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Symmetry and pattern of breaking at high T

Yang Mills 

Massless QCD - light quarks 

Scaling window  

Interplay of chiral symmetry and confinement ?  

Basics 

From real to imaginary time - field theory thermodynamics 

From continuum to the lattice and back  

Importance sampling and basic observables 

Lattice Field Theory for Extreme QCD - 1  



QCD - why Lattice Field Theory



QED vs  QCD 

• Photons do not carry charge 
• Free electrons and free photons 

exist 
• Interactions are strong at short 

distance - Coulomb force 

• Gluons are charged  
• Free quarks and gluons do not 

exist: confinement? 
• Interactions are faible at short 

distance: asymptotic freedom

A theory with only photons 
Is free 

A  theory with gluons only   
is  interacting and Interesting



QED vs  QCD vs Yang-Mills 

• Photons do not carry charge 
• Free electrons and free photons 

exist 
• Interactions are strong at short 

distance - Coulomb force 

• Gluons are charged  
• Free quarks and gluons do not 

exist: confinement? 
• Interactions are faible at short 

distance: asymptotic freedom

A theory with only photons 
Is free 

A  theory with gluons only (Yang-Mills)  
is  interacting and Interesting



From QED to Yang-Mills theories 

Electrodynamics: 

Infinite mass 

Free photons

Yang-Mills

YM
(a) (a)

Gluons

 Self-interacting gluons



QCD : why Lattice Field Theory  

Confinement: quarks and gluons are not observed as asymptotic states  

Breaking of chiral symmetry: due to the coupling becoming large at large distance 

Topological properties: non-existent at any order in perturbation theory



QCD 

Confinement: quarks and gluons are not observed as asymptotic states  

Breaking of chiral symmetry: due to the coupling becoming large at large distance 

Topological properties: non-existent at any order in perturbation theory

Extreme 

Deconfinement : quark and gluon dynamics 

Coupling does not grow enough to break symmetry

Topology becomes ‘simpler’ 

..why and where  



Calculational schemes 
from real to imaginary time 

 Correlators, Correlation lengths, Masses



General calculation scheme:

<— note: Euclidean space time  

Integrate out fermions 

Rotate to imaginary time 

A RFT in d space  dimensions becomes a statistical field theory in d+1 dimensions

Gran Canonical formalism

GCPF —->



Green functions —> Correlation  functions

Minkowski Euclidean —>

limt!1 < O(t)O(0) >/ e
�t/t0 t0

<latexit sha1_base64="Vq5Ni5TlQi8qZ0Gm8TyOQ9w/s/Q="></latexit>
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! p0!iE = 1
1/t20�E2

<latexit sha1_base64="wAzTT7k9YFMO25jsmNEULuFLtek="></latexit>

Mass = inverse correlation length 

In many cases correlation functions decay exponentially at large distance: 

Back to Minkwoski



Green functions —> Correlation  functions

Minkowski Euclidean —>

limt!1 < O(t)O(0) >/ e
�t/t0 t0

<latexit sha1_base64="Vq5Ni5TlQi8qZ0Gm8TyOQ9w/s/Q="></latexit>

M = lowest excitation in the channel which couples to O 

M



�(M � !)
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In imaginary time G(t) G(t) =
R
�(M � !)e�!t / e�Mt

<latexit sha1_base64="rlJ+gl4V/1E36PSq4DrwGwmMoxE="></latexit>

In real frequency space: 

From real time to real frequency space: 



Spectral functions and two point functions : a challenge for LFT

G(t) =
R
�(M � !)e�!t / e�Mt

<latexit sha1_base64="rlJ+gl4V/1E36PSq4DrwGwmMoxE="></latexit>

G(t) =
R
S(!)e�!t

<latexit sha1_base64="bRHxz9Sj5uc2H4pWMK9WXgwD4bk="></latexit>

S(!)
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Low T

High T

(more later)



Objects of interest: Spectral functions

Computed on the lattice: Euclidean (imaginary) Time Correlators 

Spectral functions

Euclidean Time Correlators

Euclidean correlator in imaginary (Matsubara) frequency space

Fourier transform

Analytic continuation

Integral inverse 
transform

Functions of
real, continuous
frequency

t

i⌧



Field Theory in  Euclidean space — summing up so far 

Complete equivalence between Minkowski FT in d space dimension with statistical field theory in d+1 dimension 

The Grand Canonical Partition Function defines all the observables of the theory 

Exponential decays of Euclidean two point functions —> mass of the lowest excitation in that channel 

More general functional forms may appear, which require a dedicated analysis



Temperature, density, termodynamics, dimensional reduction

Extreme conditions:



Euclidean Field Theory —> Classical Statistical System

Temperature



Temperature and Density 

Gran Canonical Formalism: introduce chemical potential for conserved charge

=



Boundary conditions for the fields

Bosons : periodic



Fermions

Antiperiodic 



Fermions

Antiperiodic 

Bosons

Periodic



Thermodynamics



Dimensional Reduction

+ coarse graining 



Cases for Dimensional Reduction

1) T >>> any mass —> High T Electroweak transition 

2) Diverging correlation length —> second order transition, basis for universality 
                                                      High T QCD 



Mode expansion and Decoupling

Bosons

Fermions

When dimensional reduction is possible, only one boson field survives



Finite temperature at a glance



Computational schemes at a glance

Universality ->



On the lattice - general issues



Computational Strategy:

1) Rotation to 
imaginary time + 
discretisation  



1) Rotation to imaginary 
time + discretisation  

2) Monte Carlo Simulation  

Computational Strategy:

Performing the integration

!
PN

i=1 Oi

N
<latexit sha1_base64="V1TVUYNwP/saD4rxfWEAfAMwjAI="></latexit>



—Discretization: from continuum space to a grid 

—Why? Two standard motivations: 
              1. Physical system intrinsically discrete (i.e. spin models) 
              2. Make it amenable to a numerical study —> QCD    

— Discretization is in principle trivial: 

      

— Already in this simple example: 
     .Strategies for improvement? 
     .How to check the ‘continuum limit?’ 
     .Suppose a, b   
        How to check convergence to infinite volume?  

— Slightly more complicated: increase the dimensionality, make the function less smooth.. 
     Computational costs?? 

! 1
<latexit sha1_base64="lr1AYTWud5sK/xDdsxhXO2WSMN4=">AAAB83icdVDLSsNAFJ34rPVVdelmsBVchaRNSdwV3bisYB/QhDKZTtqhk0mYmQgh9DfcuFDErT/jzr9x+hBU9MCFwzn3cu89YcqoVJb1Yaytb2xubZd2yrt7+weHlaPjrkwygUkHJywR/RBJwignHUUVI/1UEBSHjPTC6fXc790TIWnC71SekiBGY04jipHSkl/zVQJ9yiOV14aVqmVaTcfzmtAyG67t1h1NHMtxvUtom9YCVbBCe1h590cJzmLCFWZIyoFtpSookFAUMzIr+5kkKcJTNCYDTTmKiQyKxc0zeK6VEYwSoYsruFC/TxQoljKPQ90ZIzWRv725+Jc3yFTkBQXlaaYIx8tFUcagfnQeABxRQbBiuSYIC6pvhXiCBMJKx1TWIXx9Cv8n3bppN8z6bb3aulrFUQKn4AxcABu4oAVuQBt0AAYpeABP4NnIjEfjxXhdtq4Zq5kT8APG2yeuN5F3</latexit>



Matter (scalar) fields: on sites 

a 
n, n+1 



Gauge invariant

( )

Parallel transport: : gauge invariance ‘by fiat’

SU(3) Matrix

Gauge fields 



Build the Action ‘by guessing’..

? Does it work?

Check continuum limit a-> 0

Continuum limit OK



Coming back to correlation functions:  

Continuum limit 

M = dimensionless quantity, expressed in lattice units = 1/ 

M = Mphys * a  = 1/

⇠
<latexit sha1_base64="MUOF5aCxTB17zF7m7Fh3vY0zKao=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLigQlcyN6ywIa9vcvunJFc+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvTKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqxn0Wy1g/hNRwKRT3UaDkD4nmNAolb4fjm5nffuTaiFjd4yThQUSHSgwEo2glv9p9EtVeueLW3DnIKvFyUoEczV75q9uPWRpxhUxSYzqem2CQUY2CST4tdVPDE8rGdMg7lioacRNk82On5MwqfTKItS2FZK7+nshoZMwkCm1nRHFklr2Z+J/XSXFwFWRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadkQ/CWX14lrXrNu6jV7+qVxnUeRxFO4BTOwYNLaMAtNMEHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPFWGOMw==</latexit>

⇠
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a ! 0, ⇠ ! 1
<latexit sha1_base64="UDXRe1WwDFw8adCfCVld1HAMGYk=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAVXEhJ6kKXRTcuK9gHNKFMppN26GQSZiZiKcWNv+LGhSJu/Qp3/o3TNAutHhg4nHMvd84JEs6Udpwvq7C0vLK6VlwvbWxube/Yu3stFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejq5nfvqNSsVjc6nFC/QgPBAsZwdpIPfuggpGnY+ScIu+eZdRjItTjSs8uO1UnA/pL3JyUIUejZ396/ZikERWacKxU13US7U+w1IxwOi15qaIJJiM8oF1DBY6o8idZhCk6NkofhbE0T2iUqT83JjhSahwFZjLCeqgWvZn4n9dNdXjhT5hIUk0FmR8KU45M0FkfqM8kJZqPDcFEMvNXRIZYYqJNayVTgrsY+S9p1aruWbV2UyvXL/M6inAIR3ACLpxDHa6hAU0g8ABP8AKv1qP1bL1Z7/PRgpXv7MMvWB/fcrKVjQ==</latexit>

Continuum limit: singularity ! 



‘g’ in the Lattice Lagrangian is the coupling at the scale ‘a’

Physical scale — dimensional transmutation 

QCD Asymptotic freedom allows a rigorous continuum limit 

In perturbation theory, a(g) is known.  



Yang-Mills, continuum and lattice 

U : SU(3) matrix Det = 1 
U^{-1} = U*

Not unique — improvement

g only parameter. —> where is the spacing? 

a: 0.1 fm? 0.003fm? 1cm???



After discretising - 

Back to the continuum



Planning a simulation 

Parameters: N�, N⌧ , g
<latexit sha1_base64="B/tcDAQMhCE1YdZNoJy5Z1yYjGM=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8FWcFFKUhe6LLpxJRXsBdoQTqaTdOhMEmYmQgkFX8WNC0Xc+hzufBunl4W2/jDw8Z9zOGf+IOVMacf5tlZW19Y3Ngtbxe2d3b19++CwpZJMEtokCU9kJwBFOYtpUzPNaSeVFETAaTsY3kzq7UcqFUviBz1KqScgilnICGhj+fZx+c7vKRYJqGBDGrIKjsq+XXKqzlR4Gdw5lNBcDd/+6vUTkgkaa8JBqa7rpNrLQWpGOB0Xe5miKZAhRLRrMAZBlZdPzx/jM+P0cZhI82KNp+7viRyEUiMRmE4BeqAWaxPzv1o30+GVl7M4zTSNyWxRmHGsEzzJAveZpETzkQEgkplbMRmABKJNYkUTgrv45WVo1aruRbV2XyvVr+dxFNAJOkXnyEWXqI5uUQM1EUE5ekav6M16sl6sd+tj1rpizWeO0B9Znz/7wZQz</latexit>

Assume we have the lattice results for  
some masses 

M1Lat 

M2Lat 
M3Lat 

 

How do we get results in physical units?



Issues 

— Scale setting : one physical value needed as input! 

—Scaling : how strong are the discretisation effects?    

—Asymptotic scaling : are we sensitive to the g=0 singularity?  
  



Scaling : repeat for different couplings and check consistencies of results - 
              or, which is the same, check that dimensionless ratios do not depend on g 

Asymptotic scaling : repeat for different couplings, and check consistency with the two-loop 
                               universal scaling — implies scaling, but much harder to get 

Improvement: in general, a program aimed at controlling lattice artifacts, 
so to reach faster and with more confidence scaling (hence continuum limit) 



Sampling the phase space  

The functional integral 



Task: 



                                          from Mike Creutz: 

!!!



Monte Carlo methods: 

                     Create a sample of configurations distributed according to 

e�S
<latexit sha1_base64="G4uXDh1tkep95Ej3njj3YsmP+SA=">AAAB73icdVDLSgMxFM34rPVVdekm2ApuHDJjq+2u6MZlRfuAdiyZNNOGZjJjkhHK0J9w40IRt/6OO//G9CGo6IELh3Pu5d57/JgzpRH6sBYWl5ZXVjNr2fWNza3t3M5uQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8GLiN++pVCwSN3oUUy/EfcECRrA2UqtAb9Pj63Ghm8sjG7nlUtGFyHZLqOJUDCkhp3JahI6NpsiDOWrd3HunF5EkpEITjpVqOyjWXoqlZoTTcbaTKBpjMsR92jZU4JAqL53eO4aHRunBIJKmhIZT9ftEikOlRqFvOkOsB+q3NxH/8tqJDspeykScaCrIbFGQcKgjOHke9pikRPORIZhIZm6FZIAlJtpElDUhfH0K/ycN13ZObPfKzVfP53FkwD44AEfAAWegCi5BDdQBARw8gCfwbN1Zj9aL9TprXbDmM3vgB6y3T3L5j5c=</latexit>

The functional integral may then be traded with an average over configurations 

!
PN

i=1 Oi

N
<latexit sha1_base64="V1TVUYNwP/saD4rxfWEAfAMwjAI="></latexit>



Monte Carlo time ‘evolution’ 

New ?

Different methods use different strategies for choosing the new link 

Crucial point: positive Action!



1. Metropolis

If the move is accepted 

Otherwise: pick random number r 0 < r < 1 and accept if 

Maximise distance between configurations, at the price of high rejection rate 



2. Heath Bath

Choose new U with the appropriate weight: 

Accept step always satisfied by construction

It may be expensive 



3. Modified Metropolis

Same as Metropolis, but make several hits 
with the same link :  
“n upgrading per step” 

It ‘interpolates’ between the two previous cases - optimal n to be determined



A typical Monte Carlo simulation:

Observables 



Basic  observables 



Thinking in abstract terms - i.e. let us consider the discretised theory as a statistical 
system in d+1 dimension — these are basic measurable quantities: 

1) Wilson loops  

2) Polyakov loop 

3) Topological charge   

4) Two point functions of any of the above 

5) Two point functions of composite fermion operators 

RxT

Difficult to draw ‘butterly operator’ .                FF̃
<latexit sha1_base64="IrheMmbbFCioO01ZgWJUHkxjuMs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GheAxgnlAdgmzs73JkNkHM7NCCPkNLx4U8erPePNvnCR70MSChqKqm+4uPxVcadv+tgobm1vbO8Xd0t7+weFR+fiko5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7Prju7nffUKpeBI/6kmKXkSHMQ85o9pIbrVJXM1FgKRZHZQrds1egKwTJycVyNEalL/cIGFZhLFmgirVd+xUe1MqNWcCZyU3U5hSNqZD7Bsa0wiVN13cPCMXRglImEhTsSYL9ffElEZKTSLfdEZUj9SqNxf/8/qZDm+8KY/TTGPMlovCTBCdkHkAJOASmRYTQyiT3NxK2IhKyrSJqWRCcFZfXiedes25qtUf6pXGbR5HEc7gHC7BgWtowD20oA0MUniGV3izMuvFerc+lq0FK585hT+wPn8AK/2Qdg==</latexit>

(more later)

In the continuum



String tension - Interquark potential

Cornell form

Physical value

Confinement

Asymptotic freedom

Wilson loop

String tension

R

T



Parametro d’ordine per 

For two colours: Z(2): Ising model!!

‘Build’ Polyakov loop system: it is a cube of spins!!

Two point functions of Polyakov loop: alternative extraction of the potential 

R

—> dimensional reduction at Tc

—> Universality

—> Confinement as a symmetry

/ e��R
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R ! 1
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Order parameter 

Checking the universality class of Yang Mills

: L Analogous to magnetisation In 3D

Note: high and low temperatures interchanged 



Some references:  

Christine Davies, https://arxiv.org/pdf/hep-ph/0205181.pdf 
Tom de Grand https://arxiv.org/pdf/1907.02988.pdf 
Martin Luescher https://arxiv.org/pdf/hep-lat/9802029.pdf 
Michael Creutz https://arxiv.org/pdf/hep-lat/0406007.pdf

Thomas Schaefer https://arxiv.org/pdf/1608.05459.pdf

Basics, from QCD to lattice: 

Lattice pedagogical reviews: 


