behaved according to the Newton-Schrödinger prescription, [3, 21]. The Newton-
Schrödinger prescription would have the corresponding gravitational field as if one half the mass were concentrated
at each of the two spatially nonlocal points [22], a configuration which has a quadrupole moment
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Such a gravitational field yields a contribution to the (gravitational) scattering cross section
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obtained from a presumed Newtonian potential scattering from two point sources of mass M/2 located at the two
peaks of the spatially nonlocal wave function. This result is not at all what we find from, Eqn. (16), which yields
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where  =
p
8⇡G which gives a coefficient 4G2 of course with a factor of (~/c)2. Indeed, the quadrupole term from

one-graviton exchange scattering is exponentially small as |r| � � compared to the result expected from scattering
from a potential where the mass is split between two postions as prescribed by the Newton-Schrödinger formalism.
The exponential suppression occurs from the integration over the momenta of the incoming spatially nonlocal wave
function. In momentum space this wave function has the form given in Eqn. (8). Performing a multipole expansion
of the amplitude and the subsequent momentum integral will only give multipole moments in r that are exponentially
suppressed.

This result casts into doubt the Newton-Schrödinger formalism; the calculation corresponding to one-graviton
exchange is clearly more justified. Additionally, our result shows that the wave function is only probed by the
incoming massless particle’s direction relative to the direction of separation r, a behaviour that may prove to be
experimentally verifiable. One should not conclude that the differential cross section is independent of p4 as it does
appear in the factor 1

(1�p̂2·p̂4)2
in the front of the expression for the quadrupole contribution Eqn. (24). That the p4

dependence is not analogous to that for the Newton-Schrödinger result in Eqn. (23) is a further manifestation of the
apparent fact that the differential scattering cross section is rather insensitive to the nonlocal superposition. Further
quantum corrections can of course be computed via higher-order loop corrections to the scattering cross section.

Useful further calculations would be to compute the gravitational contribution to the self-energy of a massive
particle in a spatially nonlocal wave function. One would look for the amplitude and behaviour of the self-energy
as a function of the spatial separation r of the nonlocal wave function. A behaviour as 1/r of the self-energy would



Multi-pole expansion of the scattering cross 
section continued

• The     term is simply the monopole contribution for the 
scattering of a massless particle from a single massive 
particle at one position.  The         term adds to the 
monopole contribution.


• The quadrupole contribution is given by:


• We notice that the quadrupole is exponentially small if the 
spatial separation       is large in comparison to the width of 
the spatial peak       .
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(”ij + 3p̂2ip̂2j) (5.19)

The term – gives exactly the limiting small momentum transfer gravitational deflection of a
massless particles from a massive particle, [109].

6. Discussion and Conclusions

The term proportional to –, the lowest order monopole term, correspond to the scattering
cross section of a single point like mass M , the analog of the Rutherford/Thompson cross
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5. Multipole expansion of the scattering cross section

We can write the cross section Eqn.(4.1) as
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where the terms odd in k1 are absent due to symmetry. Then the scattering cross section
admits the multipole expansion
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The leading terms in the expansion about k1 = 0 are found after a somewhat tedious
calculation. For the second derivative we will use:
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We will need the expression for Ê4 obtained from the energy conservation delta function
Ê4 = ‘1 + Ê2 ≠ ‘3, and its derivatives. We find that the leading terms in the expansion in
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Comparison with the Schrödinger-
Newton formalism

• In the S-N formalism, we expect that the gravitational 
scattering will be proportional to the quadrupole moment 
of the gravitational potential, which will not be 
exponentially suppressed:


• The result we find, putting in all the factors, is:


• which is exponentially suppressed.  

section of a massless particle scattering from a point like Newtonian potential. We see
that the higher order terms coming from the —ij”ij = 6

3
Ÿ

4

16fi2(1≠p̂2·p̂4)2

4
, contribute to the

monopole. This means that the scattering cross section is able to probe the non point like
nature of the monopole part of the scattering particle’s wave function. This addition to the
monopole contribution is given by

3
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16fi2(1 ≠ p̂2 · p̂4)2

4
2

A
3

2‡2 ≠
|r|
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‡4
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1 + e|r|2/‡2

B

. (6.1)

However the actual quadrupole-type contribution is interestingly nothing like what would
be expected if the gravitational field behaved according to the Schrödinger-Newton prescrip-
tion, [100,121]. The Schrödinger-Newton prescription would have the corresponding gravi-
tational field as if one half the mass were concentrated at each of the two spatially nonlocal
points, [122], a configuration which has a quadrupole moment

M

A
|r|

2

3 ”ij ≠ rirj

B

. (6.2)

Such a gravitational field yields a contribution to the (gravitational) scattering cross section
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(6.3)

obtained from a presumed Newtonian potential scattering from two point sources of mass
M/2 located at the two peaks of the spatially nonlocal wave function. This result is not at
all what we find from, Eqn.(5.5)
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where Ÿ =
Ô

8fiG which gives a coe�cient 4G2. Indeed the quadrupole term from the cal-
culation from one graviton exchange scattering is exponentially small as |r| ∫ ‡ compared
to the result expected from scattering from a potential where the mass is split between
two postions as prescribed by the Newton-Schrödinger formalism. This is lethal to the
Schrödinger-Newton formalism, the calculation corresponding to one graviton exchange is
clearly more justifiable. Additionally, our result shows that the wave function is only pro-
bed by the incoming massless particle’s direction relative to the direction of separation r

something that is hopefully experimentally verifiable.
Useful further calculations would be to compute the gravitational contribution to the

self energy of a massive particle in a spatially nonlocal wave function. One would look for
the amplitude and behaviour of the self energy as a function of the spatial separation r

of the nonlocal wave function. A behaviour as 1/r of the self energy would correspond to
the Newtonian potential and the corresponding 1/r2 law of attraction of the two non-local
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Conclusions
• The S-N formalism simply does not give the correct 

expression for the potential.

• The calculation of the simple scattering cross section from 

a non-local quantum superposition of a massive particle is 
a straightforward and unambiguous calculation. 


• It shows that the non-local superposition does not gravitate 
as two point masses that are spatially separated.


• It would be interesting to calculate the gravitational 
contribution to the self energy of such a superposition.  It 
would be interesting to see if the self energy behaves like 
1/(separation) of the two peaks.  Such a calculation might 
shed light on how the non-local peaks gravitate. 


• It would be interesting to understand why the two peaks do 
not gravitate as they might classically. 


